Abstract:

H. Terao has shown that the structure of the module of (rational) differential forms
with at most logarithmic poles at an arrangement of hyperplanes (as defined by
K. Saito) is very strongly controlled by the combinatorial structure of the arrangement.

In this paper we demonstrate how the existence of rational logarithmic forms with
poles of high order depends on the existence of highly degenerate (‘special position’)
subarrangements. The associated combinatorial structures are studied.

First a strong version of K. Saito’s “Preparation Lemma” for logarithmic forms leads to
a new, simple proof of Terao’s celebrated “Addition-Deletion Theorem” for hyperplane
arrangements with free module of logarithmic 1-forms (‘free arrangements’).

Then structural characterizations are developed in two extreme cases for the gener-
ation of the module of logarithmic differential 1-forms: this module has a triangular
basis iff the arrangement is supersolvable (strictly linearly fibered), and it is generated
by forms of degree —1 iff the arrangement is generic in codimension 3. Both condi-
tions on the geometry of the arrangement are combinatorial in a very strong sense
(determined by restricted data on the lattice of intersections of the hyperplanes.)
However, examples show that the cardinality and degree sequence of a minimal set
of generators for the module of logarithmic 1-forms are not in general determined by
this intersection lattice.
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1. Introduction

The module Q*(X) of forms with at most logarithmic poles (logarithmic forms) at a reduced
divisor X on a smooth complex manifold was introduced by K. Saito [Sal] in 1980. Since
then, H. Terao’s study of the module Der(X) of vector fields tangent to the divisor (which
is the dual module to Q!(X)) in the special case of a hyperplane arrangement X has
lead to a remarkable sequence of results [T1,T2,T3,JT,T5,T6], chiefly centering around
the question under what combinatorial conditions Der(X) is a free module. However, the
study of Q!(X), which is free whenever Der(X) is free, offers the considerable advantage
of both very geometric arguments studying the poles of forms in Q!(X), and the existence
of many nontrivial elements that can be written down coordinate free in terms of defining
equations [y of the hyperplanes H € X. This paper exploits this geometric point of view
to gain new insight into the structure of Q!(X).

Section 2 starts to define hyperplane arrangements and to describe the combinatorial
structures associated with it. Section 3 defines the module of logarithmic differential forms
at an arrangement, reviews basic properties and gives criteria for certain logarithmic forms
to form a basis. In Section 4 we briefly describe a category of hyperplane arrangements
which supports these structures, making the module of logarithmic forms into a covariant
functor. In Section 5, we prove the “Strong Preparation Lemma” for logarithmic 1-forms
and use it to give a new, simple proof of H. Terao’s Addition-Deletion Theorem, avoiding
the extensive commutative algebra arguments of [T1]. In Section 6 to 8 we study generators
for the module Q'(X) and their combinatorial description. The following two extreme
cases are characterized combinatorially: the case of free arrangements admitting a basis
for Q(X) that is upper triangular in suitable coordinates (Section 6), and the case where
Q1(X) is already generated by the “obvious” logarithmic forms of degree —1 (Section 7). In
Section 8 we finally develop a study of the minimal arrangements that support logarithmic
differential forms of given negative degrees, and these “critical arrangements” are used to
construct an example to show that in general the cardinality and degrees of a minimal set
of homogeneous generators for Q(X) is not determined by the combinatorial invariants
of the arrangement.



2. Combinatorial Invariants of an Arrangement

Hyperplane arrangements are mathematical objects arising in a large variety of geometric,
algebraic and (last, not least) combinatorial situations. For the theory of logarithmic
differential forms [Sal] they provide a sufficiently complex model for the behaviour localized
at a point of a divisor. The linearized case of a hyperplane arrangement has the additional
advantage of allowing generalization to an arbitrary field without technical difficulties [T6].

Definition 2.1:
Let V' be an n-dimensional vector space over an arbitrary field k. An arrangement in

V is a finite set X = {H,, ..., H,,} of linear hyperplanes (linear subspaces of dimension
n—1)in V. The order of X is | X| = m.

Note that the arrangements we consider are assumed to be central, that is, all hyperplanes
contain the origin of V.

Definition 2.2:
Let X be an arrangement of hyperplanes in V. = k™. For H € X, let lgy € V* be
a linear form with kernel H, i.e., H = {x € V :ly(x) = 0}. Every ly is well-defined
up to a constant non-zero factor. We call Q = llgcxly a defining polynomial for
X. If we choose a basis {z1,...,x,} of V*, then Q is a homogeneous polynomial in
S =k[z1,...,x,] of degree m, well-determined by X up to a constant factor.

In the following we will study how and to what extent the “algebraic structure” of an
arrangement (specifically, the module of logarithmic differential forms) at the arrangement
is determined or encoded by the “combinatorial structure” of an arrangement (as encoded
by the intersection lattice, given by the following definition.)

Definition 2.3: [Za]
Let X be an arrangement in V. The intersection lattice of X is

L:sz{ﬂ H;YgX},
HeY

the collection of intersections of hyperplanes in X. L is ordered by reverse inclusion,
that is, Wy < Wy <= Wi D Ws. The rank of X is

r(X) =r(L) = codimy (] X).

The relevance and importance of the intersection lattice to the combinatorial structure
of hyperplane arrangements was first realized and exploited by T. Zaslavsky [Za], who
developed an enumeration theory for hyperplane arrangements in this framework. The
reason for ordering by reverse inclusion is combinatorial, and follows from the following
theorem.



Theorem 2.4:
Let X be an arrangement of hyperplanes, and L its lattice of flats.
(a) L is a geometric lattice, with minimal element 0 = V and maximal element
1= () X. Its rank function is given by

r(W) = codimy (W) = dim(V') — dim(W).
The lattice operations in L are
WNVW =Wnw,

WAW' =({HeX: HOWUW'}.

(b) L is the lattice of flats for the linear matroid {ly : H € X} represented in V*.
The corresponding abstract matroid will be denoted by M(X).

Definition 2.5:
An arrangement X in V = k" is essential if r(L) = n, that is, if ()X = {0}. For an
arrangement X in V', the associated essential arrangement is the arrangement X/ (| X
={H/(W\X:HeX}inV/NX.

For the algebraic scenario as well as for induction proofs (starting with the “empty arrange-
ment”) and other constructions it is not natural to always assume that the arrangement
considered is essential, and therefore we will not do it.

The “associated essential arrangement” can be described as a “localization” by the
following definition, which demonstrates how basic matroid constructions translate into
constructions of hyperplane arrangements.

Definition 2.6:

(a) Restriction to a hyperplane
Let X be an arrangement, H a hyperplane. The restriction of X to H is the arrange-
ment X o {KNH:KeX—-{H}}. M(X‘H) is the contraction of M(X U {H})

by H. The intersection lattice ofX‘H is the interval (segment) [H;1] of Lxugmy-

(b) Restriction
Generalizing (a), let X be an arrangement in V, W an arbitrary subspace of V,
of dimension dim(W) = k. Then the restriction of X to W is the arrangement

X‘ ={KNW:KeX K2W}inW. If W is a flat in Lx, then the intersection

w

lattice ofX‘ is the interval [W;1] of Lx. If X is essential and W is generic in the
w

sense that W contains no flat U € Lx except for 1 = {0}, then the intersection lattice
of X

is the k-truncation of Lx:
w

Ly, = LY = {U e Lx : 1(U) < kYU {i}.
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(We put L = Ly ifk > r(Lx).)

(c) Localization
Let X be an arrangement, W € L a flat of V. The localization of X at W is the
arrangement X/W = {H/W : H € X,H D W} in the quotient space V/W. This
arrangement is the essential arrangement associated to the subarrangement X"V =
{He X:HDW} of X in V. Its intersection lattice is the interval [0, W] of Lx.
M(X/W) is the matroid restriction of M(X) to the flat W.

(d) Sum
Let X be an arrangement in V', X' and arrangement in V'. Then the (direct) sum of
X and X' is the arrangement

XxX ={HoV' :HecX}U{VaoH :H c X'}

in V@V’ The arrangement X x X’ has order | X x X'| = |X|+ |X'|. Its intersection
lattice is the product Lxxx = Lx X Lx,. M(X x X') is the matroid sum of M(X)
and M(X').
(e) Irreducibility

An arrangement X in V is reducible if it is isomorphic to a direct sum Xy x X1, where
X; (i = 0,1) are nontrivial arrangements in V;, that is, dimV; > 1. Otherwise X is
irreducible. Every irreducible arrangement X is essential. An essential arrangement
is reducible if and only if its lattice is a (nontrivial) product.

We will now introduce two important classes of examples.

Supersolvable arrangements can be defined by combinatorial or by geometric condi-
tions. They are an important class of highly structured arrangements: they are relatively
easy to construct, and will play a central role in the algebraic investigations of Section 6.

The supersolvable arrangements will be contrasted to generic (more precisely, 3-
generic) arrangements, which in some sense represent the arrangements with the “least
possible structure.”

Definition 2.7: [Stl, St2]
Let L be a finite geometric lattice of rank r(L) = r. An element m € L is called
modular if r(mAm')+r(mVm') = r(m)+r(m') for every m" € L. (m € L is modular
if and only if its complements form an antichain [St1]. This is the case exactly if all
complements of m have the same rank r — r(m).)
L is supersolvable if it has a maximal chain 0=mog<myi<...<m, =1 of modular
elements, (called an M-chain of L).

We need some combinatorial facts about supersolvable geometric lattices.

Theorem 2.8: [St2]
Let L be a supersolvable geometric lattice of rank r, and0=mog<mg <...<m,=1
an M-chain in L.



Forl1 <i<r, let € be the number of atoms of L that lie below m; but not below
m;—1, such that 375, is the number of atoms of L in [0;m;]. Thene; =1, 3 e
is the number of atoms of L, and

o (8) = TT(t—es).

=1

In particular the multiset {e1,...,e,} does not depend on the choice of an M-chain
for L.

Definition 2.9:
An arrangement X is supersolvable iff its intersection lattice L is a supersolvable
lattice. The integers ey, e, ..., e, are called the (generalized) exponents of X. An M-

chain for a supersolvable arrangement in kK™ is a maximal flag extending an M -chain
in L.

Supersolvable arrangements have first been considered by [St3] and [JT] in the context of
free arrangements which we will develop in Section 3. Their combinatorics was studied in
some detail in [BEZ, Section 4].

The following result, generalizing [JT, Theorem 5.4] to arrangements of arbitrary
dimension, was developed in [BEZ] (there formulated for arrangements in R") and inde-
pendently by [Te8, Cor. 2.7] for complex arrangements. However, the proof from [BEZ] is
independent of the field:

Theorem 2.10: [BEZ]
Every arrangement X of rank r < 2 is supersolvable. An arrangement X of rank
r > 3 is supersolvable if and only if it can be written as a disjoint union X = XU X7,

where X is a supersolvable arrangement of rank r — 1, and X # () is such that for
H' H" € X1 (H' # H"), H "H" C H for some H € Xj.

For generic arrangements, we will use the following versions:

Definition 2.11:
An arrangement X in V = K" is generic if for any subarrangement Y C X of size
at most n, the intersection of the hyperplanes in Y has maximal codimension, that
is, codim((Y) = |Y|. The arrangement X is k-generic (k < n) if this holds for all
subarrangements Y C X of size at most k.

Equivalently, X is k-generic (for 2 < k < n + 1) if every circuit of the associated matroid
M (X) has size at least k+1. X is generic if it is n-generic. In particular, every arrangement
is 2-generic.

Thus an essential arrangement is generic if its intersection lattice is a truncated
boolean algebra Bl Tt is k-generic if the k-truncation LK = (X eL:r(X)<k}u{i}
of its intersection lattice is isomorphic to the truncated boolean algebra B,
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Definition 2.12:
A property or invariant of arrangements is called combinatorial if it can be decided
(computed) from only the intersection lattice together with the dimension n. It is
called 3-combinatorial if it can be determined from L®! together with r and n.

For example, the number of hyperplanes (= number of atoms of L), being essential, ir-
reducibility, and the rank r(X) = r(L) of an arrangement are 3-combinatorial, as is the
property of being 3-generic.

The property of being generic is combinatorial, but not 3-combinatorial. In the same
way, the property of having a modular flat of rank r(X) — 1 (modular coatom of L) is
combinatorial, but not 3-combinatorial. However, we have:

Theorem 2.13: [BZ, Corollary 2.8]
Supersolvability is a 3-combinatorial property.

The following sections will treat the combinatoriality of some algebraic invariants and
constructions. It is quite surprising how rich a structure can be constructed from the mere
knowledge of the intersection lattice of an arrangement.

Obviously, we cannot compute n from the intersection lattice, except for knowing
n > r(L). We have included n into Definition 2.12 because its knowledge is (in a rather
superficial way) necessary to check or compute certain invariants. For many cases, it is
possible and convenient to assume n = r(L), only considering the essential arrangement
associated to X.



3. Logarithmic Forms at an Arrangement

In this section, we develop basics of the theory of free hyperplane arrangements initiated
by K. Saito [Sal] and H. Terao [T1]. For this, the algebra Q*(X) of forms with at most
logarithmic poles at an arrangement X will be defined. An arrangement X is called free
if Q1(X) is a free S-module. The degrees of homogeneous basis elements are called the
exponents of a free arrangement X.

The algebra Q*(X) is a natural setting to develop both Saito’s basis criteria and
Solomon-Terao’s proof [ST] that exponents are combinatorial.

We will not give proofs for most of the elementary facts in this Section. Simple proofs
for most of them can, e.g., be dualized from the arguments in [ST], see [Z1].

Definition 3.1:
Let X be an arrangement in V. = k™, and {x1,...,z,} a basis for V*. Let S =
k[x1,...,2z,] be the ring of polynomial functions on V, and S’ = k(x1,...,x,) the
ring of rational functions, its field of fractions.
The S-module of (algebraic) derivations (vector fields) on V' is

Der(V)={6= Zpla% :p; €S for1 <i<n},
i=1 i

with the obvious S-module structure. Similarly, with dx; denoting dz;, A ... A dx;,
for I = {i1,...,is}< (and dxy =1 for I = (), the S-module of algebraic s-forms on
Vior0<s<nis

So(V)={w= > wdz;:w’ € S for I C [n]}.
|I|=s

In the same way, we denote the S-module of rational s-forms by

Qf‘at(v) = S/ ®s QZlg(V)

={w= Y wldz;:w' €8 for I C[n]}.
|[Il=s

The corresponding algebras of algebraic respectively rational forms will be denoted
by
atg(V) = @ Q%5;,(V)
s>0

and

Q;at (V) = @ Qiat (V)7
s>0

where 2, (V) = Q7 (V) =0 for all s > n.

rat

These modules are certainly familiar objects. We will often treat them as graded modules,
in the following canonical way.



Putting deg(z;) = 1 for all i, we get S = @5, 5k (with Sp =k, S1 = V*) as
a standard graded algebra. Similarily, we define the degree for homogeneous rational
functions by

S};:{gIfESll,QESl2,l1—l2:]€}.

(Note that this does not make S’ into a graded S-module: there is a strict inclusion

@kez S]/C C S)
Now let deg(a%i) = 0” for all 4, that is,

Der®(V) = {Q—Zpl pZESkf0r1<z<n}

to make Der(V) = @D, Der*(V) into a graded S-module.
Similarily, we define “deg(dx;) = 07", thus

Qi (V) = {w = mz_ wlder ! € Si),

for k > 0, such that 3, (V) = @Dy Qzll;( ); and

QL(V)={w= Y wdr;:w' €8},
|I|=s

for k € Z, thus 25, (V) D @50 Ui (V).

Definition and Lemma 3.2: [M, p. 281]
Let M be an S-module. The rank of M is

rk(M) = dimg (S’ ®s M),

where S’ is the quotient field of S, and dimg: denotes vector space dimension.
Equivalently, rk(M) is the maximal size of a set of elements of M that are independent
over S, or the size of every maximal independent subset of M.

Observe that Der(V) and Q;, (V) (s > 0) are free S-modules of rank n: {8%1, ce %
is a basis for the S-module Der(V'), and {dzy,...,dz,} is a basis both of the S-module
Q(lllg(V) and the S’-module (vector space) Q! ,(V). However, Q! (V) as an S-module
is mot free — it has rank n, but it is not finitely generated, as S’ contains homogeneous
rational functions of arbitrarily small negative degree.

In the obvious way, bases for the module of 1-forms induce bases for the corresponding
module of s-forms (s > 0).

The following definition (due to [Sal], [Sa2]) provides the central objects of study for

the following;:



Definition 3.3:
Let X be an arrangement in V' = k" with a defining equation (). Then

(i) Der(X) = {9 € Der(V) : Q’H(Q)}
- {9 € Der(V) : zH(e(zH) for all H € X}

is the S-module of logarithmic vector fields at X.

rat alg alg

(i) 0% (X) :{w e (V): Que Qs (V),Qdw € QS+1(V)}

:{% Tw € Qilg(V);lH dlg ANw for all H € X}

is the S-module of logarithmic differential s-forms at X (s-forms with at most
logarithmic pole at X).

Of course this definition requires some checking. First, we see that the two definitions
given in both cases are actually equivalent. For this, we compute

0l .
0Q)=0 1] lu= > 0(u) I Ixk= QZZ—H for (i)
HeX Hex KeX—{H} H
and p .
Qdizdw——Q/\w:dw— S Aw  for (i),
Q Q Hex la

Second, we have to check that the sets Der(X) and Q°(X) actually are S-modules, which
is easy.

dl
The names for these modules come from the fact that Z_H = “dlogly” (for any

H € X) in some sense is a “typical” generator of Q(X). Note tlfla,t Q%(X)=S8.

From the definition, we get that Der(X) = (\ycx Der({H}). For a proper sub-
arrangement X’ C X, we observe that (with strict inclusions) Der(X) C Der(X’) and
Q°(X') € Q°(X) for 1 < s < n: the inclusions are clear, and their strictness follows from

'52- € Der(X) — Der(X'), and 9 € QM X) — QY(X') for H € X — X'.

Definition 3.4: l
w € Q°(X) has a pole at H € X ifw ¢ EHQS (X), that is, ifw & Q%(X — {H}).

alg

The support of w € Q°(X) is the set of hyperplanes in X at which w has poles, that
is,

supp(w) = {H € X: %w ¢ Qleg(X)}

={Y S X : Qvw e Ql, (X))}
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Lemma 3.5: [Sal]
We have the following inclusions of S-modules:

(i) Q Der(V) C Der(X) C Der(V)
(ii) é S (V) 22°(X) 205, (V) (0<s<n).

alg
where our notation means QDer(V) = {Q60 : 0 € Der(V)}, etc.

These inclusions make Der(X) and Q°(X) into graded S-modules
Der(X) =@ Der®(X)
k>0

08(X) = @ 2°4(X)
kel

where
Der®(X) = Der® (V) N Der(X)

S 1 S
D) = S,

= Q55 (V) N (X).

rat

(V) ne*(X)

Der(V) is the module of polynomial vector fields that at every hyperplane are tangent to
the hyperplane. This description also gives certain geometric intuition for Q!(X), with the
following (Lemma and) Theorem:

Lemma 3.6: (“Preparation Lemma”) [Sal, (1.1)]
Let w € Q,.41(V). Then w € Q°(X) if and only if for every H € X, w can be written
as

w= dl—H Awl +wd
L
. Q 0 s Q 1 s—1 . . 0 1 :
with T € Qg,(V), Y € Q;,, (V), in particular such that w”,w" are rational
H
forms without a pole at H.
Equivalently,
QS(X):{%:weQZlg, szoforallHeX}.
Proof.
For w = z_H Awt 4+ WP, we have dlg A Qw = dlg A Qw® = lgdlg A ZQMO, and thus
H H

lg|dlg A Quw. This (for every H € X) implies w € Q*(X).
Conversely, let “ e 2%(X), and H € X. Introducing suitable coordinates x1,...,x,

in V*, we have [l = x1. Now we decompose

w=dz; A Y ¢daxr+ Y rlday,
[Il=s—1 [Il=s

11



where the sums are over index sets I C {2,3,...,n}, and ¢/,7f € S for all I. Hence

the desired decomposition follows from x ‘dml Aw, i.e., x1 ‘rl for all I, putting w' =

L I 0o_ 1 I
- q dr; and w” = — rodxy. [
2,2 Py
|[I|=s—1 |I|l=s
This Lemma is useful because it allows to treat 2°(X) as a module of algebraic forms,
isomorphic to QQ*(X) C Q% (V) (with a shift in the grading).

alg

Theorem 3.7: [Sal, (1.5,6)]
(a) The natural inner product of S-modules

i: Der(X)x QY(X)— S

w w(0)
(6; Q) — 0
is well-defined and nondegenerate. Hence Der(X) and Q'(X) are reflexive modules
of rank n, and Der(X) is free if and only if Q*(X) is free.
(b) For 6 € Der(X) and s > 0, the interior product induces an S-module homomorphism

QS,k(X) N Qs—l,k—i—l(X)
w— lpw.

(c) Der(X) and Q'(X) are noetherian.
(d) Q*(X) is closed under wedge product.
(e) 2*(X) is closed under exterior differentiation.

Now we define “free” arrangements — an interesting class of arrangements that will be
our object of study for the following. However, we wish to warn the reader in advance that
the terminology is very misleading: free arrangements are going to be very far from being
generic. In the contrary, they turn out to be a class of highly structured arrangements,
for which Coxeter arrangements [Sa2] and supersolvable arrangements (Corollary 6.7) are
prime examples.

Definition 3.8: [T1, p. 295] [T6, Definition 2]
Let X be an arrangement in V' = k™. Then X is called free if Der(X) is a free
S-module.

By Theorem 3.7(a) we know that also X is free if and only if Q!(X) is free. Thus one
can use whatever definition seems more natural or practical for the particular situation
considered. However, it seems to us that the special geometric and combinatorial properties
of the logarithmic forms make it more promising to develop intuition for Q'(X) than for
Der(X).

Main purpose of the rest of this section will be to develop criteria to decide freeness
of arrangements and to apply them to several classes of arrangements considered before.
First, the empty arrangement is always free, with Q = 1 in the proof of Theorem 3.7(a).
Second, we get the following corollary:

12



Corollary 3.9: [Sal, (1.7)]
If n <2, then X is free.

Proof.
Over a ring S of homological dimension at most 2, every reflexive module M is free
by routine homological algebra arguments. a
Lemma 3.10:
1 dri N ... Ndz
() = 0, (V) = {p ™ e s

hence Q" (X) is a free module of rank 1.

Note that Q!(X) has rank n by Theorem 3.7(a), thus if it is free, then every basis has size
n.

Proposition 3.11: (“Determinant Criterion”) [Sal, (1.8)]
The logarithmic forms wy = é doqjdxj, .. wy = é 3 gnjdx; € QY(X) form a basis
iffwg Ao Aw, = c%dxl A...Ndzy, that is, iff det(q;;) = cQ for some ¢ € k*.

If Q1(X) is free with basis wi,ws,...,wy, then for 1 < p < n, QP(X) is free with basis
{wil Ao Awi, 1 1< <0<y < n} In fact, we have more generally:

Theorem 3.12: (“Algebraic freeness criterion”) [Sal][ST, (3.4)][Z1, 3.2.9]
For every arrangement X in V =2 k", the following are equivalent:
(i) Der(X) is a free S-module  (that is, X is free)
(ii) QY(X) is free
(iii) Q" 1(X) = A" 1QY(X) (QY(X) generates Q"1 (X))
(iv) Q"(X) = A"QY(X) (Q1(X) generates Q" (X))
(v) Q*(X) = A*QY(X)
(vi) Q*(X) is free.

The constructions of Definition 2.6 now produce further examples of free arrangements.

Theorem 3.13:
(a) Let X7 be an arrangement in V;, and X9 an arrangement in V. Then
(i) Q" (X1 x Xo) =2 Q*(X1) A Q*(Xy).
(ii) X1 x Xy is free if and only if X, and X5 are both free.
(iii) An arrangement X in V' is free if and only if the associated essential arrangement
X/ NX is free.
(b) Any localization of a free arrangement is again free.

Proof.
Part (a) is dualized from [ST, Proposition (5.8)], see [Z1, Theorem 3.2.10]. Part (b)
is in [T2], see also [Z1, Theorem 3.8.3]. [
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It has been conjectured (“Orlik’s Conjecture”, [T4, Problem 2]) that also every restriction
of a free arrangement to one of its hyperplanes is again free. There is some evidence for
this, but no proof so far.

Now we introduce certain integer sequences that come from the grading on modules
such as Der(X) and Q(X).

Lemma 3.14:
Let M be a graded S-module that is free of rank n. Then M has a homogeneous
basis. The degrees of basis elements do not depend on the particular basis chosen (up
to permutation).

Proof.

This most easily seen from Lemma 3.18 below. The second claim can also be seen
€4

from the Poincaré series of the module M, which is — if M has a homogeneous

(1—x)

basis with degrees e;. d

Definition 3.15:
Let X be a free arrangement of hyperplanes, and let {61,...,0,} be a homogenous
basis for Der(X). The degrees e; = deg(0;) are called the exponents of X. We write
exp(X) = [e1, ..., e, for the multiset of exponents, usually assuming e; < ... < e,.

Lemma 3.16:
(i) Let X be free with exp(X) = [e1,e2,...,e,]. Then Y ., e; = m.
(ii) If {61,...,0,} is a homogeneous basis of Der(X) with deg(6;) =
the dual basis {w1, ..., w,} of QY (X) satisfies deg(w;) = —e;(1 < i < n).

Proof.
This follows from the basis criterion Proposition 3.11, together with the fact that the
coefficient matrices of dual bases are inverse matrices. []

The exponents will turn out to be combinatorial invariants of X, if X is free, with Theorem
3.20.

However, exponents are invariants that we can define in this form only for the (very
special) case of free arrangements. Therefore, we first develop some theory about the degree
sequence of an arrangement, which is an integer sequence defined for every arrangement
that allows to decide freeness and reduces to the sequence of exponents in the case of free
arrangements.

One notion of a degree sequence of an arrangement was defined (but hardly studied
or used) by Terao in [T1] for the module Der(X). However, we find it more rewarding
and convenient to study the degree sequence for Q!(X) here, which does not have a direct
relation to that of Der(X). Hence we start with a slightly more general definition:

Definition 3.17:
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Let M be a noetherian graded module of rank n over S. A sequence (my, ma,...) of
homogeneous elements of M is a generator sequence if for all i,

deg(m;) = min{deg(m) : m € M homogeneous and m & Smy + ...+ Sm;_1}.

The degree sequence of M is the nondecreasing sequence of integers [deg(m;), deg(mz),
...] given by a mazimal generator sequence (my, ma,...) in M.

We will show in Corollary 3.19 that this “degree sequence” is well-defined, i.e., independent
of the choice of a maximal generator sequence.

Lemma 3.18:
Let M be as above. A multiset {m1, mao, ...} of homogeneous elements of M is con-
tained in a generator sequence iff its image in M /S M is linearly independent (over
k =S5/5;) ink®gM = M/S{M, where S; = @,,., Sk is the irrelevant ideal of S
(polynomials without constant term).

Proof.
This follows from the fact that the image of a homogeneous element of M vanishes
in M/S, M iff it can be written as Yp;m; for some p; € S;,m; € M: by definition,
every maximal generator sequence generates M.
For k@gM = M/S+ M we refer to [AM, p. 31]. [

Corollary 3.19:

(i) The degree sequence for M does not depend on the choice of the maximal generator
sequence of M, and is finite.

(ii) The degree sequence [k, ks, ..., k] has length | = dimyk®gM > n. M is free if and
only if | = n.

Proof.

(i) The sequence is finite because M is noetherian. A generator sequence can naturally
be identified with a homogeneous basis of k&g M.

(ii) By Lemma 3.17, dimxk ®s M is the size of any minimal set of generators, hence
| =dimk®gM. Now M has rank n, thus [ > n. If M is free, a basis of M induces a
basis of k@ M, hence | = n. Conversely, if [ = n then M is generated by n elements.
Since k(M) = n, the elements then cannot have linear relations, hence they form a

basis for M. []
Theorem 3.20: [T2]
Let X be a free arrangement of rank n with exp(X) = [e1,...,e,]|. Then the inter-

n
section lattice of X has characteristic polynomial x(t) = [[ (¢t — e;). Thus exponents
i=1
are combinatorial.
The original proof of the remarkable Theorem 3.20 was very involved and difficult. A
new and easier approach was recently taken by [ST]. Their main result, dualized to fit
the framework of logarithmic forms, is the following Theorem. Its part (a) follows from a

simple computation, part (b), which clearly implies Theorem 3.20, is non-trivial.
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Theorem 3.21:
Let X be an arrangement in V = k™. The Poincaré series of Q*(X) is (with nonzero
terms in the summation only for k > —m, 0 < s <n)

Poin(Q*(X); z,y) = >3 dimQ** (X)z"y°.
k s
The V-function of X is

U(X;z,t) = 2™ Poin(Q*(X);x,t(1 —x) — 1)
(a) If X is free with exp(X) = [e1, ..., e,], then

n 1 —e;
Poin(Q(X);,y) = [ [ ———
=1

)

1—z

and
n

V(Xz,t)=[[(t=(1+a+.. +2%7)

(b) For every arrangement X :
(i) U(X;z,t) is a polynomial
(i) x() = W(X;1,2).
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Example 3.22:
For a simple nontrivial example, let X be the generic arrangement of m = 4 planes
in R3, defined, say, by Q = x1zox3(z1 + 22 + x3). We use Iy = x1 + x2 + x3 as an
abbreviation.
Then Q!(X) is generated by

dzy dxs dzs dly
and —

) ) l )
Ty T2 T3 4

as we will see with Corollary 7.5, and the degree sequence of Q'(X) is [-1,—1,—1

—1]. A single relation corresponds to Iy = l1 + l2 + I3, which allows to compute

Y Y

: 4/x —1
POIH(Ql(X);CE') = m
Trivially, we get
. 1
PO]H(QO(X);l‘) = m
and by Lemma 3.10,
. 1/z4
Poin(Q3(X); z) = (11—@3

The hard part is to find the generators (and relations) for Q2(z). Straightforward but
tiresome calculations yield

Poin(Q2(X): z) = (1_;@3 (i 43 1) ,

thus
o 1 4 1o, 1
Poin(§2"(X); 2, y) = m(“r(g Dy + (5 + 5 v+ 3v°)

and we get

U(X;x,t) =2 F(z;t(x — 1) — 1)
=t3 + (x+1)(x — 3)t* — (2® — 4o — 3)t — (2 + 1)

which correctly (cf. Theorem 3.20) reduces to
x(t) = U(X;1,t) =t> — 4% + 6t — 3.

Detailed computations and more examples are recorded in [Z1].
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4. Category of Hyperplane Arrangements

We will now describe a categorial framework in which hyperplane arrangements and the
modules of logarithmic forms on them can be treated. We apply it to the study of restriction
maps.

The intuition for the choice of a proper category to support the algebraic theory of
hyperplane arrangements comes from several directions. We will here work parallel to a
development of the category of matroids and strong maps [CR, Ch. 9], [K], and at the
same time derive an algebraic treatment as it can be extracted and specialized from, e.g.,
Shafarevich’s discussion of divisors and differential forms [Sh, Ch. III].

Definition 4.1:
The category A of arrangements (over k) has as objects all arrangements over k, that
is, all pairs (X;Vx) where X is an arrangement in the k-vector space V.
A map
(X3 Vx) — (Y3 Vy)

is a linear map

¢:Vy—>VX

such that for H € X, ¢~1(H) € Vy. Thus a map ® yields an application

(P() X —Y
H v+ ¢~ '(H).

We call ® injective (surjective) if ®q is injective (surjective). By abuse of notation,
we denote maps by ¢ : X — Y.

It is easy to check that this definition actually yields a category, in particular that the com-
position of two maps always is a map. Note that Definition 4.1 contains a non-degeneracy
condition: if ® : X — Y is a map then ¢(Vy) is not contained in a hyperplane of X.
Thus, if k is a finite field and X,, is the arrangement of all hyperplanes in V = k™, then
there is no map from X,, to X for n > k. This cannot happen over infinite fields.

Proposition 4.2:

(1) IfY is a subarrangement of X in V', then the inclusion Y — X is a map in A, induced
by the identity map ¢ : V — V.

(2) Let (X;V) be an arrangement and H a hyperplane in V, H ¢ X. Then A contains
the restriction ® : (X;V) — (X o H) to the hyperplane H induced by H — X.

(3) The empty arrangement ((); {0}) ink® = {0} has a unique map into every arrangement:
it is the initial object of A. However, A has no terminal object.

(4) Sums exist: for (X;Vx) and (Y; Vy), the sum is given as (X xY; Vx & Vy), as defined
in Definition 2.6(d). We get a commutative diagram (with the obvious maps):
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®;{0}) — (X;Vx)
{ {
(Y;Vy) — (X XY, Vx @Vy)

(5) Let X be an arrangement in V, defined by Q = [[;-, l;. Then there is a surjection
®: Xp —s X,

unique up to automorphism of X, from the arrangement X of coordinate hyper-
planes in Vp = k™ to X, defined by

¢ VvV — VF
X — (11(x), ..oy L (X))

(6) Let (X;Vx) be an arrangement, V3 a vector space, and ¢ : Vy — Vx a linear map
whose image ¢(Vy') is not contained in a hyperplane of X. Then the image (of X via
¢) is the arrangement ¢*X =Y in Vy defined as the set

{¢o7'(H): He X}.

Note that ¢ (H) = ker(¢ oly), where gy o ¢ # 0 (and ¢~1(H) is a hyperplane in
Wy ) iff (Vy) € H. ¢*(X) is the smallest arrangement in Vy such that ¢ induces a
map ¢ : X — ¢*(X).

(7) If ¢ is an injective map, then ¢*X is the restriction of X to ¢(Vy ). In this case we
call ® : X — ¢*(X) a restriction. (This generalizes (2), where ¢ is the inclusion of
H = Vy into VX )

Thus amap ® : X — Y is a restriction if and only if it is surjective and the associated
¢ : Vy — Vx is injective.

(8) Given ¢ : Vy — Vx, every polynomial function p on Vx can be pulled back to the
polynomial ¢*(p) :=po ¢ on Vy. (Thus for an arrangement X in Vx, ¢*(Q) = Qo ¢
defines a multiarrangement ¢* X, whose simplification is ¢* X, cf. [Z2])
®: X — Y is an injection (that is, ®q is injective) iff Qx o ¢ is squarefree, that is,
iff $*(Qx) = Qx o ¢ divides Qy.

Proof.
Trivial. After all, this is category theory. a

Factorization Theorem 4.3:
Every map ® : X — Y in A can be factored into an injection followed by a restriction.

Proof.
Factor ¢ : Vy — Vx as

b =1oi:Vy—sV,~5Vx,
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where V) C Vx such that Vx = ¢(Vy) @ Vo, Vz = Vy @ Vp, i@ is the injection ¢ : y —
(y;0) and v the surjection ¢ : (y;x) — ¢(y) + x.
Let Z be the set-union of the image of X via ¢ and the sum of Y with the empty
arrangement in Vp,

Z=¢"(X)U (Y x0).

Then for H € X,¢ " '(H) € ¢*(X) C Z, hence ¢ induces a map ¥ : X — Z
of arrangements. Since 1) is surjective, ¥ is an injection. For H &V, € Y x 0,
i H® Vo) =H €Y. For v Y H) € v*(X),i Y(v~YH)) = ¢~(H) € Y. Thus i
inducesamap [ : Z — Y.

I is surjective because [ ’ is surjective, and i is injective. Thus, by 4.2(7), I is a
Y x

restriction. [

This Factorization Theorem is the analogue of the Higgs Factorization Theorem [CR;
p. 9.41] [W] [K; p. 233] of matroid theory for our category of represented matroids (that
is, hyperplane arrangements, via Theorem 2.4(b)) defined in 4.1. We feel that the proof
becomes easier and more geometric in the represented setting. In the following we will
construct a functor Q*(-) from the category of hyperplane arrangements over k to the
category of k-vectorspaces. Note that for arrangements X and Y in different dimensions,
Q*(X) and Q*(Y') are modules over different polynomial rings — hence we cannot expect
to get module homomorphisms from maps of hyperplane arrangements. Here the proper
formulation would require a sheaf-theoretic setting. Since we will have no use for this, the
following elementary formulation will do:

Theorem 4.4:
Every map ® : X — Y induces a k-linear map

PF (X)) — QF(Y)
wr— ¢*(w) = wo ¢.

With this Q*(-) becomes a covariant functor from the category of hyperplane arrange-
ments over k to the category of k-vector spaces and linear maps or, more specifically,
to the category of differential graded k-algebras. This induces a contravariant functor
H*Q*(+) from A to the category of finite dimensional k-algebras.

Proof.
By Factorization Theorem 4.3, it is sufficient to show that ¢*(w) is logarithmic in the
cases of injections and restrictions. Functoriality is clear.

(1) Let I : X — Y be an injection, and i : V- — Vx the associated linear map.
If Qx and Qy are defining equations, then we know i*(Qx)|Qy by 4.2(8).
Now Qxw is algebraic for w € Q*(X), thus i*(Qxw) is algebraic. Similarly, from
@ x dw algebraic we get that i*(Qxdw) = i*(Qx)i*(dw) divides Qyd(i*w) and thus is
algebraic. Thus i*w € Q*(Y).
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(2) It suffices to check the case where X is an arrangement in V and H C V is a hyperplane
not in X.
For this let Hy,..., H, € X(k > 2) such that

HinH=...=HNHeX| . Y={H, . H}CX

and Z =X —Y. Weassume KN H # H; N H for K € Z, that is, that Y was chosen
maximal. Choose defining equations Qx,Qy,Qz such that Qx = QyQz. Now for
w € A (X) we get Qzw € Q*(Y). Choosing coordinates in V such that Iy = x1,
li = a;z1 + x2 (o € k), we get a basis for Q*(Y) as

_dh

o

L (A
T Lo L\l 1

w; =dx; for 3 <<k,

w1

Now clearly w;| € Q*(Y’ ) for i # 2, and cug) =0c¢c Q*(Y‘ ). Thus for Qzw €
H H H H

Q*(Y), we have sz’ € Q*(Y’ ). This means that w’ has at most logarithmic
H H H
pole at H, N H. 0

We will later use Theorem 4.4, mostly for the case of restriction maps.

Corollary 4.5:
Let X be an arrangement in V., H ¢ X. Then there is an exact sequence of k-vector
spaces

0 — Q' (X U ()50 ()50l (x] ),

where “ly” is multiplication by a defining equation ly of H, and i* is the restriction
map induced by i : H — V.

Proof.
“-lg’ is obviously injective, and exactness at the middle term follows from Preparation
Lemma 3.6. [

Unfortunately, the restriction map ¢* is not surjective in general. For example, let X in
k3 be defined by Q = x1x273, such that Q!(X) has a basis

dx 1 dZL‘Q d.’I?g
X1 ’ i) ’ I3 ’
Now if H is a generic plane (without loss of generality, g = x1 + 2 + x3), then we have

1 (% _ @) c Ql(X‘H>7

1 X2

x3
which is a nonvanishing form of degree —2, hence not contained in the image of ¢*. We will
formalize this example in Proposition 7.2 to describe a necessary combinatorial condition
for +* to be surjective.
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5. Strong Preparation Lemma

The final few sections will study how the combinatorial structure of an arrangement X
determines the existence of particular logarithmic forms at X. Since we are interested
mainly in generators for Q'(X) and their construction, we will develop in detail only the
case of logarithmic 1-forms, leaving most of the (quite straightforward) generalizations to
k-forms to the interested reader.

The main technical tools involved are the study of the supports of homogeneous log-
arithmic forms, and the strengthened version of the Preparation Lemma 3.6 given here as
Theorem 5.1.

Theorem 5.1: (“Strong Preparation Lemma”)
Let X be an arrangement in V = k" with defining equation @), and let H ¢ X be a
hyperplane in V defined by ly € V*. Let X’ be a subarrangement of X (defined by
Q') such that

X‘ — X'| and ’X’ ‘ - ‘X’ :
H H H
that is, X’ is minimal such that its restriction to H coincides with that of X. Let
Q= g be a defining equation for X = X — X'.
Then every w € QY (X U{H}) can be written as
dl
w= p_—H + wo,
Qlu

where p € S and w° € %Q}llg(V) does not have a pole at H. In particular,

—deg(w) < deg(lgQ) = 1+ ‘X’ - ‘X‘H‘.

Furthermore, if w is homogeneous with deg(w) = —deg(lgQ), then p € k and w° are
unique.

Proof.
By Preparation Lemma 3.6, we can write w as

w=—=—"+4w
Q lu
. o L .
with ¢ € § and w” € éﬂalg(V). Choose a representation
w=—-—+4w
Q* lg
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such that p € S, Qu° € Q}ng(V) and Q*‘Q is of minimal degree, that is, Q* defines a

subarrangement X* of X of minimal order.

Now let H; € X™* such that all the hyperplanes H; € X with H; " H = H; N H are in
X*. We have to show that this cannot happen. Using the fact that the ideal (Q;lz)
does not depend on the particular choice of X, (because if H; N H = Hy N H, then
Iy =l mod ly,) we are then done.

Let {Hy,...,Hy} be as described, and [y = lg,. Then

p dlg
"Or Iy

has a pole of order k at H N H;, whereas w® does not have a pole at H, hence the
pole at H N H; of 1;w° . has at most order k — 1. This contradicts llw‘H =0. [

How much information about the freeness of arrangements is encoded in the degree se-
quence, respectively, the set of exponents? We start with a simple observation.

Proposition 5.2: [T1, p. 305]
If X and X U {H} are both free for some H ¢ X, and exp(X) = ley,...,ey], then
exp(XU{H}) =le1,...,e;+1,...,e,] for some 1 < i <n.

Proof.
This follows from QY(X U {H}) 2 QYX) : let {w1,...,w,} and {w],...,w,} be
homogeneous bases for Q}(X) and QY (X U {H}), respectively, with deg(w;) = —e;.
Then we can write

/
Wy = Zpijwj
J

for some p;; € S(1 <4,j <n). From the Basis Criterion 3.11, we get that det(p;;) is
a defining equation for H. Now after rearranging the order of the w;, we can assume
pj; # 0 for all j. Thus p;; is linear for some i = iy (1 < i < n), and constant for ¢ # .
But this means deg w;, = deg w; —1 = —(e; + 1), and deg w; = deg w; = —e; for

all i # io. With this, {w1,...,w] ,...,wy} is a basis of Q' (X U{H}). [
Lemma 5.3:
Let X be an arrangement, and H ¢ X. Let X’H have degree sequence [eq, . .. ,ek]g.
Then a sequence wy, . ..,w; € QY(X) with deg(w;) = —e; for 1 < j < i < k restricts
to a generator sequence w1’ - ,wi’ in Ql(X’ ) if and only if
H H H
1

(w5 = Xpw) g QX U{H}) 1

L 1<j

for all j and for all choices of the p;.
Proof.
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(1) is equivalent to

wj‘H - Zplwl‘H # 0,

I<j
that is, to
Wj’H & S/(lu) wl‘H +o+ SAm) wi-a|

which proves the claim. []

Using the result Strong Preparation Lemma, we now get a new, simple proof for a funda-
mental result about the combinatorial structure of free arrangements, H. Terao’s Addition-
Deletion Theorem [T1], which by an observation of P. Cartier [C] can be stated as follows:

Theorem 5.4: (“Addition-Deletion Theorem”) [T1]
Let X be an arrangement, and H ¢ X. Then any two of the following statements
imply the third:
(1) X is free with exponents exp(X) = [e1, ..., €]
(2) X U{H} is free with exponents exp(X U{H}) = [e1,...,€;, +1,...,€p]

(3) X| is free with exponents exp(X‘ ) =[e1,- -, €Cigy---s€n]
H H

The original proof in [T1] depends on involved commutative algebra arguments for the
modules of logarithmic vector fields at the three arrangements. In the following proof,
we will consider the Q!(X) instead of Der(X), which allows to replace the commutative
algebra by the geometric idea of the Strong Preparation Lemma 5.1.

Still a different proof can be seen from the following observation. In Terao’s original
proof, the hard part was to show that (1)&(3) = (2). In the dualized version, as presented
here, this part is actually easy, and this allows to give a simple proof by using both the
original and the dualized viewpoint. However, since the “hard part” of our dualized version,
(2)&(3) = (1), is taken care of by the Strong Preparation Lemma 5.1, we present here
this more “coherent” version, which entirely stays within the framework of logarithmic
differential forms.

Proof.
(1)&(3) = (2): Let wy,...,w, be a maximal generator sequence of Q(X), that is,
a homogeneous basis such that deg(w;) = —e;, —e1 < ... < —e,,. Now if for some jg

and polynomials p;,

1
—(wio = X pws ) € QX U{HY), (*)
H J7<jo

then we are done, since then wq, ..., ﬁ(wjo _Zj<j0 pjw;), ... ,wy is a basis of Q' (X U

{H}), and ip = jo, by Proposition 3.11 and Lemma 5.3.
With this we can now assume that (x) never holds. Without loss of generality we

have —e;, < —e€;,+1 or 9 = n. Then by Lemma 5.3, wi| ,...,w;,—1| is a generator
H H
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sequence, and

Wi

" ¢ S/(lH> w1 o + ...+ S/<ZH> Wiofl‘Ha

0

thus wl‘ ,...,Wi,| Is a generator sequence, contradicting (3).
H

(2)&(3) = (1): From the conditions (2) and (3), we get ‘X‘ - ‘X‘H) = €;,. Now
assume that there is an element wg € Q1(X —{H}) — Q(X) with deg(wg) = — (e, +1).
Then (by Lemma 3.19) we can find a basis wi,...,w, of Q}(X U {H}) such that
= wp, since by Lemma 5.1 wq is not in S, QX U {H}). From this we can
construct a basis w,...,w; _1,lgwo,...,w, of OY(X), where w! = w; — piwo and p;
is chosen such that w; is homogeneous and H ¢ supp(w;) — the Strong Preparation
Lemma 5.1 guarantees that this is possible.

wio

But if such an wp does not exist, then we have a basis wi,...,w;,,...,w, with
deg(w;) = —e;, —e1 < ... < —e, for QY(X U {H}) such that wy,...,w;,
generator sequence for Q'(X), which by Lemma 5.3 induces a generator sequence

1S a

wl) yeoo,wig|  for Q(X‘ ). Since we can again assume that —e;; < —e; 41 or
H H H

i9 = n, this is a contradiction to (3).

(1)&(2) = (3): Let wy,...,w, be a homogeneous basis for Q!(X), then the argument
of Proposition 5.2 allows to assume that wy, ..., iwio, ...,Wwy is a homogeneous basis

for QL(X U {H)). "

Now w; € Q(X), thus H ¢ supp(w;) and with this Theorem 4.4 implies w; o €
Ql(X‘ ) for 1 <4 < n. But with the Determinant Criterion 3.11 we get that w ‘H, e
H
Wig| -.-,wn| is a basis of Q(X| ). [
H H
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6. Supersolvable Arrangements and Triangular Bases

The following results are all direct consequences of the Strong Preparation Lemma, which
even follow without recurrence on the Addition-Deletion Theorem. They lead up to a
simple proof of the freeness of supersolvable arrangements and a description of the corre-
sponding bases of Q!(X).

We feel that in the long run Teraos’s Theorem 3.20, derived from Theorem 3.21, should
get a similarly elementary and transparent proof, using the Strong Preparation Lemma to
get a hand on the generators of the modules Q!(X), its syzygies, and the associated degree
sequences.

Lemma 6.1:
If X is an arrangement, H € X, and ‘X

’ = X’ —1 (i. e., no two different hyper-
H

planes in X have the same intersection with H ), then Q'(X) is generated (over S) by
dl
Z_H together with QY(X — {H}):

H

O(X) = Sl_ + QY (X —{H}).
H
Proof.

This is a direct corollary of the Strong Preparation Lemma 5.1, for X' = X, X = ()
and Q = 1. 0

Lemma 6.2:
Let X be an arrangement in V', and H € X. If H is a factor of X, (i. e., 7(X —{H}) <
r(X); H is a bridge in M (X)), then the restriction map of Corollary 4.5
it ONX) — QNX| )
H
is surjective.

Proof.
After change of coordinates we can assume lg = x,, and ngK =0 for K # H. Then the

obvious projection map 7 : V — H induces a map of arrangements I : X| — X.
H
Now 7 o4 = idy implies i* o m* = id, hence ¢* is surjective.

Lemma 6.3:
Let X be an essential arrangement in V', ¢ a modular coatom of L. Let Xo ={H € X :
¢C H} and X1 = X — Xog = {Hy,...,Hy}, with defining equation Q1 = l;...l,. Then
there is a logarithmic 1-form wy, € Q(X) of the form

bk Y

Wi

with w! € l—lszl

Q alg(V) :
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Proof.
To construct w, we proceed by induction on k, the case k = 1 being trivial. Let wy
be given, and Hy41 ¢ X such that the line ¢ in V' is again modular for X U {Hy1}.
Then

c Ql(X’ ) = Ql(Xo( )

wk‘
Hy

Hy 1 Hy 41

since X ‘ = XO‘ by modularity of /.

Hypq Hypyq
But Hy1 is a factor in Xo U {Hy41}, hence by Lemma 6.2 there is an w) € Q!(Xo)

such that

.0
|

wk‘
Hy 1

Hy 1
hence we can use

1
Wk+1 = E(wk - Wz(c))-

O

This Lemma implies the existence of “triangular bases” for supersolvable arrangements
(Theorem 6.6), and its proof in fact provides a reasonably simple inductive method to
construct such bases.

Definition 6.4:
Let X be a free arrangement of hyperplanes in V= k™. An ordered basis {w1, . ..,w,}
of OY(X) is triangular with respect to coordinates x1, . . ., T, of V ifw; = % Z?Zl qijdxj)l
with ¢;; = 0 for i < j, that is, if the coefficient matrix (q;;) is lower triangular.

Proposition 6.5:
If Q1 (X) has a triangular basis, then we can choose this basis homogeneous, with e; =
deg(qi;), (but not assuming e; < eg < ... <e,!).
For such a basis we have Q = det(q;;) = [[;—, ¢, hence we can factor ¢;; = H§:1 Lij,
where the [;; (1 <i<mn, 1< j<e;) are defining equations for the hyperplanes in X.
Proof.

Lemma 3.14, Lemma 3.18 and Proposition 3.11. 0

Note that triangular bases for Q!(X) correspond to (analogously defined) triangular bases
for Der(X), via Lemma 3.16(ii).

Theorem 6.6:
An arrangement X has a triangular basis in coordinates x1, ... ,x, if and only if
V:kng{l'l:()}g{a?l:xg:()}g2{:13‘1::.%‘(1_1:0}2{0}

is an M -chain for X.
Consequently, X has a triangular basis for some choice of coordinates if and only if
X is supersolvable.

Proof.
Lemma 6.3, Theorem 2.10 and induction on ‘X ‘ 0
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Corollary 6.7: [St3] [JT]
Supersolvable arrangements are free.

Note that this includes the case of 2-dimensional arrangements which are always super-
solvable. In this case a triangular basis can easily be constructed (see [T1, p. 296)).

Corollary 6.8:
Freeness with triangular basis is a 3-combinatorial property.

We illustrate Theorem 6.6 and its corollaries by some explicit computations:

Example 6.9:
Let Xo = D3 be the three-dimensional arrangement defined over an arbitrary field k
with char(k) # 2 by Q@ = z(z — y)(z + y)(z — 2)(z + 2)(y — 2)(y + 2), as in Figure
6.1. This is the smallest non-supersolvable, free arrangement. A homogeneous basis
for Q!(Xy) is given by

dx

_ 1 1fdl—y)  dlz—2) dz+y) dxz+=z)
w2_(y—z)x{ T —y + T —z T+ T+ z }7

1 1fdlx+y) dlx—2) dlxz—y) dx+2z)
Cus_(y%—z)a:{ T+y i T—y r+z }

with exponents exp(Xyp) = [1, 3, 3].

Adding the hyperplane H = {y = 0}, (dashed in Figure 6.1) we get a supersolvable
arrangement XoU{H } with exponents exp(XU{H}) = [1,3,4], and a triangular basis
given by wj = wq, wh = i(wg + ws3), and

1

wh =2 (y — z)wz — (y + 2)ws }

:i{d(w—y) B d(w+y)}
Yy Tr—Yy r+y

2 dz 2 @

(22 —y?) z (22 —y?)y

Now adding the hyperplane {z = 0}, we get the Coxeter arrangement Bs in standard
coordinates, free with exponents [1, 3, 5|, and a triangular basis w} = wy, wj = W}
and wf = Luwi.
The study of freeness for hyperplane arrangements has produced some remarkable and
remarkably resistant conjectures, which ask how well the algebraic structure of hyperplane
arrangements is controlled by the combinatorial structure. The most prominent among
them, supported by Theorem 3.20 and Corollary 6.8, is:
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Terao’s Conjecture 6.10: [T1, p. 293] [T4, p. 565] [St3] [St4, p. 167]
Freeness is combinatorial.

Here “combinatorial” means “determined by the intersection lattice” (Definition 2.5). In
fact, Corollary 6.8 as well as results in the following sections suggest that even the following
stronger conjecture might be true.

Conjecture 6.11:
Freeness is 3-combinatorial.

We will study an approach to these conjectures in Section 8. The ultimate goal would be
to give a “combinatorial” construction of a a basis of Q!(X), say, in the case that it is free.

Note that for Conjecture 6.10, it would by Corollary 3.19(ii) be sufficient to show that
the length of the degree sequence of Q!(X) is combinatorial. However, in Section 8 we will
see that this is not true.

Figure 6.1
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7. Generic Arrangements and Trivial Generators

We have briefly discussed generic and 3-generic arrangements in Section 2. Here we will be
both more precise and more specific, explain the concept of 3-generic planes, and explore
their relevance for the understanding of the structure of Q' (X).

The case of generic arrangements (more precisely, 3-generic arrangements) and their
algebraic structure is interesting also because it describes the “other extreme case” as
compared to the free arrangements, which are “very non-generic”. To avoid technicalities,
the arrangements considered are always assumed to be essential.

The main results of this section have straightforward generalizations to multiarrange-
ments as studied in [Z2]. In particular, Theorem 7.4 and Corollary 7.6 generalize. However,
for simplicity and convenience we avoid this extra level of generality here and refer to [Z1,
Chapter 6] for a details.

Definition 7.1:
Let X be an arrangement and H € X. The plane H is 3-generic in X if for every
3-circuit { K1, Ko, K3} C X’ there is a 3-circuit {H,y, Hy, H3} C X such that K; =
H
H,NH fori=1,2,3.
We are in particular interested in the case of 3-generic arrangements. Note that for a
3-generic arrangement, the restriction to a 3-generic hyperplane is again 3-generic.
Proposition 7.2:
If the restriction map i* : Q1(X) — Ql(X‘ ) Is surjective, then H is 3-generic in

H
X U{H}.
Proof.
For a 3-circuit {K7, Ko, K3} C X‘ , consider the form
H
1 /dly  dip 1
LY oy
« l3 < ll lg > < ( H)

where [; is a defining equation for K; (i = 1,2, 3). If this w has a preimage in Q' (X),
then this preimage can be chosen of the same form, that is, {K;, K2, K3} is the
restriction of a 3-circuit in X. a

In general, the converse of Proposition 7.2 is not true, as we will see in Example 8.7(iii).
However, it seems plausible that the converse of Proposition 7.2 holds for free arrangements
— this seems to be necessary if Terao’s Conjecture 6.10 is supposed to be true.

More specifically, we propose:

Conjecture 7.3:

If X is a free arrangement in V = k" with n > 3 and W is a generic subspace of
dimension at least 3 in V', then

it ONX) — QNX W)
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is surjective, and dimyk ® Q' (X) = dimgk ® Ql(X)W).

Note that if i* is surjective, then dimk ® Q' (X) > dimxk ® Ql(X‘ ) is clear.

This Conjecture has powerful implications. In particular it would mean that the
generic restriction of an arrangement to a plane of dimension at least 3 is never free.
Combinatorially, it means that if the intersection lattice of an essential arrangement X in
dimension n > 2 is a truncation, then X cannot be free.

About the algebraic structure of k-generic arrangements, we have the following main
result.

Theorem 7.4:
Let X be a simple, essential arrangement in V = k™. Then the following are equiva-
lent, for 0 <k <n —1:
(1) X is (k + 2)-generic
(2) QF(X) = A*(9 . H € X)
(3) V(X)=N (% HeX) for 0<j<k.

Here (M) denotes the S-module generated by the elements of M, and A7(M) denotes the
S-module generated by j-fold wedges of elements of M, A°(M) = S.

Corollary 7.5: [k =1]
A simple essential arrangement X is 3-generic (that is, L = Lx does not have any

circuits of size 3) if and only if Q'(X) is generated by {‘?TH :H € X}.

Proof.
(3) = (2) is trivial. For (2) = (1), let C' C X be a circuit of size |C| = j+2 < k+2,
C ={Ho,H,...,Hj;11}, say. We denote I, by l;, for all i. Let dee = diiA. . Adlj41
and Q¢ = l1ls...lj41, corresponding to the broken circuit Cy = C — {Hp}. If {H;,...,
H,} is a basis of L (set of coordinate hyperplanes) containing Cy, then we can write
the Euler vector field 6y = ), :z;ia%i as

Now we get

dxc : :
e QtL-0+2)(x
lhQc 0
and thus by Theorem 3.7(b)
o dx .
0Qc

which contradicts (3). To see that (2) also cannot hold, we consider

Qv e QF= G+ (X)),

lit2 lt1

wo N
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which does not vanish.

(1) = (2) For the case k = 1 (cf. Corollary 7.5), this follows from the Corollary
6.1 of the Strong Preparation Lemma. Repeated application of the same argument
(perhaps best formalized as a “Strong Preparation Lemma for k-forms”) proves the
general case, too. a

Corollary 7.6:
For every essential 3-generic arrangement X,

dimyk ® QY (X) = |X]|.

Thus 3-generic arrangements with |X| > n are never free. In particular, generic
arrangements with | X| > n > 3 are never free.

Observe that for the situation of Theorem 7.4, circuits of size larger than three are irrelevant
for (the generators of) Q' (X). This is consistent with our observations for Conjecture 6.11.
Theorem 7.4 allows some nontrivial computations. In particular, we get not only the degree
sequence for Q!(X) in the 3-generic case, but also for its minimal free resolution.

In homological algebra terms, this amounts to computation of the homology of Q! (X).

Corollary 7.7:
Let X be 3-generic and essential.
(1) QY(X) has a minimal free resolution of the form

0 — F}X)HFO(X) %N (X) — 0,

where FY(X) =2 S™ has a basis {¢; : 1 <1i < m} that by ry is mapped to {(%l :

7

1 < i < m}, and F' & S™™ has a basis {C; : n < j < m} corresponding to
certain circuits in L.

(2) The degree sequence of Q'(X) and F°(X) is [~1,...,—1] of length m; in partic-
ular,

B (H(X)) = m.

The degree sequence of F*(X) is [0,...,0] of length m — n, that is, 8 (QY(X)) =
m —n. Also, B2 (Q'(X)) =0 for i > 1.
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8. Critical Subarrangements and Combinatorial Generators

The Strong Preparation Lemma 5.1 and the results about 3-combinatorial invariants lead
to the following approach to understand the structure of Q!(X) in terms of combinatorial
and 3-combinatorial invariants.

Definition 8.1:
Let X be an arrangement in V.
(i) For H € X, the excess of H in X is

exan =[] o, |

(ii) The excess of X is

e(X) = f%%ex(ﬂ)'

Lemma 8.2:
Let X be an arrangement in V, and w € Q%~*(X) a homogeneous logarithmic 1-form,
with Y := supp(w) € X. Then

k = —deg(w) < e(supp(w)) = e(Y).

Proof.
This follows directly from the Strong Preparation Lemma 5.1. a

Note that the excess is not a monotone function: we cannot conclude that k& < e(X).
Lemma 8.2 suggests to consider those minimal subsets Y C X which support a form
of degree k < 0.

Definition 8.3:
Let X be an arrangement in V = k".
(i) Y C X is k-supporting (for some k > 0) if

QbR (YY) #£0,

that is,
dim, Q5 7F(Y) > 0.

(ii)) Y C X is k-critical (for some k > 0) if Y is k-supporting and no proper subset of Y is
k-supporting. Equivalently, the k-critical sets are the minimal subsets Y of X (under
inclusion) such that

Y = supp(w) for some w € QH7F(X).

Observe that, by Lemma 8.2, e(Y) > k for every k-supporting and hence in particular for
every k-critical subarrangement Y C X.
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Examples 8.4:

(i)

(i)

The only 0-critical subset of X is (), by definition. The 1-critical sets are exactly the
sets {H} for H € X. The 2-critical sets are the 3-circuits in L: for every 3-circuit C,
we get

Qb 2(X) = kwe,
where we is the form constructed in the proof of Theorem 7.4.
The arrangements in Figure 8.1 are both 3-critical. The corresponding 1-forms of

degree —3 are of the form
o L d
@7 s \ 'l I

1 /dly  dle dls di

and

Lol b
Figure 8.2(a) depicts an arrangement X of 9 planes in R? such that e(X) = 3, but
QL=3(X) = 0 (we will do the computations for this in Example 8.7). This shows that

the k-critical sets do not in general coincide with the minimal subsets of X with excess
k.

We now derive the following strengthening of Corollary 7.5.

Proposition 8.5:

Let X be an essential arrangement such that e(Y) < 2 for all subarrangementsY C X.
Then Q' (X) is generated by

dl
{Z_H} U{we : C is a 3-circuit in X} .
H

Proof.

Induction on |X|. Let w € Q'(X). We can assume that X = supp(X). Now choose
H € X such that ex(H) = e(X).
If ex(H) =1, then we are done by Lemma 6.1.
For ex(H) = 2, let C = {H, Hy, Hys} be the 3-circuit in X containing H, and (by
Strong Preparation Lemma 5.1) write w as
= Bdl—H + WP,
L lg
where w® does not have a pole at H. Now we have

1 (dly i
Y=\ L

1 dl
W — pwe :w0+l——12 € QY(X — {H)),
1 2

and we are done by induction. a

w

in our set of generators. But

Now Example 8.4(ii) leads to

34



Figure 8.1(a)

Figure 8.1(b)
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Figure 8.2(a)

Figure 8.2(b)
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Conjecture 8.6:
For every k-critical arrangement X, e(X) = k.

Together with the Strong Preparation Lemma 5.1 and the argument of Proposition 8.5
this Conjecture 8.6 would imply that

(i) dimQb*(X) =1 for every k-critical X;

(i) QY=F(X) is generated by {Q¥~*(Y) : k> 1;Y C X k-critical}.
Note that for £ < 2, Conjecture 8.6 and its implications (i) and (ii) are true by Example
8.4(i).

We believe that Conjecture 8.6 is sufficiently sharp and concrete to be somewhat
promising. Its proof would certainly give some new ideas about the algebraic structure
of generators for Q!'(X). However, it is not clear how this would help to understand
the combinatorial structure of generators. In fact, being k-critical is not a combinatorial
property for £ = 3. This will follow from the following final example.

Example 8.7:
Let X; be the arrangement of nine hyperplanes in R® sketched in Figure 8.2(a),
which we mentioned before in 8.5. This arrangement has excess 3, where every proper
subarrangement has excess at most 2.
Let w be a homogeneous logarithmic form of degree —3 at X, w € QY 73(X). Now let
H = Hy and Iy = lg, then [gw € QY 72(X) can by Proposition 8.5 be written as

C1 dll dlz Co dll dl5 C3 le dlg Cq le dl4

lyw= —+ [ =L - =2 2225 S8 “A=e_ 4

HY l3(ll l2>+l7(l1 l5>+l3(l6 l8>+l7(l6 l4>
Here [ HW‘H = 0 is equivalent to the following four conditions:

cily + colz €(ly, 11)
cily + cals €(ly, l2)
csly + cqls €(ly, 15)
csly + cols €(1g, lg).
These four conditions translate into four linear equations for ¢ = (¢, 2, 3, ¢4).

(i) Generically, they do not have a nonzero solution in c: they require that the intersection
lines Hs N H and Hg N H are conjugate in H with respect to H1 N H and Ho, N H. In
other words, it requires a particular symmetry of {Hy, Hy, Hs, Hg} o
Thus generically

dimp Q"3 (X)) = 0.

In this case, we compute the extended degree sequence of Q(X;) (listing first the
degree sequence of the module and then of its relations) as [—2, —2, -2, -2, —2, —2
—1] —1,—1,—1,—1]. The extended degree sequence of Der(X;) is [1,6,6,6,6,6,6|7,
7,7,7] in this case.
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(i)

(iii)

Now consider the “special position” arrangement Xo in Figure 8.2(b), given by

h= o« +y —=z
o= o -y 4=z

l3 = i

ly = 2x -2y +z
ls= 2¢x —y =2z
leg= 2 +y +z
lr = y

ls= 2 -y —=z
lg = z

which is combinatorially equivalent to X;. However, X5 has the extra symmetry
required! In fact, the above conditions are easily verified to have the solution ¢ =
(1,1, -1, —%), such that

dimg Q" (X,) = 1.

The extended degree sequence of Q' (X5) is [-3, -2, -2, -2, -2, —1| —1,—1,—1]. The
extended degree sequence for Der(Xs) turns out to be [1,5,6,6,6|7, 8].
Now let X be the arrangement in R* defined by

)

b= o +y —z2

o= o -y +=z

ls= =

ly= 2z 2y +=2

ls= 2z -y -2z

lg 2 +y +z Hw
l7 Y +w
ls 2 -y —z —w
lg = z —w

The hyperplane K = {w = 0} is 3-generic in )/(\2, and )/(2 o= X5. However, there

is no nonzero 1-form of degree —3 at )/(\2 (In fact it is easy to see that if the four
equations for ¢ have a nonzero solution, then the corresponding arrangement does
not have a nontrivial extension, i.e., it is not the 3-generic restriction of an essential
4-dimensional arrangement.)

With this we can compute the extended degree sequence for Q1 ()/(\2) to be [—-2, -2, -2,
—2,—2,—2,—1| — 1, —1, —1]. The extended degree sequence for Der()?\g) turns out to
be [1,3,3,3,3|4]. In particular, we observe that with Ql’*?’()/(;) = 0, the restriction
map

N X)) — QY(Xs)
cannot be surjective, that is, the converse of Proposition 7.2 is false.
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(Whereas the generators, relations and degree sequences for the modules of differential
forms are quite easily determined by hand (using Proposition 8.5), we have used the Com-
puter Algebra System Macaulay for the computation of resolutions and degree sequences
for Der(X;).)

Corollary 8.8
The degree sequences for Q' (X) and Der(X) and their lengths are not combinatorial.
The Solomon-Terao polynomial W(X;x,t) is not combinatorial.

In [T1], Terao also studies a second sequence of integers associated with every arrangement,
the structure sequence, defined as the sequence of minimal degrees for a maximal set of S-
independent elements in the module considered. This structure sequence is a subsequence
of length n of the degree sequence. We have not discussed it because it seems to carry less
information about the arrangement than the structure sequence. In any case, Example
8.7 also implies that the structure sequences of Der(X) and Q!(X) are not combinatorial,
either.
This raises questions about Terao’s Conjecture 6.10 and Conjecture 6.11.
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