Eaha

Cl>

Bounds for Lattice Polytopes Containing A Fixed Number of Interior Points in a
' Sublattice :

Jeffrey C. Lagarias

AT&T Bell Laboratories_
Murray Hill, New Jersey

Giinter M. Ziegler

Universitit Augsburg
Augsburg, West Germany

ABSTRACT
A lattice polytope is a polytope in R* whose vertices are all in Z", The volume of a lattice polytope
P containing exactly k > 1 points in dZ" in its interior is bounded above by kd" (T(kd + 1)),
Any lattice polytope in R”* of volume V can after an integral unimodular transformation be contained in

a lattice cube having side length at most n + #!V. Thus the number of equivalence classes under integer

unimodular transformations of lattice polytopes of bounded volume is finite. If S is any simplex of

maximum volume inside a closed bounded convex body K in R™ having nonempty interior, then
Kg (n+2) S — (n+1)s, where m$ denotes a homothetic copy of 8 with scale factor m, and $ is the

centroid of S.
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1. Introduction

A lattice polytope in R is a convex polytope all of whose vertices are lattice points, i.e. points in
Z*. A rational polytope P is a convex polytope with all vertices in Q*. The derominator of a rational

polytope P is the smallest integer @ > 1 such that 4P is a lattice polytope.

For each n = 2 there are lattice polytopes in R of arbitrarily large volume containing no interior
lattice points, and for In =3 therg are lattice simplices of mbiMy large volume whose vertices are
their only lattice points. However D. Hensley tS] proved that any lattice polytope P in R* containing
exactly k 2 1 interior laitice points has volume bounded by a finite bound V(n, k), and furthermore the _

total number of lattice points in the interior and on the boundary of such P is bounded by a finite bound

J(n, k).

The main purpose of this paper is to sharpen Hensley’s upper bounds for V(n, k) and J(n, k), and to
extend his results o apply to lattice polytopes containing a fixed number &k > 1 of- interior points in a
given sublattice A of Z*. We also prove ﬁnitenéss of .the numb;:r of equivalence classes of such
polytopes under lattice-point preserving affine maps. Finally, we prove that any closed convex body K
in R™ contains a simplex $ such that K < (~1)8 + (n + )sand K < (n + 2)S — (n.+ 1)s, where

s is the centroid of §, and if K is a lattice polytope then 6ne can choose S, (-n)8 + (n + 1)s, and

(n + 2)S — (n+1)s to all be lattice simplices.

In extending Hensley’s bounds, we treat first the special case A = dZ”. This case arises in

~ considering rational polytopes of denominator 4 containing k interior laitice points in Z*, after rescaling

to clear the denominator,



Theorem 1. Let V(n, k, d) denote the maximal volume of a lattice polytope in R™ that contains exactly
k 2 1 points in dZ" in its interior, and let J(n, k, d) denote the maximum number of lattice points

T(n, k, d) inside or on the boundary of such a polytope. Then V(n, k, d) and J(n, k, d) are finite, with _
| V(n, k,d) < kd" (T(kd+1))*" : (L1)
and
J(n, k, d) < n + nlkd® (T(kd+1))"2" (1.2)
The préof follows the géneral approach of Hensley's ﬁroof, obtaining an improvement by sharbenhg
- his basic Diophantine approximation lémma.. (Hensley’s bound for V(n, k, 1) is roughly k(4k)™*!,)

Any bound on V{n, k, d) must have double exponenﬁal dependen_ce on n, In §2 we generalize

examples of Zaks, Perles and Wills [10] to show that for n 2 2,

d+1)¥1,

Vin, k. d) 2 ":1

I, k,d) 2k (d+ D2 . |

~ The bound (1.1) is probably far from the truth in its dependence on k, however, and cenjectured
extremal examples (see Proposition 2.6) suggest that V(n, k, d) grows linearly in kask — oo with n

and d fixed.
. Exact formulae for V(n, k, d) are known in a few cases. One has
V(L kd) = (k+ 1) d,

“and a result of Scott [9] gives

| o
V(2,k 1) = 7 fr k=1,

2k+1) for k22.

The bounds of Theorem 1 immediately yield bounds applicable to a general (full rank) sublattice A
of Z*. Let d be the _sinaIIest positive integer such that dZ* c A, If A; = min {A e N: de; € A},

then Ag = <Ajeq,, A,e,>isa sublattice of A, and dZ" ¢ A requircs dZ" c Ag so thatd = Le.m.



(A1,7, An). Since for each i there is a basis of A whose first vector is A;e;, one has A; [det(A), so

that d|det(A). If the columns of the integer matrix M are a basis of A then det(A) = |det(M)| and

adj(M) = |det(M)|M™! is an integer matrix. Furthermore M = adj(M) is also an integer

d
-det(A)
. matrix,r- because MM = dl, and the columns of M exptess a basis of the sublattice dZ” of A in terms of
" the basis M of A, hence are integral. The linear map @ :R" — R”* given by ®(x) = Mx has
| D(Z™) ‘g Z" and @(A) = dZ", and its determinant is d™(det(A))~!. If a lattice pqutoﬁe P
contains exactly £ = 1 interior lattice points in A, then @ (P) is a lattice poly;tope containing exactly &

interior lattice points in dZ”, hence
Vol (®(P)) < Vin,k,d) ,
S0 theit
Vol(P) < (dét(A))d"‘ Vin, k, d) , | (1.3)
and one also qbtains

CHPAZY) < J(n k, d) . 4

- The second qﬁestio_n we study concems the finiteness of the number of integral equivalence classes
of such polytopes. The- group of lattice point préserving maps £, (Z) consists of those affine maps L
with L(Z") = Z*, They are exactly the maps L(x) = Gx + m with G e GL(n,Z)and m e Z".
The subgroup £, 4(Z) contains all such maps which also have L(dZ") = dZ"; they consist of those -
__ maps L e £,(Z) having m e 4Z". Tﬁo polytopes P, and- P, are integrally equivalent .if
L(P,) = Py for L € £,(Z). Tntegrally equivale_nt polytopes have the same number of lattice points
o in each corresponding k-dimensional face. Two polytopes are d-infe;grdlly equivalent if L(Pl) =P,
for L e &,4(Z); such pblytopes have the same number of lattice points in botﬁ Z" and dZ" on

corresponding faces.

We establish the ﬁmteness of the number of integral- equ:valence classes of latuce po]ytopes of
bounded volume, as a consequence of the followmg result. A lattice cube is a cube with sides parallel

to the coordinate axes whose vertices are lattice points.



Theorem 2. Any lattice polytope in R" of volume < V is integrally equivalent under a map x — Ux

with U € GL(n, Z) to a lattice polytope contained in a lattice cube of side length at most n - ntV.

* The bound of Theorem 2 is reasonably tight since the lattice simplex S, with vertices vy = 0 and

vi=eg;forl £i<n-1andv, = [nlV] €, has volume Vol(S,,) <Vand for any L € £,(Z) the

simplex L(S,) is not contained in any lattice cube of side length 7_1-_— (nHV,
: n

The ﬁniteness of the number of integral equivalence classes of lattice polytopes of voiumc <V |
follows immediatcly from Theorem 2. By a translaton in Z" we may move the cube inside
{(%1,...x,) 2 0 <x; <n-nlV} Since there are only finitely many lattice points in this cubé., there
are at most finitely many integral equivalence types of such polytopes. If we wish 10 preserve
membership in dZ” as we]l,'this translation must be in dZ* and we can move the cube into
fx1,.x,): 0Sx; Sn-nlV + d}. The ﬁmtaness of integral eqmvalence classes for lattice

simplices for n = 3 was previously established by Reznick [8, Section 3]

We also prove several properties of maximal volume simplices contained in a convex body K, some

of which are used in the proof of ‘Theorem 2.

Theorem 3. (a) Suppose K is a closed bounded convex body in R* with nonempty interior. Let S be
any simplex of maximal .volume contained in K, and let s be its centroid. Then

Kc(-mS+(m+Ds, - . (L5
andl

Kgn+2)8 ~ (n+1)s . _ : (1.6)
. (b) Any convex polytope K contains a maximal volume simplex S whose vertices are vertices of K. In
particular if K is a lattice polytope then this S is a lattice Simplex, and both (-n)S + (n + 1)s and

- (n+2)S = (n + 1)s are lattice simplices.

The study of maximal volume simplices in a.convex body gocs back at least to Rado [7, pp. 242-
. 2441, who showed that the centrond s of a maximal volume simplex in a convex body K as in part {(a)

has the property that any chord in K th:ough § is divided mto two segments of radio k: !/ satlsfymg

i . . .
- < -';C— < n. The inclusion K c(-n)S+ (n + l)s. is a well-known result traceable back to



Mahler [6], pp. 111-116, and appears in  Andrews [1], Lemma 2. The inclusion

K g {n+2)S — (n + 1)s is apparently new.

These two inclusions in part (a) are both sharp for all # > 2, in the sense that the minimal ¢, > 0
such that S cKcec,S+(c, - l)sxs Ca = n+ 2, and the minimal lc.|withe, < Oisc, = —n,

see the end of §4,

2. Proof of Theorem 1.

We first consider a lattice simplex S in R* and let (o9, oy, ..., ,) denote the barycentric
coordinates of an interior point w & dZ” in S The basic ideé {(due to Hensley {5]) is to show that w
- cannot be too close to a face of §, i.e. that its barycentnc coordinates are bqunded away from 0 and 1.
This bounds the coefficient of asymmetry of 8 around the la&ice point w, which leads to a bound on its

volume by a generalization of Minkowski’s convex body theorem due to Nfahle)r.

The lower bound in the following one-sided Diophantine approximation lemma provides the basic

ingredient in the proof, This result Shamens..Lemma 3.1--in --:Hensley--[S].------(Hensley-’s-- -lemma'--yields-----------------

roughly the bound 8(r, 4) = (4d)~"'~1)

Lemma 2.1. For d = 1 let 8(n, d) be the largest constant such that for all po.ﬁtive real numbers

%1, .. .50, > 0 satisfying

er >1—5(nd)

i=1
there exist integers Q, P, ..., P, with Q > 0, all P; 20, such that

uP‘
(1) ZE-=. ,

i=1

@ o> for1 <i<n,

i
dQ + 1

@) 15d0+1%8n,dL

" Then




d

>8(n.d)y 2 (T(d+ 1), o @.1)
tpa1,a—1 :

where t, 4 is determined by t| 4 = d + 1 and the recursion bnd = tﬁ_u — tpo1a + L
One can easily prove by induction on » that
d+ 1% 26,42+ 1?7,

where the lower bound is derived using u,4 = tha — 1, which satisfies u,, = uﬁ_l_d + Upoy ge
These inequalities show that the lower bound in (2.1) is similar in order of magnitude to the u_pi)er

bound,

Proof. The upper bound in (2.1) is obtained on choosing a; = }% for 1 < i< n One can easily
. - kg -

. .
prove by inductiononnthatt,,1 4 — 1 = d [] t;4 and

i=1

2: o; =1 - d

i=1 - tu+Ld -1

Now there is no approximation satisfying (1)-(3), for if there were then (2) would give

dQ + 1 > P;t; 4 for all i, This implies that d@ > P,1; 4 since t;q € Z,hence

d P; .
—_—2—, 1<ighn.

Consequently

d n n P )
= ;= _=1,
;2: 4 2 25 !2

i=1 i=1

] - — 9%
Ipoya— 1

a contradiction.

The main content of the lemma is the lower bound in (2.1). The proof is by induction on n, holding

d fixed. It's true for all d in the base case n = 1, on taking 3(1,d) = di—l with @ = P, = 1.

The upper bound in (2.1) holds with equality for this case, .

Now suppose n = 2 and that the lower bound in (2.1) is true for all values smaller than n. Reorder

the o, so that &¢; 2 oy 2 -+ > ¢, > 0, and since Y o= % (using the upper bound in (2.1)

i=1



we have oy 2 ?1:1_ Let Al denote a lower bound for 8(#,d), which will be determined in the proof
nd . .

~ "
(by (2.11) below), and choose A; 4 = d + 1. Weset 3 o; =1 — pwith0 < p

i=l . n,d
- If there is some j < n such that

1
o + r+ oy >1 - Ay’
'F o

~ then by Lhe induction hypothesis there exists (Q.Py,....P) satisfying (1)—(3) for (otq, ... »07), and
on setting Pj.y = *+ = P, = 0 we obtain a solution to (1)-(3) for (cty, ... ,o,). Thus we need

~only consider the case that

Qe + o+ 02—, 1Sj<n-1, | (2.2)
A X Aj,d

holds. Now the ordering of the ot;’s gives
(R = J) Qa1 2 @jeq + Qjag + o O
which with (2.2} vields

Gy 2 £jsn-1, .
j+1 nAj,d o 1 J n . (2 3)

By Minkowski’s convex body theorem ([3], p. 71] there exists a nonzero lattice point in the open

‘symmetric convex.body K = K(Q,P,,...,P,)in R" defined by
| el <&, ' _ (2.42)
| (1 1 |
a;-—P,- <mnj-— o;, ————} , [z 2, ] 24
2 | < mi [d 22 (d + 1)} ! @40)

provided that Vol(K) > 2*, that is provided

= 1 - S
REmm {E ai’_"_“_2n2(d+l)]>l.' - | (2.5).

'Using the fact that o;; < 1/2 fori > 2 and (2.3) we obtain, for 7 2 2,



. 1 o; -1
min | —o; , > 2 .
[d 2n2(d + 1)] n*d+ 1) A’ + DAjya
Thus (2.5} is certainly satisfied whenever

n-1
R2n*3d + )" ] Aig . . (2.6)
S =1 ’ :

Take a nonzero solution (Q, P,,...,P,) in K, and observe that Q0 # 0 because Q=0 irﬁpl_ies by
(2.4b) that all P; = 0, a contradiction. We may suppose that @ > 0 since (-Q; - Py,..., — P,)

is also in K, and (2.4b) then shows that all P; 2 0 fori z 2. _

Now define P by
n
Py=Q~-3Y P,
A
- which makes (_'1) hold. We also have by (2.4b) that

(dQ + oy = dP; + o; + d(Qo; - P;)
' > dP; C 27

for 2 $i<pn which verifies (2) except for i=1. Next we show that P20 If

& = oy +H=1-3 athen

=2
Qéy - Py =Q[1“E'ai] - [Q— I
) } i=2 i=2
== Z (Qal' - Pl’)"_
i=2
Hence using &, > o 2—1—
; _g. 1 1 an’
id 1 1 .

Q& P T 10w - Pyl < 3 @.8)
=2

< a, .
S 2n2(d+1)  d+1 !
Thus P, is the nearest integer to Q &, hence P; > 0.

We claim that (2) and (3) will hold provided An;d and R are snitably chosen. To check (2) we need

only treat the case i = 1, by (2.7). We have, using (2.8) and (2.4a),



(@ + Doy = (dQ +1) & - (4@ + Dp
| = dP, + & + d(Q8; - P,) — (40 + 1)u
del +&1 - L&.i -(dR+1)|J.

d+1

1 . .
>a!P_1+?;~1-a1-(dR+l)

An,d ._
This shows that (2) holds provided that

R+ 1< —L 2.9)

= 2n(d+1). Bnd s

since &; 2 ﬁ Also the inequality (2.9) guarantees that (3) holds, since 1 < @ < R.
Thus to prove existence it suffices to choose A, 4 large enough that an R exists satisfying (2.6) and

(2.9). Now (2.9) holds if

1

TR S—
2n(d+1)2 ™

This condition will allow an R for which (2.6) holds to exist provided that

1 ' 3n=-13 n;-l st :
—_— A = d+1 LY 2.10
2n (d+1)2 ™ ? @+1) E i _ 210
Now the choice
. n=1 .
Apg = 2 (d+1)" T Ay, @I

i=1
~ for A,,,; makes (2710) heold for n 2 2 and this choice completes the induction step.
‘To complete the proof, we show that
 Bna S ((d+DP
queed (2.11) for n = 2 gives thé recursion_ |

. : a1 .
logA,; = 3nlogn + (n+1) log (d+1) + 3 log (A )

i=1

with Ayq = d+1. This recursion can be solved explicitly, yielding the fo_ﬂowihg inequalities (in which



' -10-

the logarithms are to base 2):

: n-1 . '
log Apg =3nlogn + 33 2" jlogi + (5:2"% - D log(d + 1)

i=2

<321 27(ilogi) + 52" 2log (d + 1)
' P22 .

<3201 % 27 §(i - 1) + 52" 2og(d + 1)
iz2 ) ‘

=32 + 5.2 2log(d + 1) < 2" log7(d + 1) . m

Hensley conjectured that the upper bound in (2.1) holds with equality for 4 = 1 and all », and we
extend this to 6onjequ1re that it holds for all » and 4. The proof showed the conjecture is true for

n=:1 qnd all d, and we have also verified it in the cases (n, d) = (2, ,1.), (3,1}, (2,2) and (2, 3).
Lemma22. If S is a lattice simplex in R* with k = #(dZ"~Int(S)) 2.1, and if (ao, . . . , t,) are

 the barycentric coordinates of an interior point w in dZ" then

8(n,dk) < a; <1 — n8(n, dk) .

Proof. Suppose not, so that soﬁne o; < 8(n, dk), which we rﬁay take to be op. Lemma 2.1 applies to
(g, ..., 0,) and the (Q, Py, ..., P,) it produces satisfies
(G@+Va; > jP;,, 1<i<n.
for 1 < j < kd. If v; are the vertices of S then
' n
Xm = {(mdQ + 1)w + m E dP;v;
i=1
for 0 £ m <k are distinct points in dZ” ~ Int(S), a contradiction. m
Theorem 1.1 for a lattice simplex $ follows from Lemma 2.1 and the following bound.

Lemma 2.3, .Suppase that S is a lattice simplex in R™ such thatk = #(dZ" nInt(S)) = L. Then

L

vol (S) <
n!

(k+ 1)d" 8(n, dk)™ .
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Froof: 'We adapt the proof of Theorem 3.4 in [5]. Let @ be an affine map that takes S to the

“standard simplex” S, with vertices 0, e;,...,e, in R*, Let A = @ (Z*), so that A is a (possibly

noninteger) lattice of determinant |det(®)|and S has volume vol (§) = % [det (@)},

i=1

. N ”
Suppose that y € dZ” nInt(S,) and set v = d(y) = 3. o; e;, where a; are barycentric

coordinates. The region R = {v + u:|u;] < a; for1 € i < n}is centrally symmetric about v, and

D(dZ™) = v + dA is a coset of the lattice dA. By van der Corpout’s theorem ([4], p. S1) R c‘ontains

A
at least the greatest integer strictly less then (IT «) d_l.. [det (P)|! distinct pairs of points v + u
Ci=t : .

n . : . ' . .
where u & dA is nonzero. Now let u = ¥ u;e; with |u;| < o; for all.i. Then at least one of

i=}
v+u e Ini(Sp) or v — u & Int(S,) if some ao; > 1/2 and both v + u are in Int(S,) otherwise.

Thus Lemma 2.2 yields
k = #(dZ" N Int(S)) = #((v + dA) N Int (Sy)) 2 :}; [ . oc,-] fdet(®)|™t -~ 1,
i=] .

2 d™" 8(n, kd)” ntvol(8)-1. [

To prove Theorem 1 for a general lattice polytope P we follow Hensley’s arguments exactly. As a

~ consequence of Lemma 2.2 one has:

Lemma 24. Let F be a lattice polytope in R* bf dimension n — 1. Let X, be a lattice point not in the
{(n — 1)-dimensional hyperplane containing F and let P be the conical lattice polytope which is the

convex hull of F and xq. Suppose k = #(dZ" n Int(P)) = 1. Ifxy,...,x, are the latfice vertices

of F then for any barycentric representation of y ¢ dZ" A nt(P)asy = T a;x; with all a; 2 0,

i=0 :

m
o; = 1, one has
i=0 ’ )

8(n,dk) S 0 < 1 = 8(n, dk) .
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Proof. See Hensley, Corollary 3_.2. =

The coefficient of asymmetry (K, x) of a convex body K about a point x is

: _ max{A:x + Ay € K}
oK. x) = Iyi2: max{A:x- Ay € K}

Using Lemma 2.4 one finds that the coefficient of asymmetry (P, y) of a lattice polytope P having

#(dZ" nInt(P)) = k> 1aboutanyy € dZ" n Int(P)) satisfies

1 - &(n, kd) '_

G(P! Y) S 8(’1’ kd)

(2.12)

Now we use the following extension of a theorem of Mahler (see [4], p. 52).

Theorem 2.5. If K is any convex body having k = #(dZ* n .In't(K))' 2 1, such that the coefficient of

1-3

5 then

asymmetry o(P, y) about somey € dZ™ n Int(K) satisfes a(P,y) <

Vol(K) k[%]' :

Proof. By réscaling coordinates by a factor of d we may suppose without loss of generality that 4 = 1,
and by a further '_ translation we may suppose that y = 0. We argue by contradiction. If
Vol(K) > k8", then ome can choose & > O small enough that K’ = (1 - &)K has
© Vol(K") > k8", Then put K” = (1 + 6)"'K’ = ~'K’, and Vol(K™) > k.’By.van der Corput’s
theorem ([4], p. 51) K" contains points x, yl,...,fi,+1 such that all y} ~-x € Z". Now

'--cl;x' e K” by definition of & = (K, 0) = 5(K”,0). By convexity

e K”,

(y_x)z.._l_._y+ g ..._]'..x
1+g ™ g

l1+c 1_+O' (o]

hence all y; — x € K'. Since K’ ¢ Int(K), there are & + 1 interior lattice points in K, a

contradiction. m
- We have now completed all the work for Theorem 1. In fact, applying Theorem 2.5 to (2.12) yields

Vol (P) < kd" 8(n, kd)™" ,
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and (1.1) follows using Lemma 2.1. If P is a lattice simplex Lemma 2.3 gives a slightly stronger bound

forn =z 2.

A thebrem of Blichfeldt ([2], [3] p. 69) asserts that any body P containing J lattice points spanning
R” has vol (P) > %‘- which yields J < n + ntvol (P), and (1.2) follows.

We give lower bounds for Vin, k,d} and J(n, k, d) by'extending'examples of Zaks, Perles and
Wills [10]. These involve the sequences ¢, 4 defined in Lemma 2.1.

Proposition 2.6. The lattice simplex S, 4 having vertices vo = 0, v; = t;4e; for 1 Sisn — 1,

andv, = (k + 1)(t,4—1)e, contains exactly k interior lattice points in dZ". Hence

k+1

- V(n, k d)y 2 —

n—1 ' ' . ‘ ’
[H f:d](f 4= 1) = k1 % (tra—1)% , (2.13)
and

T(rk,d) 2 (k41)(tpg — 1) .

This proposition gives the lower bounds stated in §1 using 1, 4 > (d+1)% forn 2 2.

Proof. We show that

i(Sp4) NdZ* = {(d,d,...,did):1<i<k}.

Let (ap, &1, ...,0,) denote the barycentric coordinates of a lattice pointw = ¥ o;v; € dZ" in

Li=0
Int(S,:4). Byinductononiforl <i<n -1 starting from { = 1 one shows that a; = d using
- : id
the relation
i d d | | "
—_——1 2.14
'-_-21 i tivig — 1 _ : B

: because necessarily o; = -;— forsomem = 1, and choosing m = 2 gives E o; > 1,3 contradlcuon
e d Jr=l

' K md . n
Next (2.14) allows only o, = with 1 £ m< k Since g = 1 — ;. one
h d *+ D{tpg - 1) e o z

checks that these barycentric coordinates actually yield the & lattice points in dZ” above. =
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It is possible that equality holds in (2.13) for all (n, k,d) # (2,1, 1). This is however an open
problem even for n = 2, Furthermore it is possible that the only lattice polytopes attaining equality in

(2.13) are lattice simplices unless (#, d) = @, 1),
3. Proof of Theorem 2.

. First consider the case that the polytope is a simplex S with vertices vb, Vi, ., ¥, € Z" Consider
. the lattice A s_panned by the basis vectors w; = v; — vg for 1 < i < n. Then A is a sublattice of Z*

and

det (A) = [Z": A] = nlvol(S) < nlV,

Let B be the integer matrix whose i® row is w;, so that |det (B)] = det (A). If Py is the

parailelepiped {y 'y= X yw;, 0y < 1} then S is contained in the translated parallelepiped
ot . B

vo + Py. Now there is a matrix U € GL(n, Z) takmg the basis matrix to the lowernln'angulaf form

(Hermite normal form):
: | 3.1

with 0 < a; < ay forj > dand all ag > 0 ([2}, p. 13). Now |det (B)| = f[ a; < niV, hence

im]
1 £ a; < nlV and the parallelepiped generated by the row vectors of UB is contained in the cube
Ix:0<x; s plV for 1 <4 s'n}. The mapx —» Ux € £, takes S o US, which is contajngd in

this paratlelepiped, and thus lies in a lattice cube of side at most n'v.

Now suppose that P is an arbitrary lattice polytope. Then By Theorém 3(b) it conﬁns a maximai
volume simplex § which is a lattice simplex. The._ argument above shows that thefe exists a
.. transformation U € GL(n, Z) such that x —> Ux maps S to a lattice simplex S, contained in a lattice

. cqbe Cof .side nlV, and maps Pioa lat:tice polytope‘P_l. Then $, is a maximal volume simplex in

Py, s0 by Theorem 3(a) P; is contained in the lattice simplex (~n)8; + (n + 1)s, where s is the
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centroid of Sy, and (n+ 1)se Z*. Consequently P, is contained in the lattice cube
(-n)C+ (n+ 1)sofsiden-nlV. m
4. Proof of Theorem 3.

-Let S be any maximal volume simplex in the bounded convex body K, and let vy, ..., v, be the

- vertices of S. By making a translation if necessary we may assume that the centroid of § is 0, ie.

itgs

vi = 0. Our object is then to show that K < (n+2) 8. Let H; be the hyperplane spanned by all

i
the vertices except v;, and Ict'd,- = dist (v;, H;). Define Hf, Hy to be the two hyperplanes parallel 1o
H, such that H} contains v; while HT is at distance d; from H; with H; separating H; from v;. We
claim that K is contained in the closed regibr_l R; between H} and Hy. For if y € K were outside this

regior_i, then the simplex spanned by y and_ all v; for j # i would have vglume bigger than Qol (8),a
con&adicﬁQn. Heﬁce K¢ ‘_50 R;. | |
We wiﬁ Sho.w that
_‘_50 Ri= (n+2)Sn (-8, - - (4_.'1)
which implies part (a) of the theorem. Since § has nonzero volume, all points in R” have unique
Barycenu'ic coordinates y = .ZH%)B,-V,- with %B,- = 1. The regionl R; is givén by the barycentric
i= i= : :

coordinates:
"'_ . " . .
Ri={y=XBv;:XB =1 and |[B]<1}.
j=0 j=0 o
. . _
This is clear since if y = 3, B;v;, then dist(y, H;) = |B;]d;. Hence
. j=0 ' '

AR =y =3 Bv: T =1 adall [g<1}. @2
= i=0 i=0 o o

Since ¥, v; = 0 by hypothesis,
i=0 : -
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(-mS=1{y=3Y a(-nv): T ;=1 andall a; 20}
j=0 j=0
={y=3XBv,:TBj=1 andall B, <1}, 4.3)
j=0 =0 .
where B; = — no; + 1. Similarly

(n+2)S={y"= Zn:aj(n+2)vj:iaj=_l andalla,ZO}

j=0 =0
= {y= )E‘,ijj:f:[ij=1 andalle,-a'—l'} _ @4
j=0 i=0

where B; = (n + 2)o; — 1. The equality (4.1) follows on comparing (4.2)(44).

To prove part (b), let P be a convex polytope having nonzero volume, and we wish to show that P '

- contains a maximal volume simplex whose vertiées are all vertices of P. Let 8" be a maximal volume
simplex contained in P, If it has é vertex w' not a vertex of P, consider the linear program of
maximizing the (oriented) distance of a point in P from the hyperplane spanned by the other n vertices
of §’. Some vertex w’; of P is an optimal point for this linear program, so we can replace w” by w’
o oBtain a new maximal volume simplex for P which has one fewer vertex not .a veriex of P. -

Continuing in this way, we eventually obtain a maximal volume simplex S all of whose vertices are

vertic,eS of P.

¥ Pisa lattice polytope this S is a lattice Simplex. If its vertices are vq,...,v, then
n . .
(n+1)s = ¥ v;e Z". Hence (-n)S+(@+1)s and (n+2)S—(n+1)s are latice
i=0 : .
simplices. =
Remarks. (1) If P is a lattice polytope having the maximum volume simplex § which is a lattice
simplex, then | .

| _50 R; = (1 +2)Sn(-n)8

) ’ . n n
is a lattice polytope. For (4.2) implies that its vertices are contained in the set {3 Bivi: ¥ B, =1
_ C - i=0 i=0 :

and all B; € {1, 0, —1}} of lattice points.
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- (2) The inclusion K < (—n)8 + (n + 1)s is sharp in the sense that if K < ¢,8 + (1 - ¢c,)s for
al Kand ¢, < Othenc, € — n Take K to be a simplex

S =conv(D,e;,...,e,) .

=.{xe R*:all x; 20 and Y x; <1}.

i=]

Thens = 1 sme ey 1 and for ¢, < 0 one has
n+1 n+1 :

o )
8= {xeR':allx; <0 and } x; > ¢,}
=1
* Hence

. ' : 1-¢, n
xS+ (I=-cy)s={xeR":all x; < cl and ¥ x; = il(n+c,,)}
) . i=l

To obtain e, in this region requires ¢, < ~ n.

(3) The inclusion K < (n + 2)$ ~ (n + 1)s is sharp in the sense that if K < ¢, + (1-c¢,)s
foral Kandc, > Othenc, 2 n + 2. Let -
K=conv {+e;:1<{<n}

be the #-dimensional cross-polytope. A maximum volume simplex S in K is given by

S

conv {—e;,e;, ey, e,1

{xeR*:x20,,%, 20,21+ ¥ x; 1} .

' =2

N 2 . . ' 1. 1
of volume P with centroid 8 = (0

?

PRI ). This holds because every lattice sunp ex in
K has this form after a suitable permutation of the coordinate axes, and after sending certain x; — — x;.

. Now suppose ¢, > Oissuchthat K < ¢, § — (¢, — 1)s. Computation yields

. . n o
S ={xe R x> 0,00,x, 20, 21, + ox; <¢,} .,
hence
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v

c,8-(c,~1)s = {xe R”: x,

. - | - 1-¢
For n 2 2 the condition —e, € ¢, S§ — (¢,—1) s requires -1 > ———

+1,Whichisc,, 2n+ 2
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