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Abstract

We exhibit a fundamental link between Hairer’s theory of regularity structures [Hail4]
and the paracontrolled calculus of [GIP15]. By using paraproducts we provide a Littlewood-
Paley description of the spaces of modelled distributions in regularity structures that is
similar to the Besov description of classical Holder spaces.

1 Introduction

This article builds a bridge between two different approaches that arose from the study of
singular stochastic partial differential equations (singular SPDEs). These equations are ill
posed because of the interplay of highly irregular noise with nonlinearities, which often leads
to resonances that may have to be removed by a renormalization procedure. A new way of
describing distributions, their regularity, and operations on them was required in order to
give a meaningful solution theory for singular SPDEs, and this was implemented differently
by different groups. Our aim is to reveal a link between regularity structures, which were
developed by Hairer in [Hail4] and applied abundantly since (for example [HQ15, [HL18, [HS17,
HP15, ICFG17, [HM18]), and the Fourier approach of paracontrolled distributions, which first
appeared in the work [GIP15] by Gubinelli, Imkeller and Perkowski and was used for instance
in [CCI18bl, [CCI8al MWI7al IGP17, [AC15, [ZZ18, IMP17]. These two techniques are by no
means the only tools for singular SPDEs and alternative views were provided by Kupiainen in
his application of renormalization group techniques [Kupl16), KM17|, and by Otto and Weber
with their rough path flavored approach [OW16], (OSSW18§].

In this paper however we will only focus on the comparison of two seemingly distinct notions
from regularity structures and paracontrolled distributions. Central to the theory of [Hail4] is
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the concept of a modelled distribution. These are generalized Holder functions that are classi-
fied by spaces called 27(R%; T) with v € R. The sets 27(R?; T) collect functions F': R¢ — T
that take values in a graded vector space T = @, .4 Ta (with A < R and with 7, being
normed spaces) and whose components F'¢: R? — T, satisfy for x, y € ]Rd

|Fy = Ty bl 7, < ly — ™ (1)

for @ < 7. The object Ty, Fyy € Ty in should be thought of as a local “Taylor-like”
expansion. The most basic case arises when we consider the so called polynomial regularity
structure 7, where F'® just represents the derivative of order a of a function f and | I
incorporates the Taylor expansion of this derivative, so that 27(R%;T) just represents the
~-Hélder continuous functions (for a precise formulation see Lemma below). It is rather
classical that the space of v-Holder continuous functions can also be described via Littlewood-
Paley theory as a Besov space BY(RY), so that there are in fact various “classical” descriptions
of 27(R%; T). However, in general the space 27(R?, T) can be of a far more complex structure
and usually it involves expansions in non-polynomial objects, which are typically constructed
from an underlying SPDE. In such cases there is no description of 27(R%;T) in terms of more
familiar function spaces. The central role of modelled distributions in the theory of regularity
structure is due to the so called reconstruction theorem [Hail4l Theorem 3.10] which shows
that there is a (unique) distribution f € &'(R?) that is described by the modelled distribution
F e 27(R%T). On the level of 27(R% T) there is a robust theory for operations such as
multiplication whose execution is typically hazardous on S'(R%), and describing the objects
in an SPDE via modelled distributions leads to a robust formulation of the Schauder theory.
But since there is no description of 27(R%; T) in terms of classical function spaces, all these
results have to be derived from scratch and are typically quite cumbersome to prove.

The linchpin in the paracontrolled framework is the notion of a paracontrolled distribution.
Roughly speaking, a distribution f € S’(R?), often the solution to an SPDE, is called para-
controlled if it can be smoothened by the subtraction of a paraproduct, a sort of “frequency
modulation” of a given reference distribution. This allows us to transform the considered
SPDE into an equation that can be solved via classical Schauder theory. Although the para-
controlled approach might seem quite different from the one in regularity structures, note
that an increase of smoothness could be interpreted as the cancellation of fluctuations on
small scales. From this point of view the paraproduct seems to capture the local behaviour of
the considered distribution. This philosophy seems reminiscent to the idea of a local expansion
in . Moreover, often similar objects appear in the expansion Iy, F; in and the paraprod-
ucts used to control the solutions to SPDEs: Compare for instance the solution theory for the
parabolic Anderson model [Hail4l [GIP15], the ®3 model [Hail4, [CCI8b] or the KPZ equation
[FH14. [GP17]. Based on this similarity it has been conjectured in [GIP15] that there might be
a one-to-one correspondence between modelled distributions and paracontrolled distributions.
Here we give a precise formulation of that conjecture and we prove it.

More precisely, we propose the following description of a modelled distribution via paraprod-
ucts: In Definition we define the paraproducts P(F,T'%) for a« € A and F: R? — T =
@D,ca Ta- We then say that F is in the space B7(R% T) if for o < v

F— P(F,T%) e B, 2)

'nstead of |y — z| we will consider a scaled distance ||y — s below, as in [Hail4].



where B77¢ = B:{O%‘ denotes a Besov space, and if further a certain structure condition
(Definition |3.4] below) is satisfied. In Theorem |4.1] we then show that

Theorem. For v e R\(N+ A) we have
PR T) = B/ RET) (3)
with equivalent norms.

One might consider %7(R% T) as a type of Besov space on 7. Indeed, in the case of the
polynomial regularity structure 7 = 7 it turns out that %”(R% T) just collapses to the
classical Besov space B, so that can be interpreted as a generalization of the Besov
description of Holder continuous functions. Since both, B and P(F,T'*), will be built using
Littlewood-Paley theory, is a Littlewood-Paley description of 27(R% T) and moreover a
characterization in terms of more classical spaces from analysis.

Although we consider the theorem above an interesting observation in its own right, one should
also judge its importance from a more practical point of view. For many operators, such as
Fourier multipliers, it is more natural to work with the spectral description of function spaces
provided by the Littlewood-Paley theory. The theorem above therefore yields a first insight on
how to describe modelled distributions in this formulation. However, an elaboration of a full,
say, Schauder-like statement based on would still require a lot of technical work, which is
why we refrain from doing so in this paper. For ideas and results in that direction we refer to
the Ph.D. thesis of the first author [Marl§].

Structure of this article

Section [2] recalls the fundamental concepts we will use. These are mostly some definitions
and basic facts concerning Besov spaces and some elementary definitions from the theory
of regularity structures. Since statements about Besov regularity, such as , actually con-
cern objects with values in Banach spaces, we will also repeat the essentials of vector-valued
distributions.

Conceptually new definitions are given in Section [3] where we introduce the paraproducts
P(F,T%) and the space %" (R% T) mentioned above.

The main result of this paper, that is identity , is presented and proved in Section

Notation

We will write x < y to denote an inequality of the form « < C -y for some constant C' > 0,
which is independent of x and y. We also use the notation = = y to describe the relation
y < x. We write z ~ y to indicate that both statements, x <y and x = y, are true.

For indices 1, j € Z we will write

i<j ei<j+N (4)

where N € Z is a deterministic constant which is independent of i and j, i.e. if 2 < 27. We
also use i X j to denote i < j and i ~ j whenever ¢ < j and j < ¢. Thesymbol N = {0,1,2,...}
denotes in this article the natural numbers including 0. The set N := N\{0} = {1,2,3,...}
is then defined by exclusion of the latter.

We use the symbol C"(R?) for the set of r € N times differentiable, complex-valued functions
and set C*?(R?) = (), .y C"(R?). To indicate bounded derivates we add an index b, so that



Cy(R%) denotes for instance the set of bounded, continuous and complex-valued functions,
equipped with the norm

| flc,®ey = sup |f(2)].

zeR4

C*(RY) is used for the subset of functions in C*(R?) that have compact support. S(RY)
denotes the Schwartz space. A codomain of a function space which is different from the
complex numbers will be mentioned in the notation via a semicolon, so that C*(R%; [0,1])
denotes the smooth functions on R? which take values in the unit interval and C®(R%; X) is the
set of smooth, compactly supported functions with values in a Banach space X. Banach-valued
distributions S’'(R% X) and Besov spaces B7 (R% X) will be introduced in Subsection .
Given a function f on R? we will occasionally write shorthand f, := f(z) for z € R% and use
the “physics convention” in writing the differential right after the integral sign, for instance

fRd dz f .

We follow [Hail4] in the definition of anisotropic distances and scalings: Given a scaling vector

seNd | (5)

we define for z € R the scaled “norm”

d
&l := > il o (6)
i=1

and we define the scaled unit ball as
By(0,1) = {o € R[] < 1}.

For multi-indices k € N¢ we set

d d
|k‘\s=zk‘z‘ﬁi, s :Zﬁi-
=1 i—1

Finally we write for positive a > 0
a® := diag(a®™, a™, ... ,a"), (7)

where diag(-) denotes the diagonal matrix with diagonal “-”. For ¢ € L'(R?) we sometimes
need the notation p* by which we mean the L'-scaling

ot = A Elp(A,
so that ¢ should be read as

0y = A PFlo(a ), (8)
where the matriz A% is defined as in [

Remark 1.1. A\ Note that we slightly differ here from [Hailj), where this notation denotes
the function z — A\~Islo(A\=(2 — ) instead. For us @) denotes a complex number and not a
Sfunction.



2 Background

In this section we recall the basic definitions we will make use of in this article. In Subsec-
tion [2.1] we repeat the definition and basic properties of Besov spaces. We need two slightly
unusual modifications which is the allowance for anisotropic smoothness as well as the pos-
sibility for the considered distributions to take values in a Banach space. We therefore start
with a short repetition concerning vector-valued distributions.

In Subsection [2.2] we recall a few elementary definitions from the theory of regularity struc-
tures. Essential to us is Definition which introduces the space 27(R% T) of modelled
distributions.

2.1 Anisotropic Besov spaces

Banach-valued distributions

It will be convenient for us to work with vector-valued distributions in this article. Although
this theory is rather classical in the literature (see e.g. [ST87, [Tre75| or even [Sch50]), the
scalar-valued case is usually a more familiar concept, so that we here briefly repeat the most
important aspects of the vector modification of distribution theory.

For a Banach space X we define the Banach-valued Schwartz distributions S'(R%; X) as the
set of continuous linear functionals

f:S®RY) > X,

where S(RY) is just the classical space of complex-valued Schwartz functions. A measurable
functions f : R — X such that

fe)i= | de f@)ela) ©

is well-defined for any ¢ € S(R?) as a Bochner integral can then be identified via (9) with a dis-
tribution in S’(R%; X). The elements of S'(R% X) can therefore be interpreted as generalized
functions with values in X. Taking X = C we simply have

S/(Rd; C) = S/(Rd) )

where S’(R?) is the usual space of tempered distributions.
Most concepts which are known for X = C carry over to the general case. We can for instance
define addition and multiplication by constants via

(f+ @)= flo)+ flo), (e Hle):=flc o).

for f,f € 8'(R% X), ¢ € S(RY) and ¢ € C. Multiplication with a smooth ¢ € C®(R%) =
C*(R%; C) whose derivatives grow at most polynomially can further be defined as

(W f)lp) = fY-9).

The support of a distribution f € S'(R% X) is defined as

supp f := {z € R¢|Vr > 03p € CL(B(z,r))s.t. f(p) # 0}.



There is also a Fourier transform F, F~! given on &'(R%; X), defined via
Fflp):=f(Fp) and  F'f(p):=f(F ')

for f e S'(R% X) and ¢ € S(R?) and where we use the convention

Fola) = |

de ) and () = [ agemria(),
Rd

Rd

where « denotes the scalar product on R%. As in the case X = C we see that F and F~! define
continuous bijections on &’(R%; X) that are inverse to each other. As in the scalar case, that
is X = C, the Fourier transform of every compactly supported f € S’(R%; X) is smooth. We
further have the usual relations for convolution and multiplication between say f € &'(R%; X)
and ¢ € S(RY) = S(R%; C):

Fxf)=F¢ - Ff, Flxf)=F 9 -FIf,
FW-f)=FsFf,  FH-f)=F v«Ff,

where convolutions such as ¢ = f are defined as

(W= f)lp) = flhxep_.).

Notice that in contrast to the case X = C, in general there is no meaningful convolution
concept between two distributions in S’(R%; X) as X is not equipped with a product.

We use the term spectral support to denote the support of the Fourier transform of an X-valued
distribution.

Besov spaces

The following types of sets will be the building blocks for our definitions below.

Definition 2.1. We say that a set B < R? is a box if there are ai,...,aq > 0 such that
B = X?zl[—ai, a;]. A set A < R? is a rectangular annulus if there are two boxes B, B < RY

with B = B and 0B ~ 0B = @ such that A = B\B.

We then have the following elementary, geometric properties.

Lemma 2.2. Let 2,2 be two rectangular annuli, let B be a box and let s € N& be a scaling
vector. If we define for j = 0 the scaled sets 2A; 1= 27°A = {27z |z € A}, A; := 27°A and
B = 27°B (with a matrix 2° as in ), we have the following relations:

o A, n'B; # T onlyifi <7,
° QlimQNlj # & only if i ~ 7,
where < and ~ should be read as on page[3,

Proof. For the first statement we can write 29 N 2758 # & as AN 20958 ~ & and use that
for 4 X j this cannot be true by definition of a rectangular annulus. The second statement
then follows from the first one if we use that 2 and 2 are each contained in some box. O



We now construct an anisotropic dyadic partition of unity for wich we essentially follow [Tri06],
Section 5.1]. Fix in the following some scaling vector s € N%. E|

Let B_5 := @ and set B; := 20+1s[—-1,1]¢ for j > —1. Fix further a symmetric and
positive p_1 € CX(R?) with values in [0,1] such that ¢_; = 1 on an open set containing
B_1 =[-1,1]¢ and supp p_1 S By = 2°[—1,1]%. We then set for j > 0

pj = o1 (270 — (2795,

(with matrices 2775, 2=U+1s a5 in (7). This yields a family (p;);>—1 € C(R?) that satisfies
the following properties:

e ¢j(z)>0forj > —1and zeR%

e Y- 1pjlx)=1forze R<,

e supp ¢; < B;1\B;_; for j = —1, in particular supp ¢; nsupp p;; = @ for |j — j/| > 1,
and that further exhibits the following scaling behavior for j > 0

©; = o(277°), (10)
dlei=pa(277%). (11)

1<j

The family (¢;)j>—1 is called an (anisotropic) dyadic partition of unity. Note that for j > 0
the support of ¢; is contained in a rectangular annulus of the form 2’2l as in Definition
(namely the set B,;41\B;_1). The support of ¢_; is contained in the box By.

Remark 2.3. The choice of the sequence B; was of course rather arbitrary. One could for
example have chosen another sequence of boxes such as B; = a - *B; with some a > 0 instead,
which would lead to a different partition of unity (P;)j=—1.

The following functions will play a special role in this paper:

Vi=Flyy, W= Y W =F (o 4(277)) (12)

—1<i<j

with j > —1 (note that ¥=<~! = 0). We also use occasionally the notation U/ := U=<i*1 for
Jj=-1

Lemma 2.4 (Scaling). There are real-valued, symmetric Schwartz functions ¢1, ¢ € S(R?)
such that for j =0

Wi — 9ils] b1 (st.) and P<i—1 _ 9ilsl ¢2(2j5.)’
where the matrix 27° should be read as in . In particular we have for k € N¢

Hak‘l’jHLl(Rd), \|ak‘1’<j||Ll(Rd) < 27K

2To be precise, [Tri06] works with s € (0,00)%, Zle 5; = d instead, which allows for an interpretation of
the Besov regularity in Definition [2.7] below as a sort of mean regularity. We here follow the scaling that
corresponds to the definitions in [Hail4].



Proof. The scaling property follows from and via ¢1 1= FLpg and ¢ := F Lo .
Since g and ¢_1 are symmetric and real-valued, also their Fourier transforms ¢; and ¢y are
symmetric and real-valued. O

The action of ¥<7 on polynomials can be described as follows.

Lemma 2.5 (Interplay with polynomials). For k, I € N% and j > 0 we have
J dud*wi ul =0 and J dud* Il = 6 k!
R4 Rd

Proof. Note that we can replace ¥/, and U5 in the expressions above by 2 , and \Iffi due to
symmetry. We consider the right equality first. By integration by parts the left hand side of
this relation equals (]i) k! §pa du U=) u!=* (or 0if I > k). This expression can then be rewritten
via the inverse Fourier transform as

1< (Dk' (2m)F otk F1e = (0),

which yields the claim since F~1W<J equals 1 in a box around 0. The left relation in the claim
is shown in the same way by using F~10” (0) = ¢;(0) = 0 instead. O
Lemma 2.6 (Interplay with polynomially growing functions). If for some a = 0 and some

measurable f : R? — C we have |f.| < |z[|¢, then this implies for k € N4

+

f du F Wi - £, f du bW . fu‘ < 9d(a—lkls)
R4 RA

Proof. This follows immediately from Lemma [2.4] O

Let X be a Banach space. Using the functions ¢; or their inverse Fourier transforms W/ =
F Lo, we define Littlewood-Paley blocks for X-valued distributions f € §'(R% X) and j > —1
by

Aif=F Hpj - Ff=W x f = de du ¥’ fo, (13)

where multiplication and convolution are defined as in the beginning of this subsection and
where we used formal notation in the integral on the right hand side. Note that A;f is
in C*(R% X) as the inverse transform of a compactly supported distribution. We can now
decompose any f € S’(R?; X) by its Littlewood-Paley decomposition:

f=> Af, (14)

j>—1

where the sum on the right hand side converges in the topology of S’(R%; X). Note that we
have for p € [1, 0]

14 fl o®axy = 197 # fllro@ax) S 1Flo@ayx) (15)



where the involved constant can be chosen independently of j. Indeed, Young’s convolution
inequality (which still holds if one of the factors is X-valued) implies for f € LP(R%; X)
j ] emma [2:4]
14 fllze@exy = 1Y = fllrowex)y < [V pwal floe@exy < 1 flze@aexy s

where we used that due to Lemmawe have | W/ 11 gay| = |f1]1(rey S 1 for j > —1. The
same argument shows that

—1<i<j

is also a bounded operator from LP(R%; X) to itself for p € [1,00]. Using the decomposition
we can now define anisotropic, X-valued Besov spaces.

Definition 2.7. Let v € R, let X be a Banach space and let s € N% be a scaling vector. Let
further (p;)j=—1 be a dyadic partition of unity on R? defined as above and constructed with s.
The anisotropic Besov space B7 (R% X) is given by

BI(R% X) i= {f € SRS X)| I Iy ) < 0} -
where

(16)

EOC.

iz sy = | (27185 o)

with the Littlewood-Paley blocks (A;)j=—1 defined via (¢;)j=—1 as in (13).

Remark 2.8. The norm can also be defined with general LP(R%; X) and £7 norms
for p, q € [1,0] (compare [BCD11l, Section 2.7]) which gives rise to a more general space
B;7q75(Rd; X) that also accounts for the integrability of the considered objects. For the sake of
simplicity we will only consider the case p = ¢ = o0 here.

Remark 2.9. Using Lemma [2.9 one sees that another choice of dyadic partition of unity
(j)j=—1 S CP(RY) instead of (¢;)j=—1, as in Remark gives an equivalent norm for
B (R% X).

We have the following straightforward modification of [BCD11, Lemmas 2.69 and 2.84], see
also |[GIP15, Lemma A.3].

Lemma 2.10. Given a sequence of smooth (f;)j=—1 € C*°(R% X) such that supp F f; < 2/°B
for some (fized) box B, we have for v >0 and f := Zj>_1 fi

(17)

JY| £
ez < | (Ml | -

If supp F fj < 275 for a rectangular annulus A, then 1s even true for all v € R.



An intuition behind the anisotropic scaling is that f e BJ(R% X) has “regularity «/s; in

direction i € {1,... ,d}’ﬂ To strenghten this intuition we will find a different characterization
of the Besov spaces B based on the Taylor remainder for v > 0

R;;hf =f 7T;;hf’ (18)
where

1
Tl = ), Hakf(:c) ¥

keNZ,,

for z,h e R, v > 0, Niw := {k € N?| |k|s; < v} and with f having enough derivatives such that
these expressions make sense. Rz; pJ can be rewritten by an application of Proposition 11.1
of [Haild].

Lemma 2.11. Let X be a Banach space. Let further v € (0,0)\N and let f € C*(R%; X).
We then have for z, h € RY

Maf= B = 5 gy [ ema e a
0

— |
keNd keNd (k em(k))‘
where m(k) = min{j | k; # 0}, NL_ = {k e N[ |k|s > 7, |k — eq)ls <7} and
Uf(h) = (hl, ey hm(k)—lyt . hm(k)707 cee ,O) ;

for the canonical basis (e1,. .., eq) of RZ.

Remark 2.12. The set N‘iv can be thought of as the “discrete boundary” of N‘iv. Note that
this set is finite because it only contains k with |k|s — Sy < 7.

The announced characterization of anisotropic Besov spaces is given by the following lemma,
which is a modification of [BCD11 Theorem 2.36].

Lemma 2.13. For vy € (0,0)\N and a Banach space X an equivalent norm for By (R%; X) is
given by the anisotropic Holder norm

10 f(y) — T3, e £ x

!
sup 0" fll¢, me;x) + sup sup =TT (20)
leNd 1eN z,yeRe, 0<|z—ylls<1 ly —z|s ™
where we recall that | g[ ¢, e, x) = SUPzera |9(z)|x-
Remark 2.14. Note that the norm in (20)) is equivalent to
—[lls A1
|04 (y) — 77, "2 ' f1x
sup & fllcy ey + sup sup =ye (21)
leNZ leN2 | z,yeRe,z7y Hy — st °

since for |z —y|s > 1 the second term of can be bounded via the first term of .

3 Although this intuition is helpful to “guess” s in many situations it is actually slightly incorrect, since the
parameter v should really be read in the sense of an average. A more appropriate (but rather useless) intuition
for By would be that f € B{ has in average a regularity of d - v/|s|. Compare the regularity of white noise
[Hail4l Lemma 10.2] as an example where the “directional intuition” evidently fails.

10



Remark 2.15. The restriction v ¢ N is not a shortcoming of our proof: The equivalence of
the norms really fails for integers «y, and | - | gy, x) is instead equivalent to a “Zygmund type”
norm, see [BCD11, Theorem 2.37] for a result in that direction.

Proof. Assume that f € B] (R%; X) as defined in Deﬁnition above and further, without loss
of generality, that | f|gy(ma,x) < 1. If we write Aif =3 i—j|<1 Qif, we have by spectral

support properties A;f = A;A;f = W x A; f. Indeed, by construction of (p;)j>—1 we have
©j - Di: |j—ij<1 Pi = @j - 1 = pj so that by our definition of A;

FAjAif) =i D, wiFf=wFf=F(4f),
i |j—i|<1
from which the claimed identity follows. With Lemma[2.4) and Young’s convolution inequality
we obtain

- o
10°4; f ey maxy = 10" Al oo maxy = 10°97 % Ay f || oo xy
1 . - Lem. 24 i . . 1
S0V | ey [ A fllomaxy < 2illsg=7 = 9=30v=llls) (22)

where we used in (*) that A;f is smooth and in particular continuous. Decomposing f =
Zj>_1 A;f this implies that the first term of is bounded

e Fleymax) < 2 | A, fHC,, RY; X) 2 2=30r=llls)

j=—1 j>—1

To estimate the second term of we consider for j > —1and z, y € R? with 0 < |z —yls < 1

k+l A .
@Ay - Y PTADa,

k!
RN s
‘ ak—"_l\l’i_u o
(@ Y o) @,
kENi’Y lls

where we used once more that A;f = A;A;f = W« A;f for Ajf =Y. li—jl<1 A;f as above.
Formula (19)) for the Taylor remalnder then gives

_ Z (z — y)k j dt du oFHpd (1— t)km(k)_l (Z‘f)u .
b Tmem) ¢ e M et f
>v—|lls

With Young’s inequality we thus obtain the bound

(akHA'f)x
(@an, - Y -
kENivfll\s ‘
ly—z]e1 w [ —
7Y el [ )@ ), gl
lceNiAY s 0
1
kls = ;
< ¥ y—mHLf At 2 £l e ) 10599 | 1
4 0
keN
>y— |”5
S Y le -y, (23)
kENi’Y*Ms

11



where we applied Hij”Loo(Rd;X) < 2797 and \|@k+l\11j\|L1(Rd) < 27(kls+llls) (by Lemma in
the last step.

On the other hand, by , we have the easy estimate

ltan, - Y EAe oy

[
heNd k! X
<y—llls
< 9i0r=Ills) 4 2 =i (r=llls=lkls) |y — o lFls (24)
keNi’Y—”\s

Next, we decompose the Taylor expansion in a “low-frequency” and a “high-frequency” term.
That is, choose j/ = —1 such that 277"~1 < |y — z[, < 277" and split

k+l A .
D YR D Y (Y My U AR

|
keNd Jii<y’ keNd !
<y—I|ls <y=Ils
(0" A;f)
D Y Y M S A !
J:g>y’ keN‘i%Ms ’

Applying now to the first and to the second term yields the first direction of the
equivalence of the norms:

IR " ey, 2NN

ReNL &
< Z Z |z — y|Fle2d(lkls+ltla=) Z (2,j(7,|l|s) i Z 93—l =lKls) |y _ l’HLk's)
JIST keNL 3:3>3" ReNL
< Z i — y||Fleod" (klatitls=) 4 (2—j'<w—|z\s) i Z 2—j’(7—|l|5—\k\5)Hy_:EH|5k|5)
ReNC s keNe_
<y — 7.

For the opposite direction suppose without loss of generality that is bounded by 1. For
j > —1 we then have

k
145 F)allx = | JRd Gl f (e S @D,

. Lem. .
< [ aulwlo 1= T2l
R

where we used Lemma to introduce a term ZkeNd S]Rd du \I/] (u —2)k = 0. To
bound A_;f we apply 1.} to get |A_1f]pomax) < Hf”Lao(]RdX HfHCb ra,x) < 1, which
shows that | f|gy(re,x) < 1. O

Lemma 2.16. Let X be a Banach space, let v € R and k € N¢. We have for f € By (R%; X)
HakaB;_lkls(Rd;X) $ HfHB;V(Rd7x)
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Proof. As in the beginning of the proof of Lemma we use the estimate ([22):
1450% o @ xy = 105 A5 f o axy < 2o

with A, f =, li—jl<1 A; f, which implies the claim. O

ijHLP(]Rd;X) .

2.2 Basics of regularity structures

In this subsection we recall the basic definition of a regularity structure as a graded vector space
equipped with a linear group. We then give a recap on models and on modelled distributions,
a concept that is central to this article.

Definition 2.17. [Hailj, Definition 2.1] A regularity structure is a triple 7 = (A, T,Q)
consisting of:

o A locally finite index set A € R, bounded from below, such that 0 € A.

e A model space T = @, 4 Ta, where each Ty is a Banach space equipped with a norm
| - |7.,- The space Ty is spanned by a unit vector which we call 1.

e A structure group G of linear operators acting on T, such that for allT' € G, v € A, T €

Ta
I'r—7e @ 7Ts. (25)

B<a

The elements of A are called homogeneities.

Given 7 € T and a € A we write 7¢ for the projection of 7 on 7,. If dim 7, < oo and we have
a basis {e;} for T, we also write 7% for the coefficient of 7® with respect to e;. For example
ifre7T witht—c-1¢€¢ @aeA,a;é(] T, we have 71 = ¢. Note that by this definition 7 € 7,
is a vector in a Banach space, while 7% is a complex number. We also write

acA: a<y

and similarly for 7=7. For I" € G we use the abbreviation
rer .= (I'r)*. (26)

The same remark applies for the “basis notation” above, for instance I'tr := (I'7)1. We will
also need the space

- @ T

acA: a<y

for v € R, so that for example 7<7 € T, forTeT.
Let us now introduce the notion of a model.

13



Definition 2.18. [Hailj, Definition 2.17] Let T = (A, T,G) be a regularity structure and
let s € N be a scaling vector. A model on 7 with scaling s is a family of linear maps
FpyeG I, : T — S'(RY) for x, y € RY that satisfy for x,y,z € RY

Fpp = 1d7, Tyylye = Tz, Iy = 1,0y 5, (27)
and further for a,f € A, T €Ty and B < «

ITyel7s < I7l7 -z —yle=?, (28)
L7 (92 )| < 7l - A%, (29)

with @ , = ANElp(A=5(- — ), uniformly over all X € (0,1] and ¢ € CP(RY), supp ¢ <
B;(0,1), [l¢|cr < 1, with r € N being the smallest number strictly bigger than —min A. As in
we wrote ngT := (Tyx7)? for the projection of Ty, onto Ts.

We further introduce:

1], := sup sup sup A7 ()],
¢ acA,a<y, €T, |7l <1 Xe(0,1]

Ty := sup sup ITyerl e —ylf =,
z,yeR?, £y «,feA, f<a<y, T€Ta, || 1, <1

where sup,, Tuns over the class of ¢ described above.
We sometimes write I'y ;. instead of I'y, to separate the arguments more clearly.

Remark 2.19. The functions Il : T — S'(R?) do not play an important role in this article
and are just mentioned for the sake of completeness. However, compare [GIP15] and [Marl§]
for similar concepts to the ones presented here where 11, becomes important.

Note that we require global bounds on the model (II,T") in Definition which is different
from [Hail4] where the corresponding bounds only need to hold locally uniformly on compact
sets. The main reason for requiring global estimates is that we work with an approach based
on Fourier analysis, for which it seems unavoidable to work with bounds on the full space.
Compare also [HL17] for another work with these assumptions. Global bounds are given
immediately in the study of a SPDE if the considered equation is driven by a periodic space
white noise. In the case of a spatially periodic space-time white noise we can replace the noise
with one that is also periodic in time, with a period that is bigger than the time horizon of
the equation. If one wants to consider problems with non-periodic noise, one would have to
introduce weights in the analytic bounds of Definition similarly as in [HLI18, IMWI17h,
MP17]. We will avoid doing so for the sake of simplicity.

A simple example of a regularity structure equipped with a model is the polynomial regularity
structure 7 = (A, T,G), where

T := span{Xk‘keNd} , (30)
where span {...} denotes the vector space generated by the set in the braces and where we
identify X 0 = 1. We assign the homogeneities |X*| = |k|s to the symbols X* and define
A := N so that

T=PTa:= @span{Xk|keNd, |k:|5=a}.

acA acA

14



As each T = span {X" |k € N, |k|; = o} is finite dimensional any choice of norm on T will
lead to the same topology; we take

Z aka‘

keNd: |k|s=c

o= D .

“ keNd: |k|s=a

Consider then the group G = {T', | h € R%} with group law T, Ty := Ty for h, b € R (so
that G is essentially (R +)). Fix the action of G on T by requiring T, X* := (X + h1)*
(with the obvious interpretation of the multiplication on the right hand side).

We can realize a model on .7 = (A, T, G) via

ﬁxXk(y) = (y - l')ka Fy:v = Fyfz ) (31)

for 2,y € R? and k € N%. The polynomial regularity structure .7 is the example one should
have in mind when it comes to comparison of regularity structures with results from “more
classical” analysis. From this perspective the spaces 27 which we are going to define now
(taken from [Hail4. Definition 3.1]) are a generalization of classical Holder spaces, compare
Lemma [2.:23] below.

Definition 2.20. Let 7 = (A, T,G) be a regularity structure, equipped with a model (IL,T")
with scaling s € N%. Given v € R we say that a mapping F : R? — T, belongs to DPIRET) =
27(RE T, 1) if

Fr—T¢ F,
”FH_@*Y(Rd;T) = sup |FY7, + sup | y Yz 2|72,

- (32)
aeA, zeRd a€A, z,ycRe, z#y Hy - ZUH;Y ¢

We call the objects in 27 (R?; T) modelled distributions.

Remark 2.21. Due to the bound 1t 1s enough to consider in the second term in only
pairs x,y € R with |z — y|s < 1, as long as the first supremum in 1s finite.

Remark 2.22. Note that all F € 27(R%,T) satisfy global bounds, which is different from
[Hail}] where the notation F e 27(R%,T) only indicates local bounds. In a framework that
1s largely based on Fourier analysis such as the paracontrolled approach it seems natural to
assume global bounds. Local spaces could then be defined afterwards with the help of extension
operators, see e.g. Section 5.3.3 of [Marl8| for a version of the Whitney extension theorem in
reqularity structures.

The definition of a modelled distribution F' € 27(R%; T) implies the continuity of every com-
ponent F* € Cy(R% T,) with o € A and the bound sup,e 4 yepa |[F*(2)|7, < 0. We will
denote functions F': R — T that satisfy these two properties by Cj(R%;T) and set

| Fley@ery == sup |[F7|7
a€cA, zeRd

so that in particular 27(R%;T) < Cy(R% T). It turns out that on the polynomial regularity
structure .7 it is rather easy to describe 27 in terms of the Besov spaces from Definition .
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Lemma 2.23. Let 7 = (A, T,G) be the polynomial reqularity structure with model (IL,T)
introduced on page for some scaling vector s € NL. Define for v € Ry \N the lifted Besov
space

FI(RET) = {Fy | f € BI(RY)},
where Fy := ZkeNiv LR f-XFe CyRET) denotes the lift of f € By (RY) = BJ (R4 C) to the

polynomial structure. Equip further B3 (R%:;T) with the norm

1E 2 (mary 7= sup [ F | gg=e a7 »
acA

where F* denotes the projection of F € B (R%:T) on To. We then have
7" (RET) = 2 (RET)
with equivalent norms.
Proof. Let F € 2] (R%T). By definition there is a (unique) f € BJ(R?) such that F = F}.
In particular we have for a € A
a a 1 k k
F*=Fp= > 0 X (33)
keN?: |k|=a

and the norm || F'[ - (Re;7) 1S thus equivalent to

(33) L Lem.
Flgom @ sup 10 ot gy 2 1 sy ey
keNZ,, °

With Lemma [2.13] we thus get the equivalence

—llls
‘alf(y) - T:Z;yfa: alf‘
;Y*‘”s

IF] gy oy ~ sup 10 floygay + sup  sup (34)

leNZ, leN2 z,yeRe, 0<|z—y[s<1 Hy — JUH

_x! vyl _ vyl J—
Since T;;E‘;é’lf = I‘;i (Ff)e = F;;Fx and F;zFx = ZleNd:ms:a F;in - X! for a € A we

see that the right hand side of is equivalent to |F gy gay, which proves that % (RY)

27 (R%). The inverse direction follows in the same manner once we show that every F' e 27(R%)
is of the form F = Fy for some f € BJ(R?), which can be checked inductively. O

3 Paraproducts on regularity structures

Taking X = C in Lemma provides two distinct descriptions of the (anisotropic) Besov
space B{ (R?) = BJ(R? C) with scaling vector s € N% and regularity v € R, \N, given by a
Littlewood-Paley characterization in Definition 2.7 and a Holder norm in Lemma [2.13] In
Lemma these two characterizations were formulated in the framework of the polynomial

regularity structure .7 = (A, T,G) with model (II,T), introduced on page Recall that the
statement I € 27(R%; T) is just saying that

|Fy = TyeFulr, < ly—237° (35)
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for v € A, which can be seen as a Holder-like characerization similar to the one in Lemmam
On the other hand we introduced in Lemma a “Besov space” %7 (R% T) as the space of
functions F : R — T for which it holds

| A5 F ) o iy S 9—i(y—a) (36)
and further
o okrt
Fe= ) o S XF, (37)
|kls=cx ’

which, using the model (II,T), can also be written as
OM(F* —T Fy), =0for keNL (38)

where 0% (T, F},), should be read as the derivative of the map y — f;xFa; evaluated in the point
x. Note that the relation (or equivalently ) can be deduced from , but it has to be
required explicitly in the definition of %/ (Rd; T) because condition lacks any description
of the interplay between between different F®, F® with a # o'. However, requiring (or
(37) and we could deduce in Lemma that 27 (R%T) = %2 (R%,T), even without
resorting to the explicit construction of Fy from f.

Our aim in this article is to find a “Besov space” %5 (R%; T) on a general regularity structure
(A, 7,G) with model (II,T') which describes the space of modelled distributions 27 (R%; T).
Namely, we want to find a space %7 (R%; T), described in terms of Littlewood-Paley blocks,
such that

7" (R4 T) = 2] (RET). (39)

Already in the original paper on paracontrolled distributions [GIP15] the authors introduced
a certain paraproduct P(F,II) on the regularity structure (A,7,G) with model (II,T") and
they conjectured that it might be possible to describe the space 27(R% T) via such objects.
We here show that this is indeed the case: We introduce a family of paraproducts P(F,T'%)
and define a space 47 (R?; T) by requiring instead of

|4;(F* = P(F,T)) |1 5 279079, (40)
(which is just saying F* — P(F,T%) e BY"*(R% T,)) and the structure condition (with T

replaced by T'). Since the paraproducts P(F,T'%), described in Definition [3.1| below, vanish for
F with components in the polynomial structure 7, the bound is indeed a generalization

of .
Paraproducts

Let us motivate our definitions with a simple example of a singular SPDE, namely the parabolic
Anderson model which reads as the following problem on [0, 00) x R

(0 —Ag2)f=f-¢ (41)

with periodic space white noise ¢ € S’(R?) (and a suitable renormalization that we hide for
simplicity). The idea in [GIP15] is to define first I€ to be the time-independent solution to
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(O — Ape)I€ = —ApeI€ =€ + ¢ for an infinitely smooth €, and to consider instead of f the
object

ff=f-fel (42)
with the paraproduct

(FOI8s= ), D, (Aif)(4jIE)a =), f fRdduM;iul\Pi_vfu-(Iev, (43)

j=—li<j—1 7>0

where the integration domain for each integral should be read as space-time, that is R'*2. Here
we cheat a little bit since in [GIP15] a modified paraproduct < in space is considered which
allows for a cut-off for negative times. It then turns out that f* solves a “better” equation
than f, which allows to derive a priori estimates and to solve the equation. In we now
take functions W/, U</=1 that are constructed as in Subsectionwith an anisotropic scaling
s, more precisely we take in the parabolic scaling s = spar = (2, 1,1), which is one more
difference with |[GIP15].

In [Hail4] the problem is solved on a regularity structure (again with s§ = s,,,), and the
solution lives in the subspace spanned by the symbols {Z(2)} u {X* : k € N?} and equipped
with a model (II,T") such that

k 1 vk k = 17
X" =T,X"=(y—2)" ILIE)(y) =T,IE) = I(y) — I{(z). (44)
The solution f to is represented by a modelled distribution F' of the form

F=f1+fI(5+ Y X", (45)

keN: [klapar—1

where fX * are some real valued functions and f is the solution to . Recall from Lemma
that for j > 0 the kernel W/ integrates polynomials (and constants) to 0, and therefore we can
rewrite the paraproduct (43)) in terms of F' and the model (II,T") as

(foIf), f f dudo @37 1w 1Y By = P(F,TY). (46)
3>0 R4
This motivates the following definitions.

Definition 3.1. Let .7 = (A, T, G) be a reqularity structure, let (II,I') be a model with scaling
s and let W7, U<i~1 ¢ S(R?) be functions as in (for the same scaling s). We define the
following paraproducts

P(F,T%), J JRd dudv U710 T2 F, (47)
7>0

for any F : R — T and o € A for which this is defined. The identity should be read in
S'(R% T,) and is written in formal notation.

Remark 3.2. If 7, is finite dimensional for o € A and we have a basis {e;} for To, we will
also write

PFT) - j d f dudo W T E
R

7>0
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where we recall that I'Si F,, denotes the coefficient of IS, Fy, € Ty in front of e;. In particular
we have

P(F,T*) = Y P(F,T%) - ¢;.

For a = 0 we simply have
P(F,T% = P(F,TY) -1,
a notation we already applied in .

Remark 3.3. For measurable and at most polynomially growing F (that is |F*(z)| 7, grows
at most polynomially in x € R?) the expression is well defined. Indeed: FEach of the
terms in the sum in is spectrally supported in a rectangular annulus of the form 275
(where the rectangular annulus 2 can be chosen independently of f and j). This can be easily
checked for smooth (x,y) — T'yz Fy, so that the general case follows by approximation. Further
by Definition [2.18 and Lemma [2.6 one easily sees that each of the terms can be bounded by
2795 for some k > 0. Lemma then shows that P(F,T'%) is contained in the Besov space
BE (R T,) so that P(F,T'%) is in fact a (slightly) Hélder continuous function with values in
To-

The space %, (R% T)

Let us come back to our toy example, the parabolic Anderson model. The function fX " from
did not appear in the approach of [GIP15], which is due to the fact that according to
Lemma polynomials are erased in the paraproduct . To find a link between the ideas
of [GIP15] and [Hail4] we therefore need an extra ingredient that forces the fX * to enter the
game. This will be the task of the structure condition, which we already motivated for the
polynomial framework in .

Definition 3.4. Let 7 = (A, T,G) be a regularity structure with a model (II,T') and scaling
s € N®. Construct the functions (W<N)n=q, using the scaling vector s, as in . We say
that F : RY — T satisfies the structure condition below v € R if for all x € R, k € N¢ and
ae A with o < v and |k|s < v —a and for all large N € N the map v — OFUN (FY -T2, F,)
is in L' (R Ty) and it satisfies

dim Ny dv "N (F* -T2 F,) =0, (48)
where the limit is taken in T,.

Remark 3.5. Note that we know from Lemma that SRd du¥sN =1 so that we see from
the scaling property in Lemma that (W<N) =g is a (signed) Dirac sequence. From this fact,
or alternatively from the decomposition , we conclude that for smooth F and I condition

translates into

which s just the identity we announced in . The reason why we do not require (49)
from the start is that typically the smoothness assumption is neither satisfied for the modelled
distribution F' nor for the map y — L'y, F, as one may observe in .
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Let us see how to use the structure condition in order to determine the coefficient f¥ "in .
Formally using the structure condition in the form , and ignoring possible smoothness
issues for the sake of simplicity, we obtain for o = 0 and k € N¢ with |E]spar = 1 via and

#4)
0 BPre =0 @k ) 1 — £ (04 16),1 — kX L

so that the only possible choice for fX " s given by

1

1 = (@ )a = fo- (216),) -

Although this argument should be executed with more care to guarantee that all expressions
are well deﬁne we can already observe that Definition really fixes ka in terms of f.
Equipped with the structure condition there is now hope that we might find a link between
the paracontrolled approach in [GIP15] and the description via regularity structures.

As we have already indicated in the object that is really considered in |GIP15| is the
difference f* of the solution f of the considered equation with a paraproduct. In view of
Definition [3.1] we therefore propose the following definition.

Definition 3.6. Let v € R, let T = (A, T,G) be a regularity structure and let (II,T) be a
model with scaling s € N%. We say that F : R — T, with F € Co(R%:T) is in BY(RYT) =
BY(RET,T) if for all a € A with a <~y

FRe .= P — P(F,T%) € BY (R T, (50)
and if F' satisfies the structure condition below ~v. We define the semi-norm

1F) 2y wesry = [ Fll oy ey + sup | Fhe B a7 -
ae

As we already pointed out above, Definition is strictly speaking not a generalization of the
approach of |[GIP15], because we use space-time paraproduct instead of their modified
paraproduct <. The space-time paraproduct might seem more natural, but it comes with a
price: Since the solutions to parabolic equations like are only defined for positive times, we
have to extend them to negative times to fit them into our framework. We thus need extension
operations (and spaces that allow for a blow-up around ¢ = 0) in order to practically apply
paraproduct techniques to differential equations in regularity structures. We will not deal
with these technical issues here and refer to [Marl§| for a few results and concepts in that
direction.

4 Controlling modelled distributions via paraproducts

We now state and prove the main result of this article. We show that the spaces 27(R¢,T)
from Definition and the space %7 (R%; T) introduced in Definition are identical with
equivalent norms. For technical reasons we have to exclude the case that v € R is contained
in the locally finite set

Ay = A+ N. (51)

4A rigorous approach would consider instead and show the existence of the limit using the paracon-
trolled structure of f. Compare the proof of [Marl8, Theorem 6.2.3].
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This is necessary since we want to apply for the spaces B *(R% T,), appearing in the Def-
inition of [3.6] the Holder characterization from Lemma We can interpret the following
theorem as a generalization of Lemma [2.13] so that the exclusion of Ay corresponds to the
restriction v ¢ N required there. We do not expect that the result holds for v € Ay.

Theorem 4.1. Let 7 = (A, T,G) be a regularity structure and let (II,T) be a model with
scaling s € N%. We then have for any v € R\ Ay

7" (R4 T) = 2] (R%T) (52)

with equivalent norms (where the equivalence constants can both be chosen proportionally to
some polynomial in ||T'||).

Proof. We assume without loss of generality that A contains only homogeneities below . We
will include polynomials in |I'|, in the implicit constant indicated by “<” and we omit the
domain “R%’ under integration signs.

For the easy direction 27(R%;T) < %7 (R? T) note first that F' € 27(R%; T) already implies
that the structure condition is satisfied below ~: Indeed, for a € A with a < v and
kEN«y « We have

’ J dv PUEN (FY — T F,) 9~ N(r—a—lkls) N3%

1] 9+ ma; Ty -

o

To derive the analytic bound we follow similar ideas as in |[GIP15, Subsection 6.2.]: We can
rewrite for z € R? and a € A

Fy — P(F,T%), EJdv pA fdu\lﬁﬂ R A i ) (AcoF), .
7>0

As AgoF® = USY & F® is smooth with bounded derivatives we only have to consider the
first term on the right hand side. We already noted in Remark that the j-th summand
is spectrally supported in an annulus 2j5§2[, so by Lemma it suffices to bound it by
2-i(y—a) (| 7+ (a,7)- We have, using SW;Z;ll = 1 (Lemma ,

J dv ( P — f dul 7wl 1o F, ” dudv U7 W) (F& —T9,F,).
Now, by assumption

155 = TouFul 7o S 1Fllgn ey lu = vls™ < 1F g7 @a (lu — 2§ + o — 2[577),

so that we have with Lemma (and Lemma the estimate

Hf f dudo W71 (F = TG, F,) g =i,

S |Fll ov ey
Ta
which proves 27(R%T) < %J (R4 T).
Let us now address the delicate direction of the proof, that is %7 (R%T) < 27(R% T). Let
F e 2 (R%T) and assume without loss of generality that | F|| 2 a7y < 1. We will show by

induction over decreasing homogeneities in A that for all z,y € R? and a € A

IFy = TyaFalle < |y — 237,
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which proves the claim. Note that it suffices to take ||z — y|s < 1, compare Remark We
start the induction with @ = max A (which exists since we assumed max A < v < o). By
requirement in the definition of I'y, we have I'), F;, = Ff¥ and thus P(F,I'*) = 0 due

T

to Lemma Hence F® = F%* e B}™*(R% T,) and from the structure condition we
obtain that o* F¢ = 0 for k € N¢ with 0 < |k|s < v — « (if any such k exist). Thus

[Py = T5.Fol, = |1y = Fol = [Py = Fe = Y, & Fe (y— o)

keNZ_ Te
= HFyﬂa —Fye— Y dE (y—a) - Sly ==,
keNi °

where we applied Lemma [2.13]
Let us now assume that we already know for some a € A that for any o/ € A, o/ > «

|Fy =T P, < ly — =37 (53)
We then show that does also hold for all @’ = a. To this end we reshape

Fe—T9F,=Fy—F— Y ToFY

yxt'z
ad'eA: o' >a

1
=Fp—FR - ) gakFﬁ’“(y — )k (54)
k:0<|kls<y—a
1 ,
+P(F,T%), = P(F,T%), + > Ha’“ (F* = P(F,T"), (y—2)f = > ToF.
k:0<|kls<y—a a'eA:a/>a

Since already decays in the right order due to Lemma (and the assumption 7 ¢ Ay),
we are only left with the last line which below we identify as the limit for N — oo (in 7, for
every x, y) of

N . _ N
DY := Y Dj
j<N
. 1 . ,
= wa (v X gak‘l’ifw(y—x)k) (PRI = Y T
Jj<N kEN‘iy—a ’ deA: />

Indeed, we have the following three convergences:
3 de (9 — Wi ) P(ET?), (55)
J<N
=¥ p(F,T®), — P(F,TY),,
1 j «a a o

JSN O<|k|s<y—a a/eA: />

N— 1 o @
=E Y O = PRIy — o)
0<|k|s<y—a

3 de <‘1’Z_w - \If;_w) M oore, R (57)

J<N a’eA: o/ >a
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N—ow a o’ a o’ a o
E Fny:p - Z by = E FymFaﬁ )
ad'eA: o' >a a/'eA: o/ >a ad’eA:a'>a

where we used (as in Remark ) that U<V =Y. <N UJ is a Dirac sequence, for the second
term in (56)) we applied the structure condition , and in we used and the continuity
of 'L F Writing DY = (55]) + + we see the claimed convergence of DV. We now
show that, uniformly in N,

IDY 7 < lly = =37 (58)

Note that we can reshape (with Asg =3}, A4;)

P(F,T%), =) ” dudo U7 M7 T2 F,

7>0

= f f dudv U710 T (F, — TueFy) + (A=oD% Fy )
7>0

=Y Y [[awdewitieg re TR - Y (AT E
7>0a/eA: /> a’eA:a'>a

where in the last line we used for both terms and also that {dv W1 =0 for j >0 (by
Lemma to cancel the o/ = o components. We can therefore rewrite Djv as follows (with

R, being the Taylor remainder as in (18)))

DY = > > f dwR] "5, W (59)

J<N d'eA: a'>a

’ [Z f f dudv W5 W, T8, (FY T8, Fy) + (AgorzF;?w]
>0

DY J dwR] 5., W

J<N ad'eA:a’>a

> ” duduqlgi_:}q/;'u_urgu(Fg’—rg;Fx)] (60)

1>0:1i~j

T—wWY—&

DY f dw N RIS (AT ES),

a’eA:a/>a

where in (%) we used spectral support properties to restrict the inner sum to ¢ ~ j and the
convolution-like structure to move the Taylor remainder to A<oI'%F2" in the last term. The
last term can be estimated by |z — y|{~® via Lemma and Lemma [2.6]if we use that for
every k € N¢ there is a C' > 0 such that

o (A<orsFe) < (1+ Jwl9), (61)

w—z+vf (y—z) H Ta

which can be easily checked by direct computation. To handle the term (60) we first estimate
the sum in the square brackets: By Definition [2.18 and the induction hypothesis we have that

’ / /__ A~
D T (EY —ThRF)lm < ) lo—uld ™ fu—z|3.

a’eA:ad/ >a a/eA: o/ >a

5A short computation shows that Definition already implies (H6lder) continuity of the maps y — I'y, 7
for 7€ T and = € R%.
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Lemma [2.6] thus yields

)Y

iti~j €A o/ >a

w—u— vu

f J dudo OS5 1WE - T (FY —TY F,)

Ta
< Z 9—ile'—a)g=j(y—a’) < 9=j(y—a) (62)

ad'eA:a’>a

The rest of the estimate for then follows by the same line of reasoning as in Lemma
Let j/ be such that 277'~1 < |z — y[s < 277" and bound the sum in (up to a constant

factor) using by

kls oj s—(7— kls o—j(y—a—|kl|s —
DD I L L e S S [ L a

JSJ" keNd Nzj>j" keNt

where we applied Lemma in the low-frequency case and in both cases the L'-bound from
Lemma . We have thus shown so that in total

|Ey = DyeFalr = lim [Dnl7, < o -yl

which closes the induction and finishes the proof. O

Remark 4.2. In [HL17] the authors introduce a more general space Zy.q(R%; T) which general-
izes the space 27 (R, T) from Deﬁnition (the special case Zy»(RY) was already introduced
before by [PT16[). Our approach would allow us to also define a “Besov space” %’g’qﬁ(Rd; T)
(compare Remark @, and we expect that it is equal to D, Q(Rd). But for the sake of simplicity
we restrict ourselves to the case p = q = o0 in this work.
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