ON FREE PLANES IN LATTICE BALL PACKINGS
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ABSTRACT

This note, by studying relations between the length of the shortest lattice vectors
and the covering minima of a lattice, mainly proves that for every d-dimensional
packing lattice of balls one can find a 4-dimensional plane, parallel to a lattice plane,
such that the plane meets none of the balls of the packing, provided the dimension
d is large enough. On the other hand, we show that for certain ball packing lattices
the highest dimension of such “free planes” is far from d.

1. INTRODUCTION

Throughout the paper let R? be the d-dimensional Euclidean space equip-
ped with the Euclidean norm ||x|| and the inner product (x,y), x,y € R?.
Let B¢ be the d-dimensional unit ball centered at the origin 0. As usual a
lattice A C R? is defined as the set of all integral combinations of d linearly
independent vectors b; € R?, i.e.,

Az@zbi:{z1b1+---+zdbd: ZZ'EZ}.

Every set of d vectors {b1,...,bg} with @zb; = A is called a basis of the
lattice. An [-dimensional affine subspace L C R? is called an [-dimensional
lattice plane if dim(L N A) =1[. For a plane L the orthogonal projection of a
set X C R? onto the orthogonal complement of L is denoted by X|L+. For
an [-dimensional lattice plane L with respect to a lattice A the set A|LL is
a (d — I)-dimensional lattice. The length of the shortest non-zero vectors in
a lattice A is denoted by A;(A), i.e.,

AL(A) = min {[b[| : b € A\{o}}.

A1(A) is also called the homogeneous minimum of A, and as a counterpart
we have the inhomogeneous minimum p(A) defined by

#(A) = max min{||x —b||: b e A}.

x€lin(A)

This means that p(A) is the smallest number p with the property that
A+ pB® covers the space RY. For this reason, (/) is also called the covering
radius of A. In [14] the covering radius has been embedded in a series of
functionals p;(A) which, in our setting, can be defined by

pi(A) = max {u (A\LL)} :
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where the maximum is taken over all (d — 7)-dimensional lattice planes L of
A. p;(A) is called the i-th covering minima of A. In fact, it is the maximal
covering radius among all ¢-dimensional lattices arising by those projections
of A. Obviously, we have

p(A) = pa(A) > pg—1(A) = -+ > (D).
A lattice A C R? is called a packing lattice of B¢ if, for two different points
x and y of A, the translates x + B? and y + B? have no interior points in
common. In other words, a lattice A is a packing lattice of B¢ if and only if
A1(A) > 2, and the homogeneous minimum can also be defined by
2
A1(A)

So we have

= min {)\ € Rog : AA is a packing lattice of Bd} .

2 A1(A)
i(5od) 21 o att) 2

for every lattice A C R%.

By the definition of the covering minima and the homogeneous minimum,
the statement “u;(A) > # for all d-dimensional lattices” has the following
equivalent geometrical interpretation: For every d-dimensional lattice ball
packing one can find a (d — i)-dimensional plane H, parallel to a lattice
palne, which does not meet the balls of the packing in their interior. One
may say that such a plane is “free”.

In 1960, by an elementary method Heppes [9] proved that

pa() > 210

for every 3-dimensional lattice. In other words, in every 3-dimensional lattice
ball packing one can find a cylinder of infinite length which does not intersect
any of the balls. Later this result was generalized in [10] and [13] to high
dimensions, i.e., for d > 3 one has

A1(A)
5

As a counterpart it was shown by Hausel [7], correcting a claim of [11], that
there exists a constant « such that in every dimension d there exists a lattice
A C R? with

fra—1(A) >

(@)

This note improves both results by the following theorems:

Theorem 1.1. Let A C R? be a lattice. We have

A1(A)

tra—k(A) > —

in the cases i) d > 5 and k =2, ii) d =8 and k = 3, iii) d sufficiently large
and k = 4.

Hence for sufficiently large d, for every d-dimensional lattice ball packing
we can find a 4-dimensional plane H which does not meet any of the balls
of the packing. On the other hand, we will prove
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Theorem 1.2. There exists a constant f <1 such that in every dimension
one can find a lattice A with

() < A< ga

So in general we can not find a “free” plane of (1 — f)d-dimensions with
respect to a packing lattice. Unfortunately, we have no idea about the right
dimension of maximal “free” planes. It seems to be an interesting problem
to narrow the gap between the bounds given in the theorems.

In non-lattice ball packings the situation is quite different. Recently it
was shown in [8] that for any fixed d and ¢ > 0, there exists a periodic
packing set X (d,€) of B? such that the length of any segment contained in
R\ (X (d, €) + eBY) is bounded from above by a constant c(d, €). So “free”
planes are lattice phenomena.

We want to remark that in [14] the covering minima have been introduced
in a more general setting, namely with respect to arbitrary norms. For more
information on covering minima we refer to [14] and [16]. For a general
introduction to lattices, homogeneous and inhomogeneous minima as well
as to ball packings we refer to [6] and [19].

2. PROOFS OF THE THEOREMS

The main ingredient of the proof of Theorem 1.1 is a Korkin-Zolotarev
reduced basis of a lattice A C R¢ which can be recursively defined as follows

(cf. e.g. [16], [5]):

Definition 2.1. A basis ay,...,aq4 of a lattice is Korkin-Zolotarev reduced
if

L flay || = A (A),

2. v = <‘T;’:|1|12> satisfies |ry;| < %, i=2,...,d,

3. the projections a;|lin(a;)t = a; — y;a1, i = 2,...,d, yield a Korkin-

Zolotarev reduced basis of the lattice A~ = Allin(a;)*.

The idea behind such a Korkin-Zolotarev reduced basis is to find a basis
which is “as short and orthogonal as possible”. It was shown in [15] that

Theorem 2.1 (Korkin-Zolotarev). Every lattice A C R¢ has a Korkin-
Zolotarev reduced basis ay,...,a4. Moreover, the homogeneous minima of
the lattices A%~" = Allin{ay,...,a;}*, i =1,...,d — 1 and A% = A satisfy

V3

)\l(Adf(i+1)) > 7)\1 (Adfi)

and

A (AT 42)) > \/gAl(Adz’).

Now we are ready for the proof of the first theorem.
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Proof of Theorem 1.1. Let A C R? be a lattice with a Korkin-Zolotarev
reduced basis a;,...,as and let A¥, & = 1,...,d, be the corresponding
lattices defined in Theorem 2.1. By the definition of u;(A) and Theorem 2.1
we have
pa k() _ o p(ATF) (AR
2 > 2 d—k
A1(A) A(ATR) X (A)

Ad—F 2L§J \/g kmod2
> 2% \/; <7> . (2.1)

Next, depending on the index k and the dimension d listed in Theorem

—k
(( A= k)) various well-known lower bounds on
the ratio of covering radius to the packing radius of a lattice.

For any 3-dimensional lattice A it was shown in [2] that

1.1, we apply to the quotient 2

2nd) 5 (2.2)
A1(A) 3
Thus, by (2.1) we have for d =5 and k = 2
205 2(A) | \[ /
1.
)\1(A) )\1 A3 - ~
In other words,
A1(A
p5—2(A) > # (2.3)

for every 5-dimensional lattice. For higher dimensions we use a result of [18]
on the distance between the center and a vertex of a Voronoi-cell which, in
our terminology, reads

2u(A) S 2d
MA) T Vd+1

(2.4)

for every d-dimensional lattice A. Hence for k = 2 we get
d—2 _
9 (A=) S 2d -4
A1 (Ad 2) - d—1
and therefore by (2.1), for d > 6,

A1(A)
5

Together with (2.3) we have proven the case i) of the theorem.
For the second case (d = 8, k = 3) we use a result of [12], saying

tra—2(A) >

g +— (2.5)

for every 5-dimensional lattice A.
Finally, for d sufficiently large and k = 4 we apply an inequality of [13]

2 /(‘1(3\)) > 151, dim(A) large, (2.6)
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d—k
to the quotient 2% in (2.1).

All the inequalities (2.2), (2.4), (2.5), and (2.6) can be found with proofs
in [19]. O

The proof also gives a description of the k-dimensional “free” planes.
Namely, with the notation of Theorem 2.1, let L* = lin{ay,...,a;} and let
pi € lin{ay,...,ar}* be a point with

dist(pr, AF) = p(A%F),
where dist(X,Y’) indicates the distance between X and Y. Then we have

dist(py + ¥, 4) = (atF) > 1)

for the considered cases of d and k (cf. (2.1)).
_ Let us mention that by a result of [3] it is known that there exist lattices
A C R? with

Thus with the method used in the proof, Theorem 1.1 can not be much
improved.

To prove Theorem 1.2 we just combine two beautiful results from the
theory of transference theorems.

Proof of Theorem 1.2. Let A C R? be a d-dimensional lattice and let A* be
its dual,

A ={veR: (uv)eZ, forall ucA}.
It was shown by Conway and Thompson (see page 46 of [17]) that there
exists a constant $; such that for every dimension d one can find a lattice
A C R? with

AM(A) - A (A7) > Bid.

By definition [A;(A*)]~! is the maximal distance between parallel (d — 1)-
dimensional lattice hyperplanes of A and thus (see [14])

2u1(A) = 1/M (A7)

Therefore we have

=

2#1() vt
)\1 (A) )\1(A) . )\1 (A*) o 51d

On the other hand, [1] proved that there exists a constant 52 > 0 such
that

(2.7)

p(A) - A (AT) < Baod
for every lattice A C R?. Or with the first covering minima we may write
p(A) <28y d- pi(A). (2.8)

Now for a given lattice A C R? and an index k € {1,...,d} let L% be
a (d — k)-dimensional lattice hyperplane such that for the lattice A¥ =
A|(L4*)* holds

e(8) = p(AF).
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Then we have
p(A%) < g (M)
and, applying (2.8) to the lattice A¥,
pe(A) <262k -pi(A), 1<k <d.

Hence for a lattice A satisfying (2.7) we may deduce

2Mk(A) < 4Pk - p1(A) < 232k
MA) T MA) T pud

In other words, for k < %d the lattice A does not contain a “free” (d — k)-
dimensional plane. U

3. SOME EXAMPLES

Here we study “free” planes for some classical d-dimensional lattice ball
packings. To this end let g = (3,...,3) € R?,
Dé=1{z€7Z% 2z +---+ 25 =0mod 2},
Ad:{ZEZd+1: 21+ -+ 241 :0},
E8={xeZ¥U(qs+Z% : z1 + -+ 28 = 0 mod 2},
E'={xeE%: 21+ - -+ 23 =0},
and
ES={xe€ E®: 2, =z = x3}.

The lattices A3, D* D3, ES E7, and E® are the unique lattices producing
the densest lattice ball packing in the corresponding dimensions. For the
homogeneous minima we have (cf. [4] by inspection):

MDY A (AY) MBS M(ET) M(EYH 1

2 2 2 2 2 2 (3:1)

Let H"? be the i-dimensional plane in R? given by

Hb = {(%,...,%,xd,iﬂ,...,xd) DT ER} .

Then we have
: Vd—1i

dist(H', 2) = ¥ —

and therefore, for k > 2,
pe(D?) > dist(H9F4, D) > dist(H R4, 79

2 - 2
This means that we can always find a (d — 2)-dimensional plane intersecting
none of the balls in the interior of the lattice ball packing associated to D¢,
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Next, with H = {x € R¥*! : 27 + .-+ + 24,1 = 0} we find analogously
for the lattice A% and k > 2

(A% > dist(HHRA 0 HoAd)

d
> dist(Hd+17k,d+1 Zd+1) > >\1(A )
= ) = 2 .

For the lattice E® we set

H* = {(%,%,0,0,$5,...,$8) . ER}

and get
, 1 \(E®)
E®) > dist(H*, E®) = — =
/1'4( ) Z dis ( ) ) \/i 9
By intersecting H* with the hyperplane {x € R® : z; +--- + 23 = 0} we
also get

M (ET)

pus(BE7) > 5

Finally, for the lattice ES let
H3 = {(1 x 0,0,$6,$7,$8) . LE] c R} .

279219
Then H?3 C lin(E®) and it is easy to see that
, 1 M\(EY
ES) > dist(H? E°) = — = :
/1'3( ) Z dis ( ) ) \/i 9

In particular these calculations imply

Remark 3.1. The densest lattice packings of B, d = 3,...,8, contain a
L%J—dimensional lattice plane L such that for a suitable vector t the affine
plane t + L does not meet any of the balls of the packing in their interior.
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