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Fat 4-polytopesand fatter 3-spheres
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We introduce thdatnessparameter of a 4-dimensional polytopgdefined asp(P) = (f, + f,)/(fy+ f3).

It arises in an important open problem in 4-dimensional cioaorial geometry: Is the fatness of convex 4-
polytopes bounded?

We describe and analyze a hyperbolic geometry construtitatrproduces 4-polytopes with fatnegd) >
5.048, as well as the first infinite family of 2-simple, 2-singidil 4-polytopes. Moreover, using a construction
via finite covering spaces of surfaces, we show that fatsesstibounded for the more general class of strongly
regular CW decompositions of the 3-sphere.

1. INTRODUCTION Only the two extreme cases of simplicial and of simple 4-
polytopes (or 3-spheres) are well-understood. Theiectors

The characterization of the sef; of f-vectors of convex correspond to faces of the convex hull.g},, defined by the
3-dimensional polytopes (from 1906, due to Steinfit [28]) i valid inequalitiesf, > 2f; and f, > 2f,, and theg-Theorem,
well-known and explicit, with a simple proof: An integer vec Proved for 4-polytopes by Bamnettf [1] and for 3-spheres by
tor (f,, f,, ,) is the f-vector of a 3-polytope if and only if it ~\Walkup [3%], providesscompletecharacterizations of thei-

satisfies vectors. (Theg-Theorem for general simplicial polytopes
was famously conjectured by McMullep [21] and proved by
o f; = fo+ f,—2 (the Euler equation), Billera and Lee (4] and Stanley [26]. See]3.6] for a re-
o f, < 2f,— 4 (with equality for simplicial polytopes), Vview.)
and But we have no similarly complete picture of other extremal

types of 4-polytopes. In particular, we cannot currently an
swer the following key question: Is there a constarsuch
(Recall that by the definition of thi-vector, f, is the number  that all 4-dimensional convex polytopesatisfy the inequal-
of k-faces of the polytope.) This simple result is interestingity

for several reasons:

o fy < 2f,—4 (with equality for simple polytopes).

. . _ f1(P)+ f2(P) < c(fo(P) + f5(P))?
¢ The set off-vectors is the set ddll the integer points ) . .
in a closed 2-dimensionpblyhedral condwhose apex To study this question, we introduce tftnesparameter

is the f-vector f(A;) = (4,6,4) of a 3-dimensional det F,(P)+ f,(P)
simplex). In particular, it iconvexin the sense that (P = m
Fy = con\(F,) N Z>. 0 3

« The same characterization holds for convex 3-polytope8f & 4-polytopeP. We would like to know whether fatness is
(geometric objects), more generally for strongly regularounded. _ _
CW 2-spheres (topological objects), and yet more gen- For example, the 4-simplex has fatness 2, while the 4-cube

erally for Eulerian lattices of length 4 (combinatorial and the 4-cross polytope have fatnggs- £. More generally,
objects [2]7)). if P is simple, then we can substitute the Dehn-Sommerville

_ o o relations
In contrast to this explicit and complete descriptionZ,

our knowledge of thE| setZ, of f-vectors of (conléex) 4- f,(P) = 1, (P) + f3(P) — fy(P) f,(P) = 2fy(P)
polytopes (see Bayef|[2] and Hoppner and Zieglel [14]) is. I
very incomplete. We know that the séf, of all f-vectors Into the formula for fatness, yielding

of 4-dimensional polytopes has no similarly simple descrip (P +1(P)  3fy(P)+ f5(P)

tion. In particular, the convex hull of?, is not a cone, it is ¢(P) = fo(P)+ f5(P)  fo(P) + fo(P) 3.

not a closed set, and not all integer points in the convex hull 0 3 0 3

are f-vectors. Also, the 3-dimensional cone with agfés,) Since every 4-polytope and its dual have the same fatness,
spanned byZ, is not closed, and its closure may not be poly-the same upper bound holds for simplicial 4-polytopes. @nth
hedral. other hand, the “neighborly cubical” 4-polytopes of Joswig

and Ziegler [16] have -vectors
(4,2n,3n—6,n—2)-2"2
*Email: u; Supported in part by NSF tg@ER and thus fathess

#9912338

TEmail: [greg@math.ucdavis.¢du; Supported by NSF grant DME 2342 _5n—6 5
*Email: [ziegler@math.tu-berlin.de; Supported by a DFG hiilgrant o= n+2 o



mailto:eppstein@ics.uci.edu
mailto:greg@math.ucdavis.edu
mailto:ziegler@math.tu-berlin.de

In particular, the construction of these polytopes dispdihe 3. 4-POLYTOPES

conjectured flag-vector inequalities of BayEr [2, pp. 148]1

and Billera and Ehrenbor§ [114, p. 109]. In this section we construct families of 4-polytopes with
The main results of this paper are two lower bounds on fatseveral interesting properties:

ness:

Theorem 1. There are convexd-polytopes P with fatness ¢ Thgy are the first known inf_inite families_of—ﬂmple,

o(P) > 5.048 2-simplicial4-polytopesthat is, polytopes in which all

2-faces and all dual 2-faces are triangles (all edges are

Theorem 2. The fatness of cellulated-spheres is not ‘co-simple”). E.g, B"?‘y?r_[?] says that it would be in-

bounded. A3-sphere S with N vertices may have fatness as teresting to have an infinite family.

high asg(S) = Q(NY/1?), As far as we know, there were only six such polytopes

We will prove Theorerr[|1 in Secti(ﬂ 3 and TheorE’n 2in previously known: the simplex, the hypersimplex (the

: set of points in[0, 1]* with coordinate sum between 1
\,sz():/tlon[kl, and present a number of related results along the and 2). the dual of the hypersimplex, the 24-cell, and a

gluing of two hypersimplices (due to Bradeﬁh [6]), and

the dual of the gluing. (There are claims in Griinbaum
2 CONVENTIONS [3, p. 82, resp. p. 170] that results of Shephard, resp.
Perles and Shephard, imply the existence of infinitely
many 2-simple 2-simplicial 4-polytopes. Both claims

Let X be a finite CW complex. IX is identified with a :
appear to be incorrect.)

manifoldM, it is also called aellulationof M. The complex

X is regular if all closed cells are embeddefd [288]. If X » They are the fattest known convex 4-polytopes.

is regular, we define it to b&trongly regularif in addition the e They vyield finite packings of (not necessarily congru-
intersection of any two closed cells is a cell. For example, ent) spheres ifit3 with slightly higher average kissing
every simplicial complex is a strongly regular CW complex. numbers than previously known exampl@ [18].

The complexX is perfectif the boundary maps of its chain

complex vanish. (A non-zero-dimensional perfect comptex i  Let Q C R be a 4-polytope that contains the origin in its

never regular.) interior. If an edges of Q is tangent to the unit sphe c R4
The f-vector of a cellulation X, denoted f(X) = at a point, then the corresponding ridge (2-dimensional face)

(fp, f1,-..), counts the number of cells in each dimension:F = e® of the polar duaP = Q* is also tangent t& att.

fo(X) is the number of verticed, (X) is the number of edges, (Recall that the polar dual is defined as

etc.

If X is 2-dimensional, we define its fatness as Q* L'ipip-g< 1vqe Q})
o(X) d:e'(i. Furthermore, the affine hulls & and F form orthogonal
fo(X) + f2(X) complements in the tangent spaceSf so the convex hull
If X is 3-dimensional, we define its fatneésas con{eUF) is an orthogonal bipyramid tangent & (cf,
Schulte [2f, Thm. 1]).
(X) d:e“M. We will construct polytopes€ by what we call theE-
fo(X) + f53(X) construction This means that they are convex hulls
If P is a convexd-polytope, then its-vector f (P) is defined def
to be thef -vector of its boundary complex, which is a strongly E = conQUP),

regular(d — 1)-sphere. Id = 4 we can thus considex(P), the
fatness ofP. The faces oP of dimension 0 and 1 are called
verticesandedgeswhile the faces of dimensioth— 1 andd —

2 are calledacetsandridges We extend this terminology to
general cellulations ofd — 1)-manifolds.

Theflag vectorof a regular cellulatiorX, and likewise the  proposition 3. If P is a simple, ridge-tangemd-polytope,
flag vector of a polytop®, counts the number of nested se- then the4-polytope E= conMPU Q) produced by the E-

quences of cells with prespecified dimensions. For exampleonstruction i2-simple and2-simplicial, with f-vector
fo13(X) is the number triples consisting of a 3-cell ¥f an

edge of the 3-cell, and a vertex of the edgeR is a 4-cube, f(E) = (f,(P),6f,(P),6fy(P), f,(P)),
then

whereQ is a simplicial 4-dimensional polytope whose edges
are tangent to the unit 3-sphe®® andP is the polar dual of
Q. ThusP is simple and its ridges are tangentSb (We call

Q edge-tangerandP ridge-tangen)

and fatness
fo13(P) =192
A convex polytopé® is simplicialif each facet oPis a sim- @(E)=6 fo(P) .
plex. Itissimpleif its polar dualP? is simplicial, or equiva- f,(P)
lently if the cone of each vertex matches that of a simplex.




Proof. Another way to view thee-construction is thaE is  useful to interpret the interior of the 4-dimensional urzililas
produced fronP by adding the vertices @ sequentially. At  the Klein model of hyperbolic 4-spa@&, with S* the sphere
each step, we cap a facetBfwith a pyramid whose apex is atinfinity. (See Iverserm.S] and ThurstcE][IsO, Chap. 2] fori

a vertex ofQ. Thus the new facets consist of pyramids overtroductions to hyperbolic geometry.) In particular, Edefin

the ridges ofP, where two pyramids with the same base (ap-lines are straight in the Klein model, Euclidean subspaces a
pearing in different steps) lie in the same hyperplane @gang flat, and hence any intersection of a convex polytope With

to S, and together form a bipyramid. The facets of the finalis a convex (hyperbolic) polyhedron. Even though the Klein
polytopeE are orthogonal bipyramids over the ridge®and  model respects convexity, it does not respect angles. Hawev
are tangent t&. Since the 2-faces @& are pyramids over the angles and convexity are preserved under hyperbolic isome-

edges oP, E is 2-simplicial. tries. There are enough isometries to favorably position ce
The polytopekE is 2-simple if and only if each edge @®-  tain 4-polytopes to produce convex compounds.
simple i.e., contained in exactly three facetsBf The itera- If a polytopeQ is edge-tangent t&°, then it is hyperboli-

tive construction oE shows that it has two types of edges: (i) cally hyperideal: Not only its vertices, but also its eddeéss,

edges oP, which are co-simple i if and only if they are co-  beyond the sphere at infinity, except for the tangency point

simple inP, and (ii) edges formed by adding pyramids, which of each edge. Nonetheless portions of its facets and ridges

are co-simple if and only if the facets Bfare simple. Since lie in the finite hyperbolic realm. As a hyperbolic object the

P is simple, its facets are simple and its edges are co-simplgolytopeQ (more preciselyQ N H*) is convex and has flat

SOE is then 2-simple. facets. The ridgebetween any two adjacent facets has a well-
This combinatorial description d yields an expression defined hyperbolic dihedral angle, which is strictly betwée

for the f-vector ofE in terms of the flag vectoﬂ[ﬂ ?,]14] of andrif (as in our situation) the ridge properly intersegts.

P. Since the facets dE are bipyramids over the ridges Bf ~ To compute this angle we can intersect any point with

the following identities hold: any hyperplaneR that contains the (hyperbolic) orthogonal
complement to att. We lett be the tangent point of any edge
f3(E) = f,(P) fo(E) = f13(P) e of the ridge, and |eR be the hyperplane perpendiculargto
f1(E) = f1(P) + fo3(P)  fo(E) = fo(P) + f3(P)

SinceP is simple,

fos(P) = 4fo(P) fl3(P) = 3f1(P)~

These identities together with Euler's equation &pP) =
2f,(P) imply the proposition. O

The f-vector ofP also satisfies
fo(P) — f1(P)+ f,(P) — f3(P) =0 f;(P) =2f,(P),

in the second case becalBes simple, so the fatness Bfcan
also be written

f f
o6 (- 5)-s-49)

Thus maximizing the fatness & is equivalent to maximiz-
ing the ridge-facet ratid,(P)/ f5(P), or the average degree of
the graph ofQ. It also shows that thE-construction cannot
achieve a fatness of 6 or more. Figure 1: A cone emanating from an ideal poinin H® in the

In light of Propositionﬂ& we would like to construct Poincaré model, and a horosph8iacident tot. The link oft (here
edge-tangent simplicial 4-polytopes. Regular simplieial a right isosceles triangle) inherits Euclidean geometynfs.
polytopes (suitably scaled) provide three obvious example
the 4-simplex,, the cross polytop€4A, and the 600-cell.

From these, th&-construction produces the dual of the hy-  Within the hyperbolic geometry ®® = HS, every line em-
persimplex, the 24-cell, and a new 2-simple, 2-simplicialanating from the ideal pointis orthogonal to any horosphere
polytope with f-vector (720 3600 3600 720) and fatness 5, incident tot. Thus the link of the edge of Q is the inter-
whose facets are bipyramids over pentagons. section ofQN R with a sufficiently small horospher@at t.

We will construct new edge-tangent simplicial 4-polytopesSince horospheres have flat Euclidean geom [30, p. 61],
by gluing together (not necessarily simplicial) edge-emgl-  the linkQnN Sis a Euclidean polygon. Its edges correspond to
polytopes, callecitoms to form compounds We must posi- the facets of) that contaire, and its vertices correspond to the
tion the polytopes so that their facets match, they remajeed ridges ofQ that contaire. Thus the dihedral angle of a ridge
tangent, and the resulting compound is convex. It will bg/ver r of Q equals to the Euclidean angle of the vertexS of the




4

Euclidean polygoQnN S. This is easier to see in the Poincaré Proof. The proof is by induction od, starting from the case

model of hyperbolic space, because it respects anglesirthand = 2, where the three tangency points define an ideal triangle

the Klein model. Figurﬂl shows an example. in H2. All ideal triangles are congruerﬂSO, p. 83]. Since
To summarize: edge-tangent triangles are the polar duals of ideal tremgl

they are all equivalent as well.

Lemma4. A compound of two or more polytopes is convex if |f d > 2, let B be a general edge-tangemsimplex. On

and only if each ridge has hyperbolic dihedral angle lessitha the one hand, there exists an edge-tangent simfslesich

m, or equivalently, iff each edge link is a convex Euclideanis regular both in hyperbolic geometry and Euclidean geome-

polygon. try. On the other hand, given the positiondbf the vertices,

) o ) ) there are at most two choices for the last vertex that produce
Compounds can also have interior ridges with total dihedral, egge-tangent simplex, one on each side of the hyperplane

angle exactly Z. Butsince all atoms of a compound are edge-spanned by the first. By induction there exists an isometry

tangent, compounds do not have any interior edges or verticethat takes a face d to a face ofA and the remaining vertex
If Qis a regular polytope, the@N Sis a regular polygon. o the same side. The edge-tangent constraint impliesttisat t

The following lemma is then immediate: isometry takes the last vertex Bfto the last vertex of as

i Lo well. n
Lemmab. If Q is a regular, edge-tangent, simplicial-

polytope, then in the hyperbolic metric of the Klein modsl, i - _
dihedral angles aret/3 (for the simplex)71/2 (for the cross ~ Proposition 8. There are only three possible edge-tangent
polytope), an®r/5 (for the 600-cell). compounds od-simplices:

A hyperideal hyperbolic object, even ifitis an edge-tarigen ~ ® the regular simplex,
convex polytope, can be unfavorably positioned so that itis e the bipyramid (a compound of two simplices that share
unbounded as a Euclidean object,(Schulte [2}4, p. 508]). a facet), and

Fortunately there is always a bounded position as well: « the join of a triangle and a hexagon (a compound of six

Lemma6. Let be Q an edge-tangent, convex polytop&th simplices that share a ridge).
whose points of tangency witAS do not lie in a hyperplane.
Then there is a hyperbolic isometry h (extended to alk 8
such that Q) is bounded.

Proof. Figurel]z shows all strictly convex polygons with unit-
length edges tiled by unit equilateral trianglestr@ngle jew-

els Since the atoms of an edge-tangent compound of sim-
plices are edge-tangent, they are hyperbolically regujar b
Lemma[]7, and their edge links are equilateral triangles.sThu
every edge link of a compound of simplices is a triangle jewel

edge tangencies & Q) contains the origink® is a bounded Any three 4-simplices in a chain in such a compound share a

polytope that circumscribes®=1. SinceK® is facet-tangent ridge. In order to create an edge link matching Fig]]Jre 2, they
whereh(Q) is edge-tangenh(Q) C K& O must extend to a ring of six simplices around the same ridge.

Adding any further simplex to these six would create an edge
| : . Ilnk in the form of a triangle surrounded by three other trian
n the following we discuss three classes of edge-tangen les. which does not appear in Ei lﬂe > O
simplicial convex 4-polytopes that are obtained by gluing i ges, P 9 '
the Klein model: Compounds of simplices, then simplices and
cross polytopes, and finally compounds from cut 600-cells.

There are yet other edge-tangent compounds involving cross ii
polytopes cut in halfi(e, pyramids over octahedra), 24-cells,

and hypersimplices as atoms, but we will not discuss these

here.

Proof. Let p lie in the interior of the convex hull of the edge
tangencies and let be any hyperbolic motion that moves
to the Euclidean origin ifik9. Since the convex huK of the

Figure 2: The 3 possible edge links of edge-tangent compoahd
4-simplices.
3.1. Compoundsof simplices

In this section we classify compounds whose atoms are sim- Two of the E-polytopes produced by Propositifh 8 were
plices. This includes aitackedpolytopes, which are simpli- previously known. IQ is the simplex, thek is dual to the hy-
cial polytopes that decompose as a union of simplices withpersimplex. IfQ is the bipyramid, thei is dual to Braden’s
out any interior faces other than facets. However compoundglued hypersimplex. However, @ is the six-simplex com-
of simplices are a larger class, since they may have interigpound (dual to the product of a triangle and a hexagon),
ridges. thenE is a new 2-simple, 2-simplicial polytope withrvector

(27,108 108 27).
Lemma?7. Any edge-tangentd-simplex is hyperbolically reg- PropositiorﬂB also implies an interesting impossibility re
ular. sult.



Corollary 9. No stacked-polytope with more tha@vertices  For every jewel other than the one in the center, we can form a
is edge-tangent. convexedge bouquetonsisting of simplices and cross poly-
] topes that meet at an edge: we replace each triangle by a sim-
See Schulte[[24, Thm. 3] for the first examples of polytopesyiex and each square by a cross polytope. Since the central
that have no edge-tangent realization. jewel has two adjacent squares, its edge bouquet is not con-
vex. Instead we glue two cross polytopes along a facet so that
o the 4 ridges of that facet are fluste., their dihedral angle is
32. Compoundsof simplices and cross polytopes . Thus we can “caulk” each such ridge with three simplices
that share the ridge. The central jewel is the link of 6 of the
Next, we consider compounds of simplices and regulaedges of the resulting compound of 2 cross polytopes and 12
cross polytopes. The edge link of any convex compound o§implices.
these two types of polytopes must be one of the eleven gtrictl  Simplices and regular cross polytopes combine to form
convex polygons tiled by unit triangles and squaresgorare-  many other edge-tangent simplicial polytopes and hence 2-
triangle jewelgFigurdB). See Malkevitcl [R0] and Waife [33] simple, 2-simplicial polytopes. In particular, these nueth
for work on convex compounds of these shapes relaxing theead to the following theorem.

requirement of strict convexity.
a Y Theorem 11. There are infinitely many combinatorially dis-

tinct 2-simple,2-simplicial facet-tangem-polytopes.

A <l> Proof. We gluen cross polytopes end-to-end. Each adjacent

pair produces 4 flush ridges that we caulk with chains of three

simplices. The facets to which these simplices are glued are

not adjacent and so do not produce any further concavities.
O

— The chain ofn cross polytopes has-vector

(4n+4,180+6,28n+4,14n+ 2).

Filling a concavity add$2,9,14,7), so after filling the 4n—
1) concavities we get a simplicial polytofgwith

f(Q) = (12n—4,54n— 30,84n— 54,42 26),
which yields a 2-simple, 2-simplicial 4-polytojgewith

Figure 3: The 11 possible edge links of edge-tangent comgmah f(E) = (54n— 30,2521 — 156,250 — 156 54n — 30)
4-simplices and cross polytopes. o ’ ’

by Propositiod]3.
If Q is a single cross polytope, théhis a 24-cell. We Remark.Every 2-simple, 2-simplicial 4-polytopes that we
know is combinatorially equivalent to one which circum-

can also glue simplices onto subsets of the facets of the Crog . ives the sphere. Are there any that are not?

polytope. The new dihedral angles formed by such a gluing We do know a few 2-simple, 2-simplicial 4-polytopes

are 57/6. The resulting compound s convex as long as nOtWOWhich are notE-polytopes. Trivially there is the simplex.

glued cross _polytopefac_ets share a_nqlge. We used a CO.mpUtFﬁere are a few others that arise by the fact that the 24scell i
program to list the combinatorially distinct ways of chousa the E-polytope of a cross polytope in 3 different ways. Color

subset of nonad!acent facets of the Cross polytope; thdisesgthe vertices of a 24-cell red, green, and blue, so that the ver
may be summarized as follows. In addition to the 24-celf thi
: . R, tices of each color span a cross polytope. If we cap one facet
yields 20 new 2-simple, 2-simplicial polytopes. . .
of a cross-polytope by a simplex and apply Exeonstruction,

cross polytope and k& 0 simplices, according to the following s red, the replacement can be induced by capping either blue

table: cross polytope or the green cross polytope and then apply-
ing theE-construction; the position of the replacement differs

k|0 123456 7 gTotal between the two cases. If we replace two different red ver-

#‘ 11336321 i 21 tices, one by capping the green cross polytope and the other

by capping the blue cross polytope, then the resulting poly-
tope is 2-simple and 2-simplicial but not &apolytope. This
We can also confirm that every square-triangle jewel arise§onstruction has several variations: for example, we csm al
as the edge link of an edge-tangent 4-dimensional compounéeplace three vertices, one of each color.



3.3. Compoundsinvolving the 600-cell so theE-construction yields

If Qisthe 600-cell, thek is a 2-simple, 2-simplicial poly- f(E) = (6660 54,3360+ 240,336+ 240,666+ 54)

tope with f-vector (720, 3600 3600 720) and fatness exactly snd thus a fatness of

5. Again, we can glue simplices onto any subset of nonadja-

cent facets of the 600-cell, creating convex compounds with @(E) = 3360+ 240 — 560 ~ 5.045045
dihedral angle 1#/15. We did not count the (large) num- 6660+ 54 111

ber of distinct ways of choosing such a subset, analogous to
Propositior[lp. It is not possible to glue a cross polytope t
a 600-cell, because that would create amA1D angle {.e.,

a concave dihedral off®10) which cannot be filled by addi-
tional simplices or cross polytopes.

The large dihedral angles of the 600-cell make it difficult to
form compounds from it, but we can modify it as follows to
create smaller dihedrals. Remove a vertex and form the con-
vex hull of the remaining 119 vertices. The resulting convex
polytope has 580 of the 600-cell’s tetrahedral facets ared on
icosahedral facet. The pentagonal edge link (Figﬂjre 4fa)) o
the edges bordering this new facet become modified in a sim-
ilar way, by removing one vertex and forming the convex hull
of the remaining four vertices (Figuﬂe 4(b)), which resitta
trapezoid; thus, the hyperbolic dihedrals at the ridgesrado

the new facet are72/5.
é (@) (b)

Figure 5: Edge links of compounds of cut 600-cells.

hus the fatness of the 2-simple, 2-simplicial polytopes
Qormed by such compounds improves slightly on that formed
from the 600-cell alone.

(a) (b) It is also possible to form compounds involving 600-cells
which have been cut by removing several vertices (as de-
scribed above) so that two of the resulting icosahedratt$ace
meet at a ridge. Each edge link at this ridge is an isosce-
les triangle formed by removing two vertices from a pentagon
(Figure|4(c)). Thus the dihedral angle of the triangulageid
between the icosahedral facetgi&éb. We can therefore form
compounds in which ten of these doubly-cut 600-cells share a
triangle, whose edges links are a regular decagon cut into te
isosceles triangles (Figuﬂe 5(b)). Yet other compoundsubf ¢

(c) (d) 600-cells and simplices are possible, although we do nat nee
them here.
Figure 4: Edge figures of (a) a 600-cell, (b) a 600-cell witle oer- The cut 600-cells also form more complicated compounds
tex removed, (c) a 600-cell with two removed vertices, andagd ~ which require some group-theoretic terminology to explain
icosahedral cap. The vertices of a regular 600-cell form a 120-element group

under (rescaled) quaternionic multiplication, the binaosa-
hedral group. This group has a 24-element subgroup, the bi-
This cut polytope is not simplicial, but we may glue two of nary tetrahedral group, which also arises as the units of the
these polytopes together along their icosahedral facetsi-f ~ Hurwitz integers (see Conway and Sloafle §Z.2.6,8.2.1]).
ing a simplicial polytope with #/5 dihedrals along the glued Let A be the convex hull of the other 96 vertices of the
ridges. This compound’s new edge links are hexagons forme@00-cell;i.e, A is formed by cutting 24 vertices from 600-
by gluing pairs of trapezoids (Figuﬂa 5(a)). The same cutcell in the above manner. The resulting polytope is the
ting and gluing process may be repeated to form a sequenéenub{3,4, 3}” (snub 24-cell) of Coxeter{]8;8.4,8.5]. Itsf-
or tree of 600-cells, connected along cuts that do not share\eector is(96,432 480,144). Every icosahedral facet & is
ridge. For such a chain or tree formed francut 600-cells, adjacent to 8 other icosahedron facets, as well as to 12 tetra
the f-vector may be computed as hedra. ThusA has 96 icosahedron-icosahedron ridges.
We can build new hyperbolic, edge-tangent, simplicial
f(Q) = (106n+ 14,6661+ 54,112+ 80,5600+ 40), polytopes by gluing copies & along icosahedral faces and



capping the remaining icosahedral facets with pyramidad ca TA
of the type that we had cut off to ford. (The edge links of / \

such a ca are given by Figurﬁ 4(d).) The resulting polytope A A

Q will be convex if at each icosahedral-icosahedral ridge of a TA— T TA
copy of A, either 10 copies oA meet, or two caps and one or \ \ / /
two copies ofA do. Also at each icosahedral-tetrahedral ridge

of a copy ofA, either two copies oA or one each oA and A A A
a cap must meet. If two copies 8fmeet (in an icosahedral / / \ \
facetF), then they differ by a reflection through. These

reflections generate a discrete hyperbolic reflection gfoup
since the supporting hyperplanes of the icosahedral féitets \ /
facets of a hyperideal 24-cell, whose ridges are also rid§es 7A
Al) satisfy the Coxeter condition: When they meet, they meet
at an angle oft/5, which dividest. Thus the copies dhused

in Q are a finite subse&t of the orbit ofA underl". The setz
determinex).

TA— A A— 1A

Figure 6: An oversimplified schematic of a coronafof

Remark. That it suffices to consider the dihedral angles of

adjacent facets follows from Poincaré’s covering-spage-a

ment: Le_tP be a spherical_, Euclidean, or hyperbolic polyt(_)pe fo(Q) = 697f,(B) — 792- 2f,(C) 4 792f, (1) + 96f,(T)

whose dihedral angles divide Let X denote the space in — 7284Q

which it lives. LetY be the disjoint union of all copies ¢t

in X in every position, and IeZ be the quotient of given by  because after the vertices of the caps are subtracted, the ve

identifying two copies oP along a shared facet. The spate tices of each icosahedral facet at a bond are undercounted

is constructed abstractly so thatiles it. once, and after these are restored the vertices of eaclglrian
We claim thaZ is a covering space . Eachpe Zliesin  at the center of a ring are undercounted once. The rest of the

the interior of some facE of a copy ofP. If F isa copy ofP  f-vector ofQ follows from the Dehn-Sommerville equations:

hedron and leT be a triangle. Then

or a facet, this is elementary;kfis a ridge, it follows from the _ _

dihedral angle condition. Otherwise it follows by applythg 2(Q) = 215(Q) = 773040

covering-space argument inductively, replackdy the link f1(Q) = f,(Q) + f3(Q) = 459360

Sof F andP by PNS. The polytopeQ yields anE-polytope with fatness
SinceZ is a covering space, a connected componeitief

atiling of X by P. See Vinberg[[32] for a survey of hyperbolic (E)=6 f3(Q _ 3221 = 148589

reflection groups. f,(Q 638

There is no one best choice fa&r only a supremal limit. Note that since this bound arises from a specific choicg of
One reasonable choice faris the corona of a copy d&, i.e,, rather than a supremal limit, this is not optimal as a lower
Atogether with the set of all images undethat meet it, nec- bound of supremal fatness.
essarily at a facet or a ridge. The coronaAd$ depicted by a
simplified (and therefore erroneous) schematic in Fiﬂutbﬁs; o
reader should imagine the correct, more complicated versio 34. Kissingnumbers
The schematic uses a chemistry notation in which each copy
of Ais represented as atom each pair of copies that shares As mentioned above, another use of ridge-tangent poly-
a facet is represented adand and “7A” denotes a chain of topesP is the average kissing number probl[18]. Det
7 atoms. To extend the terminology, we call 10 copief\of be a finite packing of (not necessarily congruent) sph&tes
that meet at a ridge@ng. The schematic is simplified in that which is equivalent to a finite sphere packingHin by stere-
the central copy actually has 24 bonds (not 6), each of thegraphic projection. The question is to maximize the awerag
neighbors has 9 bonds (not 3), and there are 96 rings (not 6)number of kissing points of the spheresXn If P is ridge-

Let Q be the union of these copies Afwith the remaining ~ tangent, its facets intersect the unit spt&te a sphere pack-
icosahedral facets capped. To computefthector ofQitis  ing X, in which the spheres kiss at the tangency pointB.of
easier to view each atom as a copy of a 6008gethinus two Thus the ridge-facet ratio éfis exactly half the average kiss-
caps for each bond. There are 24+ 96-7 =697 atoms and  ing number ofX. (Not all sphere packings come from ridge-

244 96-8= 792 bonds in total. Thu® has tangent polytopes in this way.)
The sphere packings due to Kuperberg and Schrajnpn [18]
f3(Q) = 697f,(B) — 792 2f4(C) = 386520 can be viewed as coming from a compound consisting of a

chain or tree ofn cut 600-cells ite., atoms in the sense of
facets, wherd}(C) = 30 is the number of simplicial facets of Figure[§). Their average kissing numbers are

a capC. _ 6660454 666

Counting vertices is more complicated. Lebe an icosa- K= 1060+ 14 — 53 ™ 12.56603



By contrast ifQ is the compound formed from a corona of
A as in Sectior) 3|3, then the average kissing number of the
corresponding sphere packing is

f
1(Q) _ 7656 ., 61085

fo(Q) 607

Like the bound on fatness, it is not optimal as a lower bound
on the supremal average kissing number. Figure 7:S® as a fat sausage with lean ends.
Here we offer no improvement on the upper bound

K(Q) =

K < 8443~ 14.92820
<8+4V3 plane byconvexpolygons. (Indeed, if we take the regulay-4

from [f8], even though it cannot be optimal either. gon with angles oft/(2g), Whic_h is cgrtainly convex, then it_s
edges and angles are compatible with any perfect cellulatio
Moreover, Mal’cev’s theorean], states that finitely gene
4. 3-SPHERES ated matrix groups are residually finite; this implies thegrg
closed hyperbolic manifold admits intermediate finite ceve
with arbitrarily large injectivity radius. (Seﬂ1§,4] for a

In this section we construct a family of strongly regularcel detai - : : g :
. . etailed exposition.) In particulay admits an intermediate
lulations of the 3-sphere with unbounded fatness. Indeed, w P ) Inp

provide an efficient version of the construction, in the sens cover; whose injectivity radius exceeds the diameter of a 2-
that it requires only polynomially many cells to achieve acell. The cellulation ofi_J is then st_rongly regular. Its genus is
given fatness. (The construction is also a polynomially ef-much larger thawg, but its fatness is sti. _

fective randomized algorithm.) GiveM, we find a strongly The efficient construction is the same: It only requires-care
regular cellulation o8® with O(N1?) cells and fatness at least ful choices for the finite cove; and for the handlebodié$;

N. Note that there are also power-law upper bounds on fatandH,. Among the perfect cellulations &, a convenient
ness: AnO(N/3) upper bound for the fatness of a convex 4-one for us is a g-gon with opposite edges identified. We de-
polytope withN vertices follows from work by Edelsbrunner scribe the fundamental group(S;) using this cellulation. As
and Sharir [P]. The Kévari-Sos-Turan theorem [17] (sisea shown in Figurg], we number the edggs. . ., x,,_, consec-
[H. p. 1239] and[[23, Thm. 9.6,p. 121]) implies@N2/3) up-  utively, so that

per bound on the fatness of strongly regular cellulatior® pf 4

since the vertex-facet (atom-coatom) incidence graph bas n X = Xog+i 1)

Kz 5-subgraph, and thus has at m@xf,( f,+ f)%*) edges. and

Our construction provides a@(N/1?) lower bound.
The inefficient construction is a simpler version which we XXy Xgg—q = 1. (2)
describe first. For everg > 0, S* can be realized as
(We interpret the indices as element§gf(4g).) Equation Kll)
H U (S x 1)UH,, expresses the identifications, while equat%n (2) expeetiee
boundary of the 2-cell.
a thickened surface of gengsapped on both ends withhan- e constructS; as a tower of two abelian finite covers,
dlebodies. (This is obtained from a neighborhood of the-stanyhich together form an irregular cover &. (No abelian
dard [unknotted] smooth embeddingSyfinto S°.) Ifforsome  cover of S, is strongly regular.) The surfac® satisfies the
g we can find a fat cellulation &, we can realiz&® as a“fat  usual requirements of covering-space theory (see FL@,H [1
sausage with lean ends,” as shown in Fidlire 7. We cross the13b, 14a]): It is a connected, locally path-connected, and
fat cellulation ofS; with an interval divided intdN segments  |ocally simply connected space. For any finite graypthe
to produce a fat cellulation d& x I. Then we fix arbitrary  A-coveringsof S are covering spaces of the forin with
strongly regular cellulations of the handlebodi¢sandH,.  Y/A=S;, whereA acts properly discontinuously &h These
If we make the sausage long enouge, if we takeN — »,  coverings, up to isomorphism, are classified by the set of
the fatness of the sausage converges to the fatness of ks migroup homomorphisms Hofm, (S, x), A) M3, Thm. 14.a].
dle regardless of the structure of its ends. Furthermore, ifA is abelian, then every such homomorphism
It remains only to show that there are strongly regular fatmaps the commutators im (S, x) to zero, so thé-coverings
cellulations of surfaces. The surfafg has perfect cellula- are classified by Hofi,(S;,Z),A). In other words, ifA is
tions with f-vector(1,2g,1). Such a cellulation is obtained any abelian group with elements, then every homomorphism
by gluing pairs of sides of agdgon in such a way that all ¢ : H,(S;) — A defines am-fold abelian covering o&;. (If
vertices are identified. It has fatnegsand it exists for ar- the homomorphism is not surjective, then the covering space
bitrarily large g, but it is far from regular. However, its lift is not connectemZ, p. 193]. In this case we use a connected
to the universal cove§, is strongly regular, since any such component of the covering space, which has the same fatness
cellulation can be represented by a tiling of the hyperbolidbut smaller genus.)



Xog—1

g

Figure 8: Labelling edges &;.

Now assume thatj = 4g+ 1 is a prime power and letr
generate the cyclic grouf,, wherelfy is the field withq el-
ements. We can fulfill the assumption by changmgy a
bounded factor. (Most simply we can kgt= 5X. Or we can
let g be prime, so thdlq = Z /q, by a form of Bertrand’s pos-
tulate for primes in congruence classes. This result datbet

19th century; see Erdéﬂlo] for an elementary proof.) @efin

a homomorphisno : H,(Sy) — Fq by a([%]) = a', where[x]
is the 1-cycle (or homology class) represented by the lgop
Sincea® = —1, the definition ofo is consistent with equa-
tion (1). Consistency witH]2) is then automatic. IStbe the
finite cover corresponding to.

To prepare for the subsequent analysiégfwe give an
explicit combinatorial description . Let FO be a 2-cell of
§ and label its vertices

L\, ...

in cyclic order. See Figurﬂ 9.

For eachs € Fq, let F$ and\§ be the images of ® andv?
under the action a8, SinceSy has only one vertex, the vertices
of § may be identified withF,. Thus, if we identifyv with
0 € [Fy, then the action of y will identify \ with s € IFg. The
structure ofo further implies that

a\’;].g—l

ak—1
a-1

k—1

Vi =s+l+a+a’+.. . +at = s+

for all k € Z/(4g) ands € TFq. See Figur¢ J0.
Using this explicit description, it is routine to verify tifiel-
lowing (remarkable) properties of the surfe%e

Lemma 12. The cellulation of the abelian covef; & regular
and has f-vector

f(S) = (a,290,9) = (q, (g) ).

Every facet has ¢ 1 = 4g vertices, while every vertex has
degree - 1 = 4g. The graph (od-skeleton) of Sis the com-
plete graph on ¢ 1vertices. The dual graphis also complete;

+a%9=-1

Figure 9: Labelling the vertices &f°.

vi=s+1 vi=s

vi=s+1+a

at-1
a-1

v3

S+

FS

Figure 10: Labelling the vertices &.

any two facets share exactly one edge (as well agtather
vertices).

Proof. In view of the combinatorial description above (Fig-
ure), all these facts follow from simple computationdia t
field [Fy:

e §, is regular — for eacfs € Ty, the vertex labels+

%,k__ll (0 < k< 4g) are distinct.

* The 1-skeleton o, is complete — fow, V' € Ifq, v# V
there is a uniquse € Fq andk € Z/(4g) with

ak—1
a-1

ak+l_1
a—-1

v=s+ VvV =s+

e The dual graph of, is complete — fos, s € IFg, s# S,
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there are uniquk, £ € 7 /(4g) such that Proof. In brief, they are indivisible because they are embed-
ded, and they are too short to be null-homologous.
ak—1 attt-1 By Lemma,% is regular. By the discussion after the
S+ a—1 s Ta—-1 statement of Theoreifn J13, each obstructing 66 embed-
a<+l_1 al—1 ded. If¢ separates,, then it is null-homologous. If does
S+ -1 + a—1 not separat&,, then it is indivisible in homology. (To show
this, we can appeal to the classification of surfaces byrayitti
Sg along?. The classification implies that all non-separating
- positions for¢ are equivalent up to homeomorphismyf It
is easy to find a standard position foin which it is indivisi-
Theorem 13. Let n> 1285 and let ble in homology.) Thus it remains to show that no obstructing
- ' loop is null-homologous.
p: Hl(%) ~ 7Z/n First, we claim that any obstructing lodgan be supported

on fewer than ¢ edges of the 1-skeleton &;. We homotop

b domlv ch h hi = he fini the two segments dfto the boundaries of the 2-cell contain-
e a randomly chosen homomorphism, andighe the finite ing them, giving them each at mogj 2dges. Thug is rep-

cover of Sg corresponding tgp. Then with probability more resented by a sequence of at mogtediges inS,. The case
than 3, the cellulation ofS; is strongly regular. of exactly 4 edges does not occur, since the endpoints of the

. loop coincide, and no two verticas# V' of Sg are opposite

In order to prove Theorerp [L3, we need to more explicitlyyertices in two different facetss. As in Lemmd 1P, this fol-

describe the condition of strong regularity as it applie§o  |ows from the fact that fov,V € Fg, v # V, there are unique
Let X be a regular cell complex and suppose that its univers ¢ Fq andk € 7 /(4g) with

sal coverX is strongly regular. Recall that tretar st(v) of

a vertexv in X is the subcomplex generated by the cells that ak—1 akt2e_1

containv. The complexX is strongly regular if and only if the V=St v=st Ca-1

star of each vertex is. Suppose tiat X projects tov € X. ) )

Then the star %), which is strongly regular, projects to the ~ Second, we claim that any null-homologous loop in the 1-
star stv). The latter is strongly regular if and only if the pro- Skeleton of; contains at leastgtedges. In other we if
jection is injective. In other words is strongly regular if s @ 2-chain orf§; anddf # 0, then|d f| > 4g. Since§; is
and only if the stars ok embed inX. If X is not strongly reg- ~ Orientable, we can regaridas a function on its 2-cells. Since
ular, then there must be a palfrconnecting distinct vertices | 1S non-constant, it attains some valuen k 2-cells with

of s(¥) which projects to a loog in st(v). We say that such 0 < K< d. Since any two 2-cells share an edge by Lenfnja 12,

a loopobstructs strong regularityWe can assume théatis a these 2-cells share
pair of segments properly embedded in distinct cells (#)st k(q—k) > 4g
with only the end-points of the segments on the boundary of -
the cells, which implies that is embedded ifX is regular.  edges with the complementary set of 2-cells, of which there
Figure[1] gives an example of such a loojp a regular cel-  areq— k. Sinced f is non-zero on these edgéd | > 4g, as
O

lulation of a torus. desired.
4 3 2
‘\, Proof of Theorenf 13In brief, S, has fewer than 6f ob-
F3 | /'F2 structing loopd. For each one,
2 1 0l 4 1
o= P ) =0| = —.
1| pdh| pa [p([) =0] = ~
L The expected number of obstructing loops that lift fr§grto
4 3 2 1

§3 without lengthening is less than §%/n < % Thus there is
a good chance that all obstructing loops lengthen.

The homology group—|l(Sg) is a finitely generated free
abelian group: It is isomorphic t@9, for d = 14 q(g— 1).
Thus it admitsnd homomorphismg to Z/n. Since this is

In our case, the surfac& are regular, but they have many 3 finite number, choosing one uniformly at random is well-
obstructing loops. Theorefn|13 asserts that, with non-zer@efined. Ifcis any indivisible vector iz.4, then itis contained
probability, all such loops lengthen when liftedS$g in a basis, and thug(c) is equidistributed. In particular, #

_ ) is an obstructing loop, thefi] is indivisible by Lemmd 14, so
Lemma 14. No loops in §that obstruct strong regularity are p([4]) is equidistributed ir% /n.
null-homologous. Furthermore, all obstructing loops ®pr |t remains only to bound the number of obstructing loops in

sentindivisible elements in k). §,. Astar stv) in § has 4)(4g— 2) points other thaw itself.

Figure 11: A loopf that obstructs strong regularity in the toi8s
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Without loss of generalityy projects to 0 ir'Sg. In this case  1-cells or O-cells. We can still ask whether such a disseasio
the other vertices are equidistributed among thendn-zero  regular or strongly regular; this one is neither. HoweViena
elements offy. Therefore sv) has replace each 2-cell by 3 parallel 2-cells, it becomes sigong

4 (49 - 2) _ 49(49—2)(49-3)

B8

pairs of arcs connectingto two vertices that are the same in
SJ. These pairs represent all two-segment obstructing loops
that pass through 0 and a nonzero vexteland some of these
loops are homotopic). If we count such pairs of arcs for any
pair of distinct vertices, V' of §;, then we find that the total
number is not more than

(492- 1) (492— 2) _ (49+ 1)4g(4?1— 2)(4g—3)

Figure 12: A strongly regular dissectiénof a handlebody of genus
< 64g*,

as desired. O
regular. An example of the resulting dissectidis shown in

Question 15. For each g> 1, what is the maximum fatness of Figure[1p. i ) o ]
a strongly regular cellulation of a surface of genus g? Equiv 1 he surfaces; (which for our choice ofj is isomorphic to

alently, how many edges are needed for a strongly regulag,) has another standard perfect cellulation calledronical

cellulation of a surface of genus g? scheman the computer science Iiteratu@[31]. Using the la-
. . . . belling in Figurd B, we identify,, with x;* . (the even loops),

Remark. One interesting alternative to the constructiorSpf q g gth e[_Bl h ddka ‘]ik+2 (” ®K<a g )

is to assume instead thgt= 49— 1 is a prime power, and to andxy,, With X, 5 (the odd loops), for all 6 k < g. By

let a be an element of ordedn I ,. The resultingy®-fold rounding corners we can make each even loop intersect one
L a _ odd loop once and eliminate all other intersections between

coversy is almost strongly regular: the only obstructing loops|qps. I we interpret this pattern of loops as the standae-H

are thos_e that are null homologous3y Ano'_[her interesting gaard diagram fog® [@]’ then the even loops bound disks in

surface is the modular curvé(2p), wherep is a prime [25. H, and the odd loops bound diskslity. We can then put in

§13]. The inclusiorf (2p) C I'(2) of modular groups induces 1, copiesa, andA, of the cell divisionA so that its 2-cells

a projection fromX(2p) to the modular curv&(2), whichis parallel to these loops.

a sphere with three cusp points. If we connect two of these We would like to position, andA, to minimize their in-

points by an arc which avoids the third, it lifts to a cellidat ) i ith th Iulati (ﬁg (Note thatA, andA, d
- 2 4 PPP=D) P-1\ el ersection with the cellulation &&. (Note thatA; andA, do
of X(2p) with f-vector(p' 1, "5, %5). Like &, it has not intersect each other sin& x | lies in between.) To this

a few obstructing loops. Unfortunately we do not know a wa : .
to use eitheSg’ OEX(Z?J) to make fat szrfaces of lower genusyenOI Vegter arld Yal_] proved that a”Y cellulat|0|$§)\$v|th .

. ~ n edges admits a position of the canonical schema cellulation
(or equivalently fewer cells) tha,. with O(ng) intersections. (Strictly speaking the theorem ap-
__Since Theorenj 13 provides us with efficient fat surfaceslies to triangulations, but any regular cellulation of aface
S, the construction of fat cellulations & only requires ef-  with n edges can be refined to a triangulation with less than
ficient cellulations of the handlebodieg andH, and an ef-  3nedges.) In our case

ficient way to attach them tﬁg. In our construction the han-
dlebody cellulations ara priori unrelated to the cellulation of n=0(g) = 0(g°).
§3. Rather they are transverse after attachment, and each poin
of intersection will become a new vertex. Thus the quesson i Thus, by tripling the edges of the canonical schema in the
to position the cellulations to minimize their intersectio Vegter-Yap construction, we can positidg and A, so that
We describe the cellulations in three stages: first, a dissethe lean ends in the sausage hé\g'?) vertices. If we give
tion of H, andH, individually into 3-cells; second, their rela- the fat part of the sausage= g'2 slices, the totaf -vector of
tive position; and third, their position relative to thelatdtion  the cellulation ofS® is then
of §3
Let g be the genus o%,. A handlebodyH of genusg can (©(g"),0(g"),0(g"),0(g"),
be formed by identifyingj pairs of disks on the surface of a
3-cell. The result is a dissection bff into § 2-cells and one and its fatness i®(g). This completes the efficient construc-
3-cell, although it is not a cell complex because there are ntion with unbounded fatness.
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