
C
on

st
ra

in
t-

ba
se

d
M

od
el

in
g

of
M

et
ab

ol
ic

N
et

w
or

ks

A
le

xa
nd

er
B

oc
km

ay
r

Fr
ei

e
U

ni
ve

rs
itä

tB
er

lin

D
FG

R
es

ea
rc

h
C

en
te

r
M

A
TH

E
O

N
M

at
he

m
at

ic
s

fo
r

ke
y

te
ch

no
lo

gi
es

N
et

w
or

k
A

na
ly

si
s,

FU
B

er
lin

,S
S

14

M
et

ab
ol

ic
ne

tw
or

ks

�
�
�
�
�
�
�
�
�
�
	
�


�
�
�


	
�
�
�
�
�
�
�
�
�
�


�
�

A
.B

oc
km

ay
r,

N
et

w
or

k
A

na
ly

si
s,

30
M

ay
20

14
2

/3
9

M
at

he
m

at
ic

al
re

pr
es

en
ta

tio
n

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

	
	
	

	
	
	

	
	
	






















�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

E

F G
2

10

11

12

4

8

B
D

C
6

9
A

7

1

5

3
X
12

X
10

X
7

X
1

X
3 X
4"S

ys
te

m
 b

ou
nd

ar
y"

Irr
ev

er
si

bl
e 

re
ac

tio
n

In
te

rn
al

 re
ac

tio
n

Ex
te

rn
al

 m
et

ab
ol

ite

Ex
te

rn
al

 re
ac

tio
n

R
ev

er
si

bl
e 

re
ac

tio
n

In
te

rn
al

 m
et

ab
ol

ite

A
.B

oc
km

ay
r,

N
et

w
or

k
A

na
ly

si
s,

30
M

ay
20

14
3

/3
9

A
lg

eb
ra

ic
de

sc
rip

tio
n

�
S

to
ic

hi
om

et
ric

m
at

rix
S
∈
R

m
×n

�
R

ow
s
�

in
te

rn
al

m
et

ab
ol

ite
s

i=
1,
..
.,

m
�

C
ol

um
ns

�
in

te
rn

al
an

d
ex

te
rn

al
re

ac
tio

ns
j=

1,
..
.,

n
�

S
ij:

st
oi

ch
io

m
et

ric
co

ef
fic

ie
nt

of
re

ac
ta

nt
ii

n
re

ac
tio

n
j

�
S

et
of

irr
ev

er
si

bl
e

re
ac

tio
ns

Irr
�

M
et

ab
ol

ic
m

od
el

M
=
(S

,I
rr
)

A
.B

oc
km

ay
r,

N
et

w
or

k
A

na
ly

si
s,

30
M

ay
20

14
4

/3
9



1.
K

in
et

ic
m

od
el

in
g

�
M

et
ab

ol
ite

s
ia

nd
re

ac
tio

ns
j

�
C

i(
t)

:
m

et
ab

ol
ite

co
nc

en
tra

tio
ns

at
tim

e
t

�
v j
=

v j
(C

,k
):

re
ac

tio
n

ra
te

s,
de

pe
nd

in
g

on
ki

ne
tic

la
w

an
d

ki
ne

tic
pa

ra
m

et
er

s
k

�
S

ij:
st

oi
ch

io
m

et
ric

co
ef

fic
ie

nt

dC
i

dt
=

n ∑ j=
1
S

ijv
j

or
dC dt

=
S
·v

(C
,k
)

�
S

ys
te

m
of

or
di

na
ry

di
ffe

re
nt

ia
le

qu
at

io
ns

(O
D

E
s)

A
.B

oc
km

ay
r,

N
et

w
or

k
A

na
ly

si
s,

30
M

ay
20

14
5

/3
9

E
xa

m
pl

e

( dC
1/

dt
dC

2/
dt

) =

( 1
−1

0
0

1
−1

) ·⎛ ⎝
v 1
(C

,k
)

v 2
(C

,k
)

v 3
(C

,k
)

⎞ ⎠

v 1
(C

,k
)

=
v m

1/
(1

+
(C

2/
k i
)p
)

v 2
(C

,k
)

=
v m

2
·C

1/
(k

1
+

C
1)

v 3
(C

,k
)

=
v m

3
·C

2/
(k

2
+

C
2)

W
hi

ch
ki

ne
tic

la
w

s?

W
hi

ch
ki

ne
tic

pa
ra

m
et

er
s?

A
.B

oc
km

ay
r,

N
et

w
or

k
A

na
ly

si
s,

30
M

ay
20

14
6

/3
9

2.
C

on
st

ra
in

t-b
as

ed
m

od
el

in
g

�
S

te
ad

y-
st

at
e

as
su

m
pt

io
n:

A
ss

um
e

m
et

ab
ol

ite
co

nc
en

tra
tio

ns
C

i
an

d
re

ac
tio

n
ra

te
s

v j
ar

e
co

ns
ta

nt
�

flu
x

ve
ct

or
v
∈
R

n

�
S

to
ic

hi
om

et
ric

co
ns

tra
in

ts
(m

as
s

ba
la

nc
e)

:

n ∑ j=
1
S

ijv
j
=

0,
fo

ra
ll

i=
1,
..
.,

m

�
Th

er
m

od
yn

am
ic

s
co

ns
tra

in
ts

(r
ea

ct
io

n
di

re
ct

io
na

lit
y)

:

v j
≥

0,
if

ji
s

irr
ev

er
si

bl
e

�
sy

st
em

of
lin

ea
re

qu
at

io
ns

an
d

in
eq

ua
lit

ie
s

in
R

n

A
.B

oc
km

ay
r,

N
et

w
or

k
A

na
ly

si
s,

30
M

ay
20

14
7

/3
9

S
te

ad
y-

st
at

e
flu

x
co

ne

S
et

of
al

lp
os

si
bl

e
st

ea
dy

-s
ta

te
flu

x
di

st
rib

ut
io

ns

C
=
{v

∈
R

n
|S

v
=

0,
v i
≥

0,
i∈

Irr
}

�
po

ly
he

dr
al

co
ne

1 
0 

…
-1

0 
1 

…
-2

…
…

..
..

.
2 

0 
…

1

Re
ac

ti
on

s

Metabolites

v²

v

v³

A
.B

oc
km

ay
r,

N
et

w
or

k
A

na
ly

si
s,

30
M

ay
20

14
8

/3
9



3.
Fl

ux
ba

la
nc

e
an

al
ys

is
(F

B
A

)

�
A

ss
um

e
ce

llu
la

rb
eh

av
io

ri
s

de
te

rm
in

ed
by

a
ce

rt
ai

n
bi

ol
og

ic
al

ob
je

ct
iv

e.
�

D
et

er
m

in
e

a
co

rr
es

po
nd

in
g

“b
es

t”
flu

x
di

st
rib

ut
io

n.
�

U
se

m
at

he
m

at
ic

al
op

tim
iz

at
io

n
to

pr
ed

ic
tp

he
no

ty
pe

.

�
S

im
pl

es
tc

as
e:

Li
ne

ar
pr

og
ra

m
m

in
g

(L
P

)

m
ax

{c
T

x
|A

x
≤

b,
x
∈
R

n
}

�
Fl

ux
ba

la
nc

e
pr

ob
le

m
(F

B
A

)

m
ax

{c
T

v
|S

v
=

0,
l≤

v
≤

u}
(F

B
A

)

A
.B

oc
km

ay
r,

N
et

w
or

k
A

na
ly

si
s,

30
M

ay
20

14
9

/3
9

E
xa

m
pl

e

T
o 

pr
ed

ic
t g

ro
w

th
, Z

 =
 v

bi
om

as
s

  

B
 +

 2
C

   
   

D

A
 

B
 +

 C
 

...
 

R
ea

ct
io

n 
n

R
ea

ct
io

n 
2

R
ea

ct
io

n 
1

...
 

M
at

he
m

at
ic

al
ly

 r
ep

re
se

nt
  

m
et

ab
ol

ic
 r

ea
ct

io
ns

 
an

d 
co

ns
tr

ai
nt

s 

G
en

om
e-

sc
al

e 
m

et
ab

ol
ic

 r
ec

on
st

ru
ct

io
n 

M
as

s 
ba

la
nc

e 
de

fin
es

 a
  

sy
st

em
 o

f l
in

ea
r 

eq
ua

tio
ns

 

a b c 

C
al

cu
la

te
 fl

ux
es

 
th

at
 m

ax
im

iz
e 

Z

D
ef

in
e 

ob
je

ct
iv

e 
fu

nc
tio

n 
 (

Z
 =

 c
1*

 v
1 

+
 c

2*
 v

2 
  .

.. 
)

d e 

* 
=

  0

R
ea

ct
io

ns
 

s e t i l o b a t e M 

A
 

B
 

C
 

D
 

m

–1 1 1 

–1

–1
–1

–2 1 

 1
  

2 
n

Biomass Gluco
se Oxy

gen

...
 

v v1 2

F
lu

xe
s,

 v

v n v bi
om

as
s 

v gl
uc

os
e 

v ox
yg

en
 

...
 

S
to

ic
hi

om
et

ric
 m

at
rix

, S

–v
  +

   
   

   
 ..

. =
 0

v 
 –

   
v 2

 +
 ..

. =
 0

v 
 –

 2
v 

 +
 ..

. =
 0

v 
 +

 ..
. =

 0

1 1 1 
2 2

et
c.

v 1

v 2
Z

P
oi

nt
 o

f
op

tim
al

 v
 

S
ol

ut
io

n 
sp

ac
e 

de
fin

ed
 b

y 
co

ns
tr

ai
nt

s 
 

�
E

.c
ol

im
et

ab
ol

is
m

�
G

en
om

e-
sc

al
e

re
co

ns
tr

uc
tio

n
(iJ

O
13

66
)

�
13

36
m

et
ab

ol
ite

s,
22

51
re

ac
tio

ns

�
O

bj
ec

tiv
e

fu
nc

tio
n:

bi
om

as
s

�
G

lu
co

se
an

d
ox

yg
en

up
ta

ke
re

ac
tio

ns

�
A

er
ob

ic
an

d
an

ae
ro

bi
c

gr
ow

th

�
S

of
tw

ar
e:

e.
g.

C
O

B
R

A
To

ol
bo

x
2.

0

O
rt

h/
Th

ie
le

/P
al

ss
on

10

A
.B

oc
km

ay
r,

N
et

w
or

k
A

na
ly

si
s,

30
M

ay
20

14
10

/3
9

4.
Fl

ux
va

ria
bi

lit
y

an
al

ys
is

(F
VA

)

�
O

pt
im

al
so

lu
tio

ns
to

FB
A

pr
ob

le
m

s
ne

ed
no

tb
e

un
iq

ue
.

�
E

nu
m

er
at

in
g

al
lo

pt
im

al
so

lu
tio

ns
is

co
m

pu
ta

tio
na

lly
ex

pe
ns

iv
e.

�
A

lte
rn

at
iv

e:
A

na
ly

se
flu

x
va

ria
bi

lit
y

z o
pt

=
m

ax
{z

=
cT

v
|S

v
=

0,
l≤

v
≤

u}
(F

B
A

)

Fo
ra

ll
j=

1,
..
.,

n:

m
ax

{±
v j
|S

v
=

0,
l≤

v
≤

u,
cT

v
=

z o
pt
}

(F
VA

)

A
.B

oc
km

ay
r,

N
et

w
or

k
A

na
ly

si
s,

30
M

ay
20

14
11

/3
9

5.
Fl

ux
co

up
lin

g
an

al
ys

is
(F

C
A

)

B
ur

ga
rd

et
al

.
04

�
C

=
{v

|S
v
=

0,
v k

≥
0,

k
∈

Irr
}fl

ux
co

ne
�

A
re

ac
tio

n
ii

s
bl

oc
ke

d
if

v i
=

0,
fo

ra
ll

v
∈

C
.

�
Le

ti
an

d
jb

e
tw

o
un

bl
oc

ke
d

re
ac

tio
ns

.
�

ii
s

di
re

ct
io

na
lly

co
up

le
d

to
j,

i=
0 →

j,
if

fo
ra

ll
v
∈

C
,v

i
=

0
im

pl
ie

s
v j
=

0.
�

ia
nd

ja
re

pa
rt

ia
lly

co
up

le
d,

i=
0 ↔

j,
if

fo
ra

ll
v
∈

C
,v

i
=

0
is

eq
ui

va
le

nt
to

v j
=

0.
�

ia
nd

ja
re

fu
lly

co
up

le
d,

i�
λ

j,
if

th
er

e
ex

is
ts

λ
∈
R
\{

0}
su

ch
th

at
fo

ra
ll

v
∈

C
,v

j
=

λ
v i

.

�
i�

λ
ji

m
pl

ie
s

i=
0 ↔

j,
w

hi
ch

is
eq

ui
va

le
nt

to
i=

0 →
ja

nd
j=

0 →
i.

A
.B

oc
km

ay
r,

N
et

w
or

k
A

na
ly

si
s,

30
M

ay
20

14
12

/3
9



E
xa

m
pl

e

1

3

A

B C

D

4

6

2

5

2
=

0 →
3

3
=

0 →
2

4
=

0 →
1,

2,
3,

5,
6

5
=

0 →
6

6
=

0 →
5

A
.B

oc
km

ay
r,

N
et

w
or

k
A

na
ly

si
s,

30
M

ay
20

14
13

/3
9

LP
-b

as
ed

flu
x

co
up

lin
g

an
al

ys
is

�
R

ea
ct

io
n

ii
s

bl
oc

ke
d

iff

m
ax

{±
v i
|S

v
=

0,
v k

≥
0,

k
∈

Irr
}=

0

�
Tw

o
un

bl
oc

ke
d

re
ac

tio
ns

ia
nd

ja
re

di
re

ct
io

na
lly

co
up

le
d,

i.e
.,

i=
0 →

ji
ff m
ax

{±
v j
|S

v
=

0,
v k

≥
0,

k
∈

Irr
,v

i
=

0}
=

0

�
O
(n

2 )
lin

ea
rp

ro
gr

am
m

in
g

pr
ob

le
m

s

A
.B

oc
km

ay
r,

N
et

w
or

k
A

na
ly

si
s,

30
M

ay
20

14
14

/3
9

Fa
st

Fl
ux

C
ou

pl
in

g
C

al
cu

la
tio

n
F2

C
2

La
rh

lim
i/D

av
id

/S
el

bi
g/

B
oc

km
ay

r1
2

Irev Prev Frev

Ire
v

P
re
vF
re
v

Irev Prev Frev

Ire
v

P
re
vF
re
v

Irev Prev Frev

Ire
v

P
re
vF
re
v

N
et

w
or

k
FF

C
A

F2
C

2
�L

P
s

Ti
m

e
�L

P
s

Ti
m

e
M

.b
ar

ke
ri,

iA
F

69
2

30
19

75
59

m
40

s
77

4
7s

S
.c

er
ev

is
ia

e,
iN

D
75

0
47

26
29

1h
50

m
17

s
12

80
21

s
M

.t
ub

er
cu

lo
si

s,
iN

J6
61

55
65

04
3h

5m
36

s
15

06
22

s
E

.c
ol

i,
iJ

R
90

4
65

54
37

2h
40

m
33

s
15

80
26

s
E

.c
ol

i,
iA

F
12

60
42

56
78

6
4d

31
m

26
s

33
09

2m
47

s
E

.c
ol

i,
iJ

O
13

66
48

77
26

2
4d

5h
30

m
46

s
39

55
3m

55
s

H
.s

ap
ie

ns
,R

ec
on

1
45

66
30

4
4d

18
h3

m
37

s
39

03
5m

20
s

A
.B

oc
km

ay
r,

N
et

w
or

k
A

na
ly

si
s,

30
M

ay
20

14
15

/3
9


