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|G, resource
Definition
(Resource) The resource for a component w € V in a state x € X is
defined as the set of predecessors of « which in state = have a present
activation or an absent inhibition on w, i.e.,

e(v,u) =+ A xvzﬁ(v,u)}
e(v,u) =— A xy, <V(v,u) [~

Resy(z) = {v € Pre(u)

= (V,E, 9, e, max)
-1 =2
v
— e D

ui}
1;”2} % C Pre(vy) = {v1,v2}

Figure: V' = {v1,v2}, E: interactions, 9: thresholds, ¢: signs, and maximal
activity levels, maz = [2,2]. Pre: predecessor.
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Logical parameter function

Definition

(Logical parameter function) A logical parameter function K is a
function of the components and their resources. For all w € V' and

w C Pre(u), the logical parameter K (u,w) € {0,...,max,} gives a
value, to which a component « in a state = with resource Res, (z) = w

tends. )
! +,2 r w |Kv,w) w |K(v,w)
Cvl U2 D {v2}| 1 {v2}| 0
‘\ia]-/ {Ul} 1 {Ul} 0
{U1,1)2} 2 {Ul,v2} 2

Figure: For I, maz = [2,2].
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State transition function and ASTG
Definition

@ (State transition function) The state transition function
0:V xX — {-1,0,1} indicates how a component u can change in
a given state z € X:

1 if 2, < K(u,Resy(z)),
5(u,az) = { 0 |f Ly = K(U7Resu($))’
-1 ifz, > K(u,Resy(x)).

@ (Asynchronous state transition graph) The dynamics generated by
a model M is described by the asynchronous state transition graph
(ASTG) Ty = (X, Snr), where

Sy o= U {(z,x 4+ d(u,x)e") |[u eV : (u,z) # 0.}
zeX

Here e is the u-th unit vector in X.

v
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Example: state transition function

1 For 3 states 00, 01, 02:
2 0 =00
) 1 P — 2 =
Coo_ 27D Resy(00) = {n} Resos(00) = (o2}
K T Koy foh) =1 Ko, {02}) =0
w |Konw) @ |K(vyw) 5(u1,00) =1 8(v2,00) = 0
ol 1 | 6 '
v 1 v 0
{vf} 1 {vf} 0 Resul( 1) = {v1,va} Resy,(01) = {va}
{v1,v2}] 2 {v1,v2}| 2 Resy, (02) = {v1,v2} Resy, (02) =0
V2
O 0] = 02
For 3 states 00, 01, 02:
(5(1}1,00) =1 (5(’02,00 —0 l l
8(v1,01) =1 6(ve,01) = 10 11 12
5(111, 02) =1 (5(1)2, 02) 1
20 21 22

Figure: The state transition function é(component, state)
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ASTG

Vo
0 0] = 02
I l
+,2
—1 /\; —’2 10 - 11 < 12
U1
K w |K(Ul7w) w (U — A
{va}| 1 {va}| 0

{vi}| 1 {vi}| o 5(v1,00) =1 6(v2,00) =0

{vi, v}l 2 {vi,v2} | 2 6(v1,10) = =1 §(vp,10) = —1

Figure: M = (I, K) and the ASTG.
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M and T': not a 1-to-1 correspondence.
K

w  |K(v,w) w | K(vg,w)
I +2 {¢ } | {¢ } 5
-1 ’ -, V2 1 Vg 0
Cow w 32 {o}| 1 fu| o
- Bl - {vi,v2}| 2 {vi,v2}| 2

(@) I (b) K
00<U2— 01— 02

: () l l K w |K'(v,w) @ | K(v,w)
10— 1l «— 12 (z) 0 d) 0
{v2}] 1 {v2}] 0
{vi}] 2 {oi}| 1
W——>2 T >» {v1, 02} 2 {v,v2} | 2

()T (d) K’

Figure: (a) IG I. (b) Logical parameter function K. (c) Corresponding ASTG T'.

(d) Alternative logical parameter function K'. M = (I, K) and M’ = (I, K'),

have the same ASTG.
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Isomorphic models [Lorenz2011]

Definition

(Isomorphic models) Let M; = (I, K;) and My = (I, K») be two models

with the same IG I = (V, E, ¢,9, maxz). M; and M, are isomorphic if
ASTG(M?') = ASTG(M?)

This isomorphism defines one kind of equivalence on the parameters of
the models for an IG. |
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Model condition: visibility condition
Definition

Ina model M = (I, K), an interaction (u,v) € E is called visible, if there
exists a resource w C Pre(v)\{u} such that

K(v,w) # K(v,wU{u}).

A model M = (I, K) satisfies the visibility condition if all edges
(u,v) € E are visible.

I K
w | K(vi,w) W |K(vg,w)
+, 2 +, 1 @ 0 ¢ 0
— . {v2} | O {v2} 1
Gjlv U/ZD ! fvib | 2 {w} | 2
—,2 {vi,v2}| 1 {vi,v2}| 2

Figure: Does (v2,v;) satisfies the visibility condition? And the model M ?
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Model condition: observability condition
Definition

In a model M = (I, K), an interaction (u, v) is observable if there exists
aresource w C Pre(v)\{u} such that

K(v,w) < K(v,wU{u}),

A model M = (I, K) satisfies the observability condition if all edges in I
are observable.

v

I K
w ‘K(vl,w) w \K(vmw)
+,2 +,1 o |0 ¢ | 0
— _ {va} | 0 {va} | 1
Gl/\_/ U/QD )1 () | 2 ()| 2
—.,2 {vi,v:2}| 1 {vi,v2}| 2

Figure: Does (vq, v1) satisfies the observability condition? And the model M ?
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Model condition: Snoussi-condition Snoussi19891
Definition

@ An interaction (u,v) € E of a model M = (I, K) satisfies the
Snoussi-condition, if

VYw C Pre(v)\{u}, K(v,w) < K(v,wU{u}).

@ A componentv € V of a model M = (I, K) satisfies the
Snoussi-condition, if

Vw C ¢ C Pre(v), K(v,w) < K(v,s).
© A model M = (I, K) satisfies the Snoussi-condition if
Vv € V,Vw C ¢ C Pre(v), K(v,w) < K(v,5).

This means that when adding positive influences, no component
tends to a lower value. )

Snoussi1989. Qualitative dynamics of piecewise-linear differential equations: a discrete mapping approach, Dynamics and
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Example: Snoussi-condition

I
-2
-1 1,2
RS
‘\i]'/
w  |K(v,w) w | K(vg,w)
¢ 0 ¢ 0
{va}| 2 {va}| 2
{oi}| 1 {oi}] 2
{vi,v2}l 1 {vi,v2}] 2

Figure: Does M = (I, K) satisfies the Snoussi-condition?

A model M = (1, K) satisfies the Snoussi-condition if Vv € V,
VYw C ¢ C Pre(v), K(v,w) < K(v,5).

Ling Sun Model conditions and ASTG characterization 06/03/2017 12/20



Programming Task: from model — ASTG

Think about the following tasks:
@ Data structures for the following:
(a) IGI=(V,E,¥,¢e, max);

(b) Logical parameter function K : K (v,w), for all v € V and for all
w C Pre(v).

(c) ASTG T = (X, Sum), X: state space, Sy, : transitions among all
states in X.

@ Write a function, which can construct the ASTG from a given model.

Ling Sun Model conditions and ASTG characterization 06/03/2017 13/20



Definition

(u-row) Given v € V, a u-row is a sequence of states 7% = (2°,.. .,
™) in X, with 20 = 0 and 2! = 29+ le*, forall I € {1,..., maz,},
where e* is the u-th unit vector.

Lemma

Given au-row % = (2, ..., 2™%x) in Ty, u under these states has at
most two different resources.

@ If (u,u) ¢ E, then Res, (') = Res, (z°), for all 2% € 7.

@ If (u,u) € Eand d(u,u) =t € {1,..., maz,}, then:
Resy (z) = Res, (z°) for all i < ¢, and Res, (z?) = Res, (z™*«) for

all i > t.
u
_
—.1 ./_\"o L4
b —  —
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Proposition: 3 row types [Lorenz2011, Lorenz2013]
Given an ASTG Ty, for each u-row 7% = (20, ..., 2™), exactly
one of the following situations holds:

1. 7% has the form:

o ... >0 - - - - ] L R >0 - °
.’130 P ZL‘t71 mt CBb pmaxy
In the row structure above, there exists a,b € {0,..., maz,},a <b
and 6(u, z%) = 6(u,2®) = 0. There exists ¢ € {1, ..., maz,} so that

the logical parameters K;(u, Res,(x%)) = a for all i < t and K;(u,
Res, (z%)) = b for all i > ¢. It follows that

(u,u) € E Hu,u) =t
Kr(u,Resy(z°) = a  Kj(u,Res,(z™*)) = b

(u,u) € E. If the model M = (I, K) satisfies the
Snoussi-condition, then e(u, u) = +.

Rename: pos type.
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2. 7 has the form:

s
@ - e >0 O - iy °
0 t—1 t max
z ' x x uw

In the row structure above, there exists ¢t € {1,..., maz,},

§(u, ') = 1 forall i < t and §(u,z') = —1 for all i > ¢. Thus the
logical parameters Kj(u, Res,(x%)) >t —1foralli € {0,...,t — 1}
and K;(u,Res,(z')) < tforalli € {t,..., max,}. It follows that

(u,u) € E U(u,u) =t
Ki(u,Resy(2°)) >t —1  Kj(u,Res,(z™%)) < t

(u,u) € E. If the model M = (I, K) satisfies the
Snoussi-condition, then e(u, u) = —.

Rename: neg type.
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3. 7% has the form:

L R D@L e @
20 et pmaxy
In the row structure above, there exists a € {0, ..., maz,} that

K(u,Resy(z)) = aforalli € {0,..., maz,}. Let Res,(z°) = w and
Res, (z™*) = ¢. There are three possibilities:

(1) (u,u) ¢ E, K(u,Resy(z9)) = a.
(2) (u,u) € E, Y(u,u) > a,

K (u,Res, (2°)) = a, Ki(u, Resy (x™%)) < 9(u,u).
(3) (u,u) € E, Y(u,u) < a,

K(u,Resy(z°)) > 9(u,u), Ki(u,Res,(z™*)) = a.

A u-row in T of pos or neg type also gives the threshold value
Y(u,u). If there are no pos or neg type of u-rows in Ty, then

(u,u) ¢ E.
Rename: open type.
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Examples.

v
—_—
00w~ 0l ==— 02
v

10 » 11 >12
'} I
20 > 21 »>22

Figure: Examples, rows of pos, neg and open type.

- neg type: (00,01, 02).
- pos type: (02,12,22).
- open type: (00, 10, 20).
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Isomorphic u-rows

Definition

Two u-rows 72 = (°,...,z™) and 7 = (y°,..., y™*) are

isomorphic to each other, if for all i € {0, ..., maz,}, for all 2* € 7%, for

all yi € 7%, there is Resu(zi) = Resu(yi), which leads to

§(u, 2) = 6(u, y?).
004 =01 «—02

A

™10 11 12

v

20 21 22
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Isomorphic aroups of %-rows [Lorenz2011]
Lemma

Letu#v eV andx € X with x, = z,, = 0. For every
j €{0,...,maz,}, let ;' be the u-row with starting state :n? =20+ je,.
Q /f(v,u) ¢ E, allu-rows 7§, ..., %% . are isomorphic to each other.
Q /f(v,u) € E, then there are two groups of isomorphic u-rows. More
precisely, the u-rows 7, .. ., Tg(uu)_l are isomorphic to each other

and the u-rows 7j, .\ - - -, Timaz, @re isomorphic to each other.

V2
[ 0T e
; I I I

v

10 > 11 >12 7,7
20 > 21 22 7,7
75 e Ty
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