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Complexity of linear programming

Theorem (Khachyian 79) The following problems are solvable in polynomial time:

e Given a matrix A € Q™" and a vector b € Q™, decide whether Ax < b has a solution x € Q", and if so,
find one.

e (Linear programming problem) Given a matrix A € Q™*" and vectors b € Q™,¢c € Q", decide whether
max{c’x | Ax < b,x € Q"} is infeasible, finite, or unbounded. If it is finite, find an optimal solution. If it is
unbounded, find a feasible solution xp, and find a vector d € Q" with Ad < 0 and ¢’ d > 0.

Complexity of constraint solving: Overview

] Satisfiability H over Q \ over Z \ over N

Linear equations || polynomial | polynomial | NP-complete
Linear inequalities || polynomial | NP-complete | NP-complete

Satisfiability | overR over Z

Linear constraints polynomial | NP-complete
Non-linear constraints || decidable | undecidable

Integer Linear Optimization (ILP)

o zp=max{c x| Ax < bx€Z"},Ac Q™" bec QM

o zip=max{c'x| Ax < b,x cR"} linear (programming) relaxation
o P={xcR"| Ax < b} real feasible points
o S={xecZ"|Ax<b}=PNZ" integer feasible points

e Basic properties

- fP=0,then S=0.
— If z;p is finite, then S =0 or zp < zp is finite.

— lf zip =00, then S=0 or zjp = oo.
Integer hull

e P={xeR"|Ax<b}, S={x€Z"|Ax<b}=PNZ"

e P;=conv(S) integer hull

e Theorem: P, is again a polyhedron

e \ertices of P, belongto S

e max{c’x | x € S} =max{c’x | x € conv(S)} ' ' ' ;v

~~ reduce integer linear optimization to linear optimization?
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Cutting planes

conv(S) is very hard to compute ~» approximation by cutting planes

Solve the linear relaxation
max{c’x | Ax < b,x € R"}

and compute a basic feasible solution x*.

If x* € Z", the integer linear program has been solved.

If x* & 7", generate a cutting plane a’ x < B, which is satisfied by all integer points in P, but which cuts
off the fractional vertex x* of P.

Add the inequality a’ x < 3 to the system Ax < b and solve the relaxation again.

References

J. Matousek, B. Gartner: Understanding and using linear programming, Springer, 2007.

B. Kolman and R. E. Beck: Elementary linear programming with applications (Second Edition), Elsevier,
1995, http://www.sciencedirect.com/science/book/9780124179103

D. Bertsimas, J. N. Tsitsiklis: Introduction to linear programming, Athena Scientific, 1997.

M. Groétschel, L. Lovasz, A. Schrijver: Geometric algorithms and combinatorial optimization, Springer,
1988.

A. Schrijver: Theory of Linear and Integer Programming, Wiley, 1986.



