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1. Introduction
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Mathematical modeling approaches

« Continuous
— Ordinary differential equations
— Partial differential equations
* Discrete
— Logical networks
— Petri nets
— Process calculi
« Hybrid discrete/continuous
 Stochastic

EU Berlin 15.05.2017]

Differential vs. logical descriptions

« Differential
— Continuous variables
— State as a function of time
— (Nonlinear) differential equations
« Logical
— Discrete variables (small number of distinct
levels)
— Finitely many states, discrete switch
— Logical equations, time delays

II~ quantitative vs. qualitative modeling

EU Berlin 4 15.05.2017]

Regulatory interactions

y
 Sigmoid function

— X activates synthesis of y
— threshold 6

e Approximation by a
step function

* |dealization

EU Berlin 5 15.05.2017]

Logical modeling

« Boolean vs. multi-valued logic
e Synchronous vs. asynchronous dynamics
« deterministic vs. non-deterministic

Early history (1960s, 1970s):
Sugita, Kauffman, Glass, Thomas, ...

EU Berlin (3 15.05.2017]




o _ Gene regulatory network
2. Kinetic logic
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Interaction graph Logical variables
* Genes X, Y, ...
+ o * Logical Variables X , Y, ...
- X =0:gene X off
X =1:gene Xon
e Gene products x, v, ...
— * Logical variables = , v, ...
> + y 2 =0 : gene product x absent
W 2 = 1: gene product x present
Logical functions Examples
State of a gene depends on presence X = 32
or absence of gene products _
Y = zZAu

X =d(z,y,2,...)

Y =V(z,y,2,...)
where ® and W are logical (Boolean)
functions.
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* Gene X is on iff product z is absent

* Gene Y is on iff product z is absent
and product u is present

EU Berlin 12 15.05.2017]

EU Berlin 11



Time delays
X=1
X=0
=1
x=20
— —_—
ty tz  (tz 7 tz)
Phase : | Il 11 v Vv

Logical network

*N=(V,F)
e V={zq, ..., x,} aset of n Boolean
variables z; O {0,1}

* F={g, ..., @} aset of Boolean
functions @ : {0,1}" - {0,1}

EU Berlin 14 15.05.2017]

Two-element negative circuit

» Suppose product x activates gene 'Y,
and product y represses gene X.

* Interaction graph

Formalization

« N=(V,F)
*V={z,y}
o F={®, W} with

X y Y =V(z,y) ==z
State table State transition graph
z yl X Y Ty 00 ————— 10
0 0/1 O J 0
O 1,0 O or 01
1 0[1 1 10
1 1/0 1 i1 0] «—ZL 71
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Periodic behavior

EU Berlin 18 15.05.2017]




Two-element positive circuit

* Two genes each of which is
repressed by the product of the other

* Interaction graph
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Formalization

« N=(V,F)
V= {z,y}
« F={®, W} with

EU Berlin 20
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State table
r y| X Y
O 0[1 1
@ 0 1 or
101 0
1 1{0 O

Two stable states
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(@]
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State transition graph

(|
|

l\/IuItipIe stable states

EU Berlin 2

15.05.2017]

EU Berlin

» The actual transitions depend on the

Remarks

time delays, e.g.

/710 if t, <t
\01 ift, <t,

* The transitions 00 — 11 with £, = ty,
and 00 «— 11,with tz = ty,are not

included.

23
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States

« State of the system
(z1,...,2n) € {0,1}"

+ Extended state

(z1,...,2n, X1,...,Xn) € {0’1}271

« X; = ®i(x1,...,2n): Effect of x,, ...

the gene X; that produces x;.

EU Berlin 24
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State transition graph

Simplified notation (in the Boolean case) « Nodes States
(Z1,...,%n), (z1,...,2n) € {0,1}"
where T; means that we put a dash over x; o Arcs State transitions
wz#cbz(ml,,xn) ( 1 ybi—1, f7 i+1 5 n)
(wlv s Ti—1, ¢i(x:h SRR Qin), Tijt1y- - )x’fl)a
if z; # ®;(x1,...,zn) (Update only 1 variable)
II‘ non-deterministic dynamics
EU Berlin 25 15.05.2017] EU Berlin 26 15.05.2017]
Stable states
A state
(x1,...,2n) € {0,1}"
is stable 3. Kinetic logic (II)

iff there is no transition to another state
(«y,...,2,) € {0,1}",

i.e.,
x; = ©;(z1,...,2n),

foralli=1,...,n.

EU Berlin 15.05.2017]

Selecting pathways

EU Berlin 8 15.05.2017]

Three variable example

* Gene X expressed constitutively

« Gene Y expressed only in absence of
product x

» Gene Z expressed if product y or z is
present +

\/’/w
- +
T > Y > z
\/
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Logical description

zy z| XY Z
O0O0Ol1 1 O

X = 1 O01/1 11
_ 0101 11

Y =2 011/1 1 1
Z = yVz 1 001 0 O
10 1 01

1101 01
1111 0 1
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4. Continuous and discrete
models of gene regulation

EU Berlin 32 15.05.2017]

A EU Berlin

Interaction graph

2
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Continuous model

* Real variables x,...,x:
x; gives the concentration of the product of
gene .

« Regulatory interaction: Activation/inhibition
of x; by x; is effective only if x; lies above a
certain threshold 6.

EU Berlin 4 15.05.2017]

0

Hill functions

x X
+ _ =z — _ _om
Fm (:I:’O) - 9m+xma Fm(x70) - 9m_+_xm
A EU Berlin 35 15.05.2017] EU Berlin 36 15.05.2017]

Kinetics

* Effect of activation/inhibition of x; by X
described by kinetic parameter k;

» Degradation rate: k




ODE model

Piecewise linear ODE model

Fori=1,...,n: Form - oo
dx; & Qg dz; - i
= 2 kijFm? (2, 055) — ki gt = 2 kit (), 0) — ki
=1 =1
Where Where er] Z O,a” (= {+, _}, k_rL > 0,
kij>0,aij€{+,—},k‘_i>o,m>1. 1. if X >0
- - _|- — 9
FT(X,0) {o, if X <0
F~(X,0) =1-Ft(X,0)
Py > X
EU Berlin 3 15.05.2017] A, EU Berlin 38 15.05.2017]

Discretization

Thomas 73, Snoussi 89
* Suppose gene i acts on n; other genes
=) n; thresholds
0<0l<0?2<.. . <om
« Discretization operatlon
le_‘_—) {O,,nl}
0, fo<z<6?

£l 2
di(z) = 1:, ifor<xz<6

n;, if 0" <z

EU Berlin 39 15.05.2017]

Discrete model
= d,( Z KijFYi (X, 0;4))

where
- X;, X! €{0,...,n

1} discrete variables

¢ Z’ new value for X; discrete “derivative”

+©,; €{0.5,1.5,2.5,..

A EU Berlin 40 15.05.2017]

.} discrete thresholds

Discrete dynamics

e State
= (Xl,...,Xn), X, € {O,...,ni}

e State transitions
(X1,...,Xpn) — (Xq,...

if X/ > X, resp. X/ < X;.

X 1, X))

< Only one variable is updated at a time.
» Several successor states are possible.
) Generalized kinetic logic

EU Berlin 41 15.05.2017]

5. An illustrating example

A EU Berlin 42 15.05.2017]




/—\ {w
xq R 2p)
~_1 2/
« X, 0{0,1}
X, 0{0,1,2}

* Assume 6;, < 6,,, i.e., upon activation,
X, acts first on X,, then on itself.

EU Berlin 43 15.05.2017]

Discrete and ODE model

X = di(K12F(X2,012))
X, = da(Kp1FT(X1,021)
+KooFt(X2,022))

dx _

dtl = k1oFy(22,012) — k121
dx

dt2 = ko1 Fpb (21,021)

koo Fr (20,022) — k_oxn

EU Berlin 44 15.05.2017]

Logical parameters

def
K;j = di(Ki) €{0,...,n:}
Kijyiy = di(Ky+ Kij) €{0,...,n}

(only finitely many possible values)

o
0]
4
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State table
X, Xo| Xt X
0 0 |[Kjo 0
0 1 0 0
0 2 0 Ko
1 0 |Ki2 Ko
1 1 0 Ko1
1 2] 0 Kpiyoo

EU Berlin 48 15.05.2017]

States in phase space

X2
2 | 02/0Ka2 12/0Kz21 422
1 |01/00 11/0Koq
0 |00/K;50 10/Kq12Ko1
0 1 X1

EU Berlin 4 15.05.2017]

y
2 02<-—12/02 " Two Stable

Ki2=1, Ky =0, Ky =2, Kppipp =2

¢ Two separate
domains for

01,/00 <—11/00
| | y>land y<1

00,10 —1o

0] 1 x
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Kip =1, Ky =1, Kyp =2, Kypipp = 2

Yy
| e Xactsony
2 02(_ 12/02 Logical cycle

One stable state
¢ Two separate

1 01/|00<-—11401

Stable state

» Stable logical state : 02

+ Corresponds to the region 0 < x; < 6,; and
8,, < X, in the phase plane, i.e.,

F(X1,651) = 0, F*(X,85) = F(x5,65,) =1.
» Steady state equations

* I domains djtl =k_121 =0, % =kop —k_ox0 =0
O 00/10 __)1 0/1 1 ° Steady state
0 i p r1 =0, zp=koo/k2= K2
EU Berlin 49 15.05.2017] A EU Berlin 50 15.05.2017]
Logical cycle Parameter inference

X2

2 |02/02 | 12/02 Kij = di(Kij) = di(kij/k i)
0o Expect focus in II‘ _Iogical parameters yield inequalities to

1 01/00 (__11/01 ODE description be satisfied by ODE parameters

near singular

012 (921’ 012 logical state

0 |00/10 —>10/11| (0,,,6,)

0 0> 1 X1

EU Berlin Lyl 15.05.2017]
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Example

* Supposek;=2,k,=1

* Suppose 6,,=1,0,;,=3,6,,=4

* From K;, =1, derive Ky, = Kyo/k; > 05, =3
Choose K;, =6, i.e., ky, =12

* From K,, = 2, derive Ky, = Ky,/k, > 0,, = 4
Choose K,, =8, i.e., ky, =8

* From K,; =1, derive 1 = 0,; <K,; <8,, =4,
Choose Ky, = kyi/k, =2, 1.e., Ky = 2.

EU Berlin 53 15.05.2017]

ODE model

» Stable logical state : 02
Expected location for steady state:
(0, kyolk ;) = (0, 8)
* Logical cycle 00 - 10 - 11 - 01 - 00
Expected focus near
(621,61 = (3, 1)
» Separatrix closetoy = 6,, = 4

A EU Berlin 54 15.05.2017]




lllustration
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6. Multistationarity and stable
periodicity

A EU Berlin 56 15.05.2017]

Biological properties

(Differentiation)
(Homeostasis)
» Three models
— ODE
— piecewise linear ODE
— discrete

+ What information on the ODE/PL model can
be obtained from the PL/discrete one ?

A Bockmayr FU Berlin 2 15.05.2017]

Steady states and periodicity

« Asymptotically stable steady states in ODE model
are related to stable logical states in the discrete
model (Snoussi 89).

« Stable periodicity in ODE model is related to cycles
in the discrete model (Snoussi/Thomas 93).

« In alogical cycle, the equivalent of the focus in the
ODE description is located at the junction of logical
states, i.e., at threshold values.

¢ Logical description should take into account
threshold values II‘ singular logical states

A Bockmayr FU Berlin 28 15.05.2017]

Positive and negative circuits

e ”\ o

Positive 2-circuit

—_ ,// /\
~_

Negative 2-circuit

A EU Berlin 59 15.05.2017]
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Thomas”™ conjectures

1. A positive circuit in the interaction graph
is a necessary condition for
multistationarity.

2. A negative circuit in the interaction graph
is a necessary condition for stable
periodic behavior.

Proofs exist in various particular cases.

15.05.2017]
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Conclusion

« Modeling levels
- ODE
— piecewise linear ODE
— discrete

« Biological properties
— Multistationarity
— Stable periodicity

EU Berlin 51
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Conclusion Il

 Logical parameters (only finitely many
combinations) E=) inequalities to be
satisfied by kinetic parameters

« Stable logical state =) asymptotically
stable steady state

« Logical cycle m=) periodic behavior
(stable/unstable focus, limit cycles)

EU Berlin

52
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