Remarks

» The actual transitions depend on the
time delays, e.g.

x/ylo ift, <t,
00
TY——o01 ift <t
* The transitions 00 — 11, with t; = ¢,

and 00 « 11,with ¢z = tg, are not
included.

A Bockmavr, FU Berlin, SS14 23 16,05.201

States
« State of the system

(xl, cee ,xn) € {O, 1}”

* Extended state

(z1,...,2n, X1,...,Xp) € {071}2n

o Xj = ®;(x1,...,2n): Effect of X, ... ,X, ON
the gene X; that produces x;.

A Bockmavr, FU Berlin, SS14 24 16,05.201

State transition graph

iff there is no transition to another state
(«y,..., ) € {0,1}",

i.e.,
Tr; — (Di(ajl, . ,mn),

foralli=1,...,n.

A EU Berlin, SS14 2 16.00.201

Simplified notation (in the Boolean case) « Nodes States
(Z1,...,7%n), (z1,...,xn) € {0,1}"
where Z; means that we put a dash over x; o Arcs State transitions
iff (z1,...,2_ x; x; ey Tn)
z; # Pi(x1,...,2n) WL Tl I L )
(x17 sy i1, cbi(x]n v ,£Cn), Lit1y- - 7x'l’L)a
if z; = ®;(x1,...,zn) (Update only 1 variable)
II‘ non-deterministic dynamics
A EU Berlin, SS14 25 16.00.201 A EU Berlin, SS14 26 1605201
Stable states
A state
(xlv v 7xn) € {07 1}7’L
is stable 3. Kinetic logic (I1)

Selecting pathways

A EU Berlin, SS14. 28 16.05.201




Three variable example

Logical description

_ ry z|X'Y Z

* Gene X expressed constitutively 0001 1 0

* Gene Y expressed only in absence of oo 1l1 1 1
product x X =1

» Gene Z expressed if product y or z is Y = 7 01051 11

present N o 0 111 1 1

v Z = yVz 1 041 0 O

. —5 y t, 1 0 1 0 1

- g 11 0|1 0 1

~ 111(1 0 1

| A Bockmayr, FU Berlin, SS14. 29 16,05.201 | A Bockmayr, FU Berlin, SS14. 30 16,05.201
Pathways

g

/

T
10 te+1t5 7 ty + 1t

Y ?111'—>.

Z 2011

2
\111—>‘

A EU Berlin, SS14

16,05.201
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Interaction graph

A EU Berlin, SS14 33

16.05.201

Continuous model

* Real variables x;,...,X,:
x; gives the concentration of the product of
gene .

» Regulatory interaction: Activation/inhibition

of x; by X is effective only if x; lies above a
certain threshold 0;.

A EU Berlin, SS14 34 16.00.201




Hill functions

F"
o6 QLCU

Fif (2,0) = griom, Fin(2,0) = griom

Kinetics

« Effect of activation/inhibition of x; by X
described by kinetic parameter k;

* Degradation rate: k;

LA Bockmayr, FU Berlin, SS14 a5 16.05.20] LA Bockmavr, FU Berlin, SS14 36 16.05.201
ODE model Piecewise linear ODE model
Fori=1,...,n: Form—>oo'
da:Z dajz

%
Z kz] o (wja ’L]) —1L4

Z kz]F J(xj7 zg) k_;x;

where where k’b] = O a’L_] S {+ } k—?, > 0
ki; >0, €{+,—},k_; >0,m > 1. i
ij 17 { } ) F+(X,9)= 1, !fX>9
0, fX<#6
F~(X,0) =1-Ft(X,0)
A EU Berlin, SS14 3 1605201 A EU Berlin, SS14 38 1605201

Discretization

Thomas 73, Snoussi 89
* Suppose gene i acts on n; other genes
=) n; thresholds
0(91(92(“.(\97%‘

« Discretization operation

di IR—FH {0,,711}

0, fo<z<o?

di(z) = 1:, if 01 <z < 02

n;, if 0" <z

A EU Berlin, SS14. 39 16.05.201

Discrete model

X! —d(ZK g ©ij))
where
-XZ-,X{e {0,...,n

z} discrete variables

- X z, new value for X discrete “derivative”

« Ky = kyj/k_; > 0
. @U S {05, 1.5,2.5,..

.} discrete thresholds

A EU Berlin, SS14 40 16.00.201




Discrete dynamics

o State
X =(X1,...,Xpn), XiE{O,...,nZ‘}
« State transitions
(X1,...,Xp) — (Xq,...,X; £1,...,

if X/ > X, resp. X! < X;.

» Only one variable is updated at a time.
» Several successor states are possible.
) Generalized kinetic logic

Xn)

5. An illustrating example

| A Bockmavr, FU Berlin, SS14 4l 16.05.201 A _Bockmayr, FU Berlin, SS14 2 16.05.201
Example Discrete and ODE model
. q X] = di(K12F~(X2,012))
Tl , 272 Xh = do(Ko1F*(X1,©21)
+K22FT(X2,022))
X, € {0,1} i
« X, € {0,1,2} z;tl = kioFy(22,012) —k_171
* Assume 6,, < 0,,, i.e., upon activation, dao n
X, acts first on X;, then on itself. g = FkorFm(21,021)
koo Fif (22,020) — k_oto
A EU Berlin, SS14 43 16.00.201 A EU Berlin, SS14 44 1605201
Logical parameters State table
def X Xo| X! X/
Ky déf d;(Ki;) € {0,...,n;} 1 A2 1 2
Kijij = 4K+ K;j) €{0,...,n;} 8 (i KSQ 8
(only finitely many possible values) - ~ - -
o 2 0 Koo
1 1 0 Ko1
1 2] 0 Koy
A EU Berlin, SS14 45 16.00.201 A EU Berlin, SS14 4G 1605201




States in phase space

X2
2 |02/0Kyy | 12/0Kaiy90
1 /01/00 11/0Koq
0 |00/K150 | 10/K12Ks;
0 1 X
| A Bockmavr, FU Berlin, SS14 4 16.05.201

Kip =1, Ky =0, Ky =2, Kypipp =2

Yy
» Two stable
2 02 (——12/02 states
» Two separate
1/01/00«—11/00| domains for
l l y>land y<1
0|00/10 — 10
0 1 T
LA_Bockmavr, EU Berlin, SS14. 48 16.05.201

Ko =1, Ky =1, Ky =2, Kypup = 2

Yy
| e xactsony
2 02(_ 12/02 Logical cycle

One stable state
* Two separate

1 01/|00 (-—11401

Stable state

Stable logical state : 02

» Corresponds to the region 0 < x; < 0,;, and
0,, < X, in the phase plane, i.e.,

Fr(X1,021) = 0, F*(X3,015) = F(x5,05,) = 1.
Steady state equations

* I domains dgtl =k_121 =0, dth =koo—k_oxp =0
O 00/10 _%1 O/ 1 1 . Steady state
0 1 " r1 =0, x2=ko/k 2= Ko
A EU Berlin, SS14 49 1605201 A EU Berlin, SS14 20 1605201
Logical cycle Parameter inference

X2

2 |02/02 12/02 Kz’j = dz’(Kij) = di(kij/k—z’)
0o Expect focus in IIﬂ _Iogical parameters yield inequalities to

1 01/00 <1 1/01 ODE description be satisfied by ODE parameters

near singular

012 (021,012 logical state

0 |00/10 —>10/11 (0,,,6,,)

0 0, 1 X

A EU Berlin, SS14 21 16.00.201

A EU Berlin, SS14 22 16.00.201




Example

* Supposek,; =2,k,=1

* Suppose 0,,=1,6,,=3,0,,=4

* From K, = 1, derive K;, = k;,/k; > 0,5, =3
Choose K, = 6, i.e., k;, =12

* From K,, = 2, derive Ky, = ky,/k, > 6,, =4
Choose K,, =8, i.e.,k,, =8

* FromK,, =1, derive 1 = 6,; <K,; <0,, =4,
Choose K,; =2, i.e., k,, = 2.

A Bockmavr, FU Berlin, SS14 53 16,05.201

ODE model

« Stable logical state : 02
Expected location for steady state:
(0, kpo/k ;) = (O, 8)
« Logical cycle 00 -» 10 » 11 —» 01 — 00
Expected focus near
(051,015 =3, 1)
» Separatrix closetoy = 0,, = 4

A Bockmavr, FU Berlin, SS14 54 16,05.201

Illustration

A EU Berlin, SS14 55 16.05.201

A EU Berlin, SS14 56 16.05.201

Biological properties

(Differentiation)
(Homeostasis)
¢ Three models
- ODE
— piecewise linear ODE
— discrete

* What information on the ODE/PL model can
be obtained from the PL/discrete one ?

A EU Berlin, SS14 2 16.00.201

Steady states and periodicity

« Asymptotically stable steady states in ODE model
are related to stable logical states in the discrete
model (Snoussi 89).

« Stable periodicity in ODE model is related to cycles
in the discrete model (Snoussi/Thomas 93).

« In alogical cycle, the equivalent of the focus in the
ODE description is located at the junction of logical
states, i.e., at threshold values.

 Logical description should take into account
threshold values II‘ singular logical states

A EU Berlin, SS14 58 16.05.201




Positive and negative circuits

e ”\ ~__

Positive 2-circuit

- /

, /—\
\ Ty <=7 ZI?\_/‘*‘ Y
Sign of circuit = Negative 2-circuit

Product of signs of arcs

Thomas” conjectures

Thomas'81

1. A positive circuit in the interaction graph
is a necessary condition for
multistationarity.

2. A negative circuit in the interaction graph
is a necessary condition for stable
periodic behavior.

Proofs exist in various particular cases.

| A Bockmayr, FU Berlin, SS14. 59 16,05.201 A Bockmayr, FU Berlin, SS14. 60 16,05.201
Conclusion Conclusion I
» Modeling levels « Logical parameters (only finitely many
- ODE o : "
. - combinations) ) inequalities to be
- Zfece\':”se linear ODE satisfied by kinetic parameters
— discrete

« Biological properties
— Multistationarity
— Stable periodicity

A EU Berlin, SS14 61 16.00.201

« Stable logical state m=m) asymptotically
stable steady state

« Logical cycle m=) periodic behavior
(stable/unstable focus, limit cycles)

A EU Berlin, SS14 62 16.00.201
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