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Abstract

In this thesis we study the problem of resolving popular faces on curved nonograms by adding
curves to the arrangement. We implement the proposed algorithm from Nooijer et al. [1] and
test it on automatic generated nonogram puzzles and synthesized graphs. Further we added
the possibility of using more than one curve and give some emprical studies on the runtime

and error probability.
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Motivation

1.1 Nonograms

Nonograms also known as paint-by-number puzzles are a type of pen-paper puzzle that is
played on a grid. It begins with an uncolored grid and descriptions for every row and column.
Each description contains numbers of how many consecutive colored squares should lie in order
to the row or column. The player can then color faces of the grid and the challenge of the
puzzle is to find a coloring of squares, that matches the description. Using the description and
logic make the game fun and worth trying. A solution of a nonogram puzzle is given in Figure
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Figure 1.1: An example for a classic and curved nonogram (Image from [1])

Obviously one can verify a solution-coloring very easily by checking whether all descriptions
are satisfied, which places nonograms in NP. Ueda and Nagao have shown that solving

nonograms or finding another solution given a solution is NP-complete[2].



1. Motivation

1.2 Curved nonograms

Curved nonograms, introduced by de Jong [3], are a variation on the classic nonogram. The
used image can be described by a set of curves A within a preset bounding frame. The curves
and the bounding frame themselves can be subdivided by their intersection points into curve
segments. A face is a region in the nonogram that is bounded by a set of curve segments. A
face is called popular if it is hit multiple times by a curve.

Curved nonograms offer new challenges to puzzlers, even if they are familiar with the
rules. The main difference is that the information about whether one face is colored isn’t
strictly captured by exactly one column and row description, but it can be referred by many
descriptions and each arbitrarily often. This is because the corresponding curve can hit a face
multiple times and a face can be hit by arbitrarily many curves. Therefore a player has to
carefully trace the sequence of faces of a curve in order to take the new dependencies in the
description into account[3]. Furthermore, Van de Kerkhof, de Jong, Parment, Loffler, Vaxman
and van Kreveld [4] suggested complexity levels to curved nonograms dividing them by how
hard it is to understand the rules. They state it would be of interest to generate puzzles of a
specific complexity level; currently, they produce it by trial and error.

The three complexity levels are defined as follows:

e Basic nonograms are puzzles in which each description corresponds to distinct faces as

in the classic nonograms.

e Advanced nonograms have popular faces. So the face appears multiple times in some

description.

o FEzpert nonograms may have descriptions in which a single face is incident to the same

curve on both sides. These are exactly the curves that cross themselves [1].
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Figure 1.2: An example for the proposed levels (Puzzles from van de Kerkhof et al. [4])

1.3 How to make nonograms easier?

Making nonograms harder is a trivial task, because you can always add a curve that produces
popular faces or a curve that intersects itself to get an advanced or expert nonogram. Much
more difficult is the task of lowering the complexity of a curve arrangement. A natural approach
to attack this problem is to reroute the curves or to add curves to the curve arrangement, to

get an easier complexity class. Note also that we can’t change the property of self-intersecting



1.3 How to make nonograms easier?

curves by adding new curves, so expert nonograms have to be solved by rerouting curves.
De Noojier, Terziadis, Weinberger, Masarova, Mchedlidze, Loffler and Rote [1] showed it is
NP-hard to remove all popular faces from a curve arrangement by using one additional curve,
but they provided an approach to solve it by reducing the original problem to a graph problem
and solving it algorithmically in FPT-time in the number of popular faces. This means it can
be computed for some bounded number of popular faces in polynomial time. An example
of a solution curve can be found in Figure 1.3. Their work builds our starting point of our
implementation and we provide a pipeline, which automatically resolves all popular faces from
a given advanced nonogram to a basic nonogram by inserting one curve. Throughout the
chapters, we go over the stages of the pipeline and mention key ideas in the implementation i,
which is fully written in python. We also provide variation in the number of curves without
changing too much of the approach and are motivated by its failure cases and real error

probability.

(a) (b) (c) (d)

Figure 1.3: (a) curve arrangement in a box. (b) The red curve hits the top right face two times,
which makes it popular. (¢) All popular faces in the box. (d) All popular faces resolved by the
green curve. (Picture taken from [1])

‘https://git.imp.fu-berlin.de/dy6554fu/easier-nonogram
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Graph Problem

2.1 Primal Graph

We define the picture of a curved nonogram as a set of curves A which lie inside a bounding
frame. We consider only those arrangements as introduced by [1], where no three curves meet

at a point and only finitely many intersections exist.

Definition 1 A multigraph is a graph G = (V, E) with Vas the vertex set and E CV x V as
the constraint set, which may contain multiple edges (parallel edges) between the same pair of
vertices and may include loops. We also often denote an edge between two vertices u,v as uv.

A plane multigraph is a graph, that only has a fired embedding in the plane without edge

CT0SSINgs.

A plane multigraph is different from a planar multigraph, because it refers to a specific
fixed drawing rather than just the property of being drawable without crossings.

Intersection and corner points of the picture can be seen as vertices of V. We can then
partition each curve and the bounding curve into curve segments by the vertices. For each
curve segment, we define an edge as the tuple of both of its endpoints. This plane multigraph
G = (V, F) will be our starting point. We also call this the primal graph.

An embedded graph introduces cyclic orders of edges incident to the same vertex. The
set of all these cyclic orders is called a rotation system. Embeddings with the same rotation
system are considered to be equivalent, and the corresponding equivalence class of embeddings
is called a combinatorial embedding.

The typical data structure to represent an embedding is the doubly connected edge list
(DCEL), also known as the half-edge data structure. Each vertex as an object contains its
coordinates and also stores a pointer to an arbitrary edge that has the vertex as its origin. Each
edge is represented as two halfedges, also called twins, which are typically oriented in opposite
directions. Each halfedge is represented as an object and has a pointer to one endpoint, its

target vertex, its twin, its right and left neighbor in the embedding from its origin vertex.



2. Graph Problem

Definition 2 (Path, Walk and Cycle) Let G = (V, E) be a graph, where V is the set of

vertices and E is the set of edges. A walk in G is a finite sequence of vertices
W = (vy, V1, Vg, ... , V)

such that for every i, (v;,v;,,) € E. A path is a walk in which all vertices are distinct, i.e.,
v; Fv; foralli # j. If vy = vy, the walk is called a closed walk, and if the path satisfies the

condition, it is called a simple cycle.

The advantage of the data structure is that it introduces an orientation of each halfedge
and we can preserve the orientation while traversing the graph. For a halfedge e for example
the next-face-half-edge can be formulated as next(e) = e.twin.right and it preserves the
orientation from the original half-edge. In that way a face can be traversed clockwise or

counterclockwise, see Figure 2.1.

incident facet

Figure 2.1: Shows the edge relation from a given halfedge e from [5]

With this data structure we can easily identify faces by face walks, iterating through all
next-face-edges of a half-edge e until we are at the starting halfedge. The face walks form face
sets, which partition the set of half-edges. The face is uniquely determined by the face walk.

We will also store for each halfedge the face, which it covers in the face walk.

2.2 Dual graph

Definition 3 A dual graph from a given a planar graph G = (V, E) is the graph G¢ = (V¢, E4),
where each face of G corresponds to a vertez in G% and an edge exists between two vertices in

G? if and only if their corresponding faces are adjacent.

An example is given in 2.2.

For ease of notation we will denote a vertex in the dual graph as f, because it belongs to a
face f in the primal. Note that the dual of the dual graph is the primal graph, so we have
a symmetric relation. Further each edge in the primal graph corresponds to an edge in the
dual, because two faces are adjacent if and only if there is an edge separating them. So we can
easily compute the dual from the primal by identifying the faces for the vertices and for each
twin of halfedges we define its dual edge, which connects the two faces that are incident to the
twin. The dual graph then can also be a multigraph.

Now the important observation is that every additional curve [ in the arrangement A,

that visits a sequence of faces fy, ..., fi, can be described as a corresponding walk in the dual

6



2.3 Resolving popular faces via a graph

Figure 2.2: The red graph is the dual graph of the blue graph (Image taken from [6])

graph. So the route of the curve can be decomposed as a sequence of edges and we describe
the curve as the combinatorial traversal of faces rather than the exact geometric shape of the
curve. Note also that we can simulate the entrance and exit of the bounding frame with a

corresponding edge to the outer face.

2.3 Resolving popular faces via a graph

Recall that the difference between basic and advanced puzzles lies in the presence of popular
faces in the arrangement, therefore we want to remove popular faces. We say one curve [
resolves or corrects A, if A U has no popular faces. We call this problem of finding that one
curve [ as N1R.

Now if a curve enters and exits a face f, we say it visits or crosses f. Note that, if a curve
visits a face twice, it automatically produces a popular face, so every face can be only visited
and cut into two faces once. This also implies that we can only resolve popular faces with
exactly two incident popular curve segments. Of course, there also exist popular faces with
only two incident popular curve segments, which are not resolvable by one curve. If we want
to do better, we need more curves, but we stay in the scenario of adding just one curve. Also
the curve [ must not cross an intersection point, if we want to preserve a simple arrangement
AUL

With the rules in mind we want to focus on resolving popular faces locally with the dual
graph. Let f,, be a popular face and let ¢, ¢’ be two curve segments contained in the facewalk
of f, and belonging to the same curve a. The additional solution-curve [ has to cut the face f,
into two new faces, such that ¢ and ¢’ are separated. Each local cut decision can be represented
as a pair of edges between two different adjacent face neighbors ny,ny of f,. Because we
always have to traverse f, in the middle, we can get rid of f, and instead add a shortcut edge
(ny,n5) as our solution edge, i.e. Figure 2.3. In general if we have more than one pair of
popular edges, we have to cut all popular edge pairs into two different face walks. Therefore a
solution edge can be recognized by the property, that both new face walks have to hit exactly
one popular curve segment for each popular curve from f,. This idea will later be used to
gather all solution edges from a popular face.

There are some side effects we have to take care of; keep in mind that with the shortcut
solution edges, we do not want to allow traversing popular faces, because we do it implicitly in

the solution edge. Eliminating vertices has to be done carefully, because we could eliminate



2. Graph Problem

vertices from a solution edge, i.e. a solution edge (f, f2) of f, where f; is also popular. Only
in this case of adjacent popular faces, we have to introduce bridge vertices between the faces,

which represent the possible traversal of both faces.

(b)

Figure 2.3: (a) shows a face, bounded by its curve segments. Curve segments from the same
curve are connected with a red curve. (b) shows all solution curves to resolve the popular face.
Each left and right path of a solution edge contain exactly one B and A. The cut can be also seen
as cut of edges between the popular curve segments (Image taken from [1])

With all that in mind, a proper solution-curve for a curve arrangement A is a walk in the
dual, that uses for every popular face one of its solution edges. This walk also has to visit the

outer face once, so we can route the curve in and out of the bounding frame.

2.4 Graph Problem

Consider a map with location points and routes between them. At each route, one can go over
many attractions like a supermarket, a house, or a school. The problem is to find the shortest
tour of visiting points, such that some given attraction is visited exactly once.

Behind this riddle lies a clean combinatorial problem:

Problem 1 (SNESC) For a given graph and a number G = (V| E), a number | and constraint
sets {9, ..., S5} with S; C E. Does there exist a cycle of length | that contains exactly one

edge from each constraint set S;?

So we can represent the attraction tour problem as a SNESC-instance, but more importantly
we can also represent our N1R-instance as a SNESC-instance by using a modified dual graph
and the set of solution edges for each popular face as a constraint set.

The modifications include the vertex elimination of all popular faces and their edges, the
inclusion of the bridge vertices between two adjacent popular faces, and the addition of the
solution edges, where popular faces are replaced by their bridge vertices. To enforce the
traversal of the outer face, we can simulate the outer face as a popular face and include all of
its transitive edges in a new constraint set S, .

A resolving curve has to traverse from face to face and the possible ways to resolve popular
edges are captured by the constraint sets S;. So if we find a simple cycle without repeated
vertices using each edge in the constraint set once, it corresponds to a curve that resolves
each face once and uses the outerface. The solution is even a one-to-one correspondence apart
from the geometric shape of the curve. We will discuss the part of solving and retrieving the

solution from the SNESC-problem in chapter 4.



Preprocessing

3.1 Extracting data

The images from the automatic nonogram generator from [7] generate ipe-files. Ipe itself is a
drawing editor and stores its files in an XML-based file format, ending with .ipe. The curves
in one drawing are all encoded in a metatag called <path>. They use control points and
character curve flags, which determine uniquely the shape of the curve. For the nonogram we

only need two types of curves:
1. character 1 for line, which takes two controlpoints - its endpoints

2. character ¢ for cubic Bezier curve, which takes four controlpoints. It is also a

parameterized curve, more details can be found from van de Kerkhof’s master thesis [7].

Matplotlib supports drawing both curves, so one could replicate the image by drawing them
with an external drawer.
We are only interested in the provided snapped files, in which the curves are already cut
into curve segments. Cutting curves into curve segments is out of the scope of this thesis.
The first step we do before extracting the curves is to normalize the input files in
src/preprocess::normalize file path . We want to ensure that all meta tags in an ipe-file are

on separate lines, improving consistency and fulfilling the assumptions of the scanner. In

<?xml version="1.0"> 1 <path metadata> 1 <path metadata>
<metadata> 2 100 100 m 2 100 100 m
</metadata> 3 200 200 1 3 150 100
<page> 4 </path> 4 150 150

<point></point> 5 5 200 200 c
</page> 6 </path>

(b) .
(a) (c)

Figure 3.1: (a) ipe-file structure. (b) line tag. (c¢) cubic curve tag.



3. Preprocessing

the current implementation the normalizer is always adding a newline character in front and
behind an important tag, even if they are unnecessary. A cleaner normalizer is still in work.
Then our program calls our scanner function _,
which iterates through each line and scans the type and the control points from the curve.
The scanner assumes that our ipe file is well-structured as in the Figure 3.1. Each relevant
path tag with its control points is stored in a curve object. To ensure correctness, we can draw

all the curve objects with matplotlib and validate whether the drawing is the original image.

il | 1\ |

Figure 3.2: Left is the image parsed with ipe, right is the own created image with matplotlib

At the same time, when running into a curve, we dynamically grow our primal graph by
adding two half edges and sorting them correctly in the linked list of their endpoints and
adding vertices when new endpoints are seen. Correct means that for every vertex its linked
list in the DCEL has to match the order of the unique plane graph we want to get. We
achieve this by storing for each edge the clockwise degree between the (1,0)" vector and the
tangent of the curve at the vertex coordinates and sorting the half edges in each linked list
accordingly. We assume that no two curves on a vertex have the same degree; if so, we raise
an exception. Because we are working with Bezier curves and lines, the tangent vector s to
the curve at a point (t1,t5) is (t; — ¢1,t5 — ¢5)T, where ¢;, ¢y is the next control point. We
can then directly compute the degree by using the smaller degree between the two vectors and

some case distinction. The smaller degree can be computed by:

a-b
deg(a,b) = cos™! ( )
laflb]

For the case distinction, one should have the following image in front.

Unitvector Unitvector

d Sourceleft

Figure 3.3: On the left picture the centerpoint source represents the start point of a curve.
Outgoing targets represents the next possible controlpoints. The Unitvector is fixed. The right
picture is very similar, but here the centerpoint represents the endpoint of the curve. « is by the
formula given above

10



3.2 Detecting Curves

To compute the degree of the start point to the next control point, the relative position
from target to start is crucial, whether we have to replace a by 8 = 360 — ¢, i.e. 3.3. The case
from a previous control point to the endpoint is very similar, but you have to keep in mind
that you need the degree of the target point. So the computation of the degree is constant
and because we only consider bounded many intersections on a vertex by a constant. So we
have bounded many half edges in a linked list, which makes the sorting by insertion constant.
The normalizer and scanner work like an automaton, and because the operations in one state

are always constant, they need linear time in the file length to create the primal graph.

N

<]

p——— /\ 4
?ﬁ{@s? B S R

Figure 3.4: Left image shows curve segments with the internal stored outdegree in the vertex.
Right image is a zoomed version of the image

3.2 Detecting Curves

To detect popular edges of popular faces, we have to compute which edges belong to the same
curve. Our first step to find an entire curve globally over the image is to first process locally
connecting parts on a vertex. We introduce a new pointer for every halfedge e, which points
to the opposite curve edge from the same origin vertex if it exists. Assuming that two curve
segments c;,cy from the same curve split at a point p. Their ingoing degree d;,d, at p is
about on opposite sides, meaning d; + 180 mod 360 =~ d, and the two terms do not deviate
more than 10 degrees. We also have to take into account that near zero the difference can
deviate about 360 degrees. By this property we can assign each halfedge from a given origin
vertex a best suitable halfedge in the same neighborhood. In practice we search for a suitable
curve neighbor once for every halfedge when adding the halfedge to the primal graph. If there
exists a local curve pair, one edge has to be inserted later and sets both curve pointers.
With the local relation given, we can easily traverse each curve from an arbitrary point of
it. We know that each edge has to be assigned to one curve, which means we can start with
an arbitrary edge. We call the subroutine _, which
essentially assigns each edge exactly one curve id. Edges with the same curve id belong to the
same curve. Because we visit each edge only once and the pointer operations are constant,

this procedure needs linear time in the number of halfedges.

11



3. Preprocessing

Algorithm 1 Set Curve id in one direction

Require: A stack with a subset of all half edges
E, startedge e, id id

Ensure: Every edge on the same curve direc-

tion as e has the same id

D Ccur_e < e

cur_e.curve_id <« id

: E.remove(cur_e)

while cur_ e.twin.Ineighbor # None do
cur_e < cur_e.twin.Ilneighbor
cur_e.curve_id <+ id
cur_ e.twin.curve_id <« id

E.remove(cur__e)

E.remove(cur__e.twin)

: end while

—_
o

Algorithm 2 Set all Cruve ids

Require: A stack of all half edges F

Ensure: Every edge has a curve id

.E)

1: curve _id < 0

2: while F # () do
3:
4
5

cur_e < E.pop()
SetCurveld(cur__e, curve_id, E)

SetCurveld(cur__e.twin, curve_ id,

Curve id < curve id + 1

end while

For Validation, we also support drawing and labeling edges by their curve IDs.

Figure 3.5: Left image shows curve segment colored by their id. Right image shows the curve

segments labeled with their id in a zoomed version

3.3 Detecting faces

The standard algorithm to compute the dual graph uses the idea that every halfedge is used

exactly once in a face walk, and each face is characterized by its halfedges. It is essentially

very similar to our curve traversal, but we do face walks.

This is essentially implemented in

Simultaneously to the face walk, we keep track of the order of seen curve IDs and store the

beginning halfedge of the curve. If we finish with a face walk, we can then easily compute

whether we have popular edges and store pairs of edges in a pointer. If we have more than

two popular edges from the same curve on a face, we cannot solve the instance directly with

just one additional curve and mark it as so.

12



3.4 Computing the constraint sets

Algorithm 3 compute all faces of a graph

Require: A stack of all half edges F
Ensure: Create set of faces F
1: edgestart — E'pOP()

2 edgecur — edgestart

3: while F # () do

4: edge,,, < edge.,,..next__face_edge()

5: E.remove(edge.,,,,)

6: if edge,,,, = edge ,,,+ then:

7 Create new Face f, store facewalk in f

8: edge are < E.pop() > We can safely do this, because E is not empty
9: edge,,,, < edge o

10: end if

11: end while

N /

Figure 3.6: Left image shows the computed faces with popular faces. Right image is a colored
version of the faces

3.4 Computing the constraint sets

Assume that a given popular face f, only has popular edges, which come in pairs from the
same curve. If not, it should be recognized by the dual procedure before. We use a sliding
window, memorizing the front edge of the window, the end edge of the window and the seen
popular curve segments in between of the window. Recall the characterization of solution
edges is that one popular curve segment from a popular curve of the popular face has to be
seen exactly once. If the condition of a solution edge is not met for the window, meaning
we didn’t hit every popular curve from the popular face once, we have to grow the window
by incrementing the front edge. If we have a pair of popular curve segments in between, we
have to grow the end edge until we only have one of the two popular curve segments. Now
to keep the seen popular curve segments in between correct, we just have to update them
constantly when changing the front and end edge. Now if the condition for the solution edge
is met, we can take the set of edges £, which are all edges from the front edge to the next
popular curve segments, and the set of edges E,, which are all edges from the end edge to the
next popular curve segments, and E; x E, form all solution edges of the popular face, because

any endpoint from E; with an endpoint from F, fulfills the solution condition. We do the

13



3. Preprocessing

sliding window until the front edge visits the starting point of the end edge, because every
possible solution edge with the starting point of the end edge should be already covered by
the end edge. Because the sliding window depends on the growing of the front edge and end
edge and their change can be bounded by the number of halfedges in the facewalk, we only do
a linear number of steps. The bottleneck of the function is the construction of the solution
edges, as their number can grow quadratically with respect to the half-edges in the face walk.

The implementation can be found under _ and does it for all

popular faces.

3.5 Convert the dual to SNESC

Our construction of the SNESC-graph is split into diverse functions. First of all, we have to
construct the dual graph from the edges and face of the primal. We use the face id for the
For the vertex elimination and integration of solution edges from the popular faces, we call
_. It also integrates bridge vertices, if we
have adjacent popular faces; see 2.3, and provides a backsubstitution table for bridge vertices
to reconstruct the dual path from a SNESC-solution. We also provide in separate functions
the cloning of vertices, connecting edges, and adding edges to edge constraint. With these
features, we can clone the outer face from the dual, such that a dual face can be traversed

multiple times. This allows us to represent multiple curves in the curve arrangement.

Figure 3.7: Dual graph in the primal, red vertices are popular faces

We also have to mention that in the implementation we modeled the dual graph as a simple
graph rather than a multigraph and defined the edge identity as the pair of its endpoints rather
than giving it its own identity. An extension to multigraphs could be interesting, because if we
want to apply data reduction rules, multi-edges can be constructed with different characters

due to the constraint sets.

3.5.1 Construction of the solution curve

Given an optimal solution C' = f ... f;f, for the SNESC-instance. For each edge f;f;,; in
the cycle, there exists a set of dual edges S; = {e;,...e,} to f;fi,1, that are all possible to

intersect. Each dual edge e; stores its corresponding curve segment c¢;. To construct the

14



3.5 Convert the dual to SNESC

solution drawing, we have to choose exactly one dual edge e; from S; Vi € [l]. Choosing
one dual edge e; for the solution curve means intersecting its curve segment c;. Then we can
draw the solution curve local on each face f; € C, by connecting the midpoints of ¢, ¢, from
e, € 5;_1,¢, € 5;. The midpoint of a straight-line can be computed by the arithmetic mean

of its endpoints. If the curve c is a Bézier curve, all points can be computed by the formula

x= zn: (?) #(1— t)"b,,

where b,z is the z-coordinate of the i-control point and t € [0, 1]. Setting ¢ = 0.5 yields the
midpoint m,. With the coordinates of the midpoints we can insert the solution with new path
tags to the starting ipe-file.

Currently we select arbitrarily dual edge without any aesthetic decision making. Addition-
ally we only support drawing straight-lines between midpoints (1., m.). See Appendix A A
for examples.

When there exist an aesthetic measurement, we can formulate our problem as finding a
combination of dual edges such that the aesthetic measurement is maximized or minimized.

To improve the visual quality, we propose some ideas: when drawing the solution curve
l into the face f;. Let w.l.o.g. be e the dual edge from S, ; from f; ;f;. To lift [ up from c
at the intersection point of [ and curve segment ¢ the solution curve should be perpendicular
to the slope-vector of the curve segment. We call the perpendicular slope-vector p, which is
oriented into the face f;.

A scaled vector of p can be used to compute the middle control point for a Bézier curve,
which gives us a smoother transition between curve segments.

P can also be used to measure how suitable the next border edge e’ € S, is, i.e. measure
the similarity between the slope vector and the vector between midpoints ni, — ng’c by the dot

product.
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Finding Cycle in the Graph

4.1 Introduction to polynomial identity testing (PIT)

Problem 2 PIT Given a polynomial p(z,...,x, ) in some finite field Flz,...,x,]. Is p not

the zero polynomial, which always returns zero.

It is an open question whether PIT lies in P, but there exist practical algorithms by just
choosing and evaluating random points. This idea works mainly because a non-zero polynomial
cannot have "too many” roots over a field. This algorithm, due independently to Schwartz [8],
Zippel [9] and DeMillo and Lipton [10], is a Monte Carlo algorithm with bounded probability
of false positives.

The following lemma guarantees us that we can bound the error probability of false

positives:

Lemma 1 (Schwartz-Zippel-DeMillo-Lipton Lemma) Let P € Flz,,z,,...,x,] be a
non-zero polynomial of degree d > 0 over a field F. Let S be a finite subset of F. Then,

Pr [P(ry,..,r,) =0 < —.

It is a well-known result and there is some work into derandomization. In fact, there are
implications that it is very much unlikely that PIT € P [11].

4.2 Randomized FPT method

In this method we present the dynamic programming (DP) approach using finite fields, as
described by de Noojier, Terziadis, Weinberger, Maséarov, Loffler and Rote [1], extending an
algorithm of Bjorklund, Husfeld and Taslaman [12].
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4. Finding Cycle in the Graph

4.2.1 Decide with DP

4.2.1.1 Formulation and ideas

We aim to determine whether a feasible cycle of a given length exists with the Lemma 4.1.
Let the assignment of a finite element to an edge uv € E be ¢(uv). Furthermore, we represent
any walk W as a monomial, defined as the product of the finite field values of its edges. This

results to

oW) =[] ()
wweWw

If a monomial exists, the lemma guarantees a positive answer with high probability. However,
for the original problem, there can exist exponentially many walks and so exponentially many
monomials we may have to check. The crucial result is that we can compute in FPT-time
the sum of monomials of some restricted walks that satisfy the edge constraints and decide
for all polynomials altogether. The power lies behind the encoding of walks as monomials
and the allowed operations over the polynomial ring. We can easily talk about aggregated
walks by addition of monomials and adding the usage of an edge on multiple such walks by
the multiplication with an aggregated sum.

To efficiently compute the sum of monomials for walks satisfying edge constraints, we use
a DP formulation. First we focus on only walks root with an ending point f. Because we
know a valid cycle has to pass through one of the edges of a constraint set S;, we branch for
the ending point into every edge of the smallest of the constraint sets. Let without loss of
generality S; be the smallest constraint set among all S; C E. We will use one vertex s from
the edge sf € S; as the start point and the other as the end point f, to detect a closed walk.
Note, that by this method we indirectly orient the walk of the solution cycle uniquely. Let also

k be the number of constraint sets and R C [k] be a subset of index set of constraints sets.

4.2.1.2 Recursive formulation

Let T4(l, R,v) be the polynomial of all walks W, that

e ends in f and starts in v

have their last edge in S,

consists of [ edges

use exactly one edge from each set S; with i € R

contains no edge from the set S; with i ¢ R

with T(1, 5, v) = ZwEWL,s,U ¢(w). For the optimal solution, we search for the T'(l, [k], f) with
the smallest [, that is non-zero for any sf € S;. With the tables, we can keep track of the
existence of walks with specified vertex v and the set R, that are already visited.

Our base case of the program will be T(1,1(sf),s) = ¢(sf).
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4.2 Randomized FPT method

The idea of the recurrence is that we can reuse already computed walks of length { — 1 for

the walks of length [. By this we get the following recurrence

Te(l,Ryv)= Y ¢(uv)Tp(l—1, R\ I(uv),u)
1)ER

where I(uv) := {i | uv € S;} of sets S; denotes the index set of constraint sets containing uv.

4.2.1.3 Runtime and probability of success

The runtime depends on the number of entries from the DP table we compute and the cost per
entry. In the worst case, if no solution exists, we have to compute all T'; values for every [ < n,
every start point v € V; and every subset R € [k] on every branch sf € S;. Each table needs
O(m) lookups and constant operation for each edge. This results in a runtime complexity of
O(2kmn?|9,]).

The probability of successfully detecting the optimal solution we can bound by the lemma
4.1 and the fact that we evaluate a polynomial of degree [ < n with [ as the solution length.
This implies a probability of at least 1 — %. Here ¢ is the size of the finite field. By choosing ¢
to be very large, around 2% ~ 1.8-10'7, it is sufficient for most practical applications. We also
have to restrict the field to powers of two for correctness. If no solution exists, the algorithm
always returns False.

The proof of correctness can be found in [1], which explains how all valid non-simple cycles

cancel out in the polynomial.

4.2.1.4 Implementation details

Each vertex is encoded as an integer, and an edge as a frozenset of vertices. Every subset R
will be represented as a bit vector, meaning each index corresponds to one bit of the vector.
The entire SNESC—instance will be then encoded as an object.

Static information, such as the function I as a map, the edge list £ and the encoding of the
power set of [k] as bit vectors is precomputed once and stored in the object. Set operations
are simulated by bitwise operations in constant time for £ < 64, which is sufficient for all
practical use cases. For finite field calculation there are a variety of powerful libraries; we will
use Hostetter’s Galois library, which efficiently integrates NumPy arrays [13]. This allows us

to store and use a single 3-dimensional NumPy array for the DP tables.

The dynamic program is implemented under _ The assign-
ment of weights is built in a separate function in _ and before

the DP. We also want to mention that we integrated the feature to search for a path with
endpoints a, b, that fulfills the constraints set. The only adaptation we made is that we have to

branch on each incident edge from a start point b and have to check for T}, (I, [k],b) for every I.
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4. Finding Cycle in the Graph

Algorithm 4 Dynamic Programming for SNESC

1: Input: Sl,I,E,bitmap?([kWCb
2: for each v,,qu € S; do
3: memo — ]

4: memO[L I(”endu)} ’ U] — ¢(Uendu>

5: for [ from 2 to n do

6: for R € bltmapﬂ[k]) do

7 for uv € £ do

8: if I(uv) C R then

9: memo|l, R, v] += ¢(uv) - memo[l — 1, R\ I(uv), u]
10: memo|l, R, u] += ¢(uv) - memo|[l — 1, R\ I(uv), v]
11: end if
12: end for
13: end for
14: if memo[l|[{1, ..., k}|[v.,q] # O then
15: return True
16: end if
17: end for
18: return False
19: end for
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4.2 Randomized FPT method

4.2.2 Recovering the solution

To recover the solution, we can deduce solution edges by systematically eliminating edges
and observing the change of the output of the modified graph. We use the method above as
an oracle. Start with one vertex from the first edge that we used to orient the cycle. The
other vertex acts as the endpoint, ensuring the termination of recovery and guaranteeing the
formation of a cycle. So if we have not reached the endpoint, to get the next vertex from the
current vertex, we do a binary search on the unused incident edges of the current vertex and
by partitioning the incident edges into two subsets. If the output returns zero after removing
the subset of edges and the other subset returns a non-zero value, we can safely remove the
subset that didn’t influence the returned value. If both return a value, we have to take the
subset yielding the shortest solution length. At last, if both removing parts return zero, we
have to do the oracle again with completely new weights, because we got no information on

which subset is essential for the optimal solution.

Algorithm 5 Binary Search on Incident Edges for SNESC

L Input: v, Vend, € first

2 Coyp €rirst

3: snesc,,; « []

4: while v, # v,,, do

5: incident_edges < {(u, Vo) | ¥ € N(Veyr) \ €our t

6: num__edges < |incident__edges|

7 while num_ edges > 1 do

8: left half < incident_edges[: num__edges / 2]

9: right__half « incident__edges[num__edges /2 :]

10: answer,; ¢, sol_len, < decide(left_half, edge firs .
11: answer,, ¢, sol_len, < decide(right_ half, edge Firs 2
12: if answer,;,;, = True A answer,, , = T'rue then
13: answer;, r, < sol_len, <sol len

14: answer,, ,, < sol_len < sol len, [> Have to take solution with smaller length
15: end if

16: if answer,, s, = True then

17: incident__edges < left_ half

18: continue

19: end if
20: if answer, 5, = True then
21: incident__edges < right__half
22: continue
23: end if
24: rest,special . < decide,,.;q (left_half,right half, e, )
25: incident__edges < rest
26: end while
27 snesc,,;.add(incident__edges)
28: u, v < incident__edges|0]
29: €oyr < incident edges|0]
30: Veur — v if v # v, else u

31: end while
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4. Finding Cycle in the Graph

In figure 5 provides a sketch of the algorithm. The function decide(E,, e ,,¢) is the DP
described in 4, where in the DP the set of edges E is modified to F'\ E,.. Instead of branching
over all vertices of the first constraint set S;, we run a single DP for ey, ;. In the case where

removing both subsets returns zero, a special function is called decide This function

special*
performs the same operations as the body of the while loop but additionally reassigns the edge
weights of the object. Aside from the edge list F we also maintain an adjacency list of the

graph for quick lookup of incident edges.

6 6

Figure 4.1: Visualization of a snesc graph. Black and red colored edges are contained in separate
constraint sets. Left picture shows the graph, right picture shows the graph with a possible solution
cycle.

0

Figure 4.2: Visualization of the search. Red edges indicate edges, that are irrelevant for the
solution. Light green edges mark already found solution edges. Dark green edge is the newest
found solution edge. The first edge is (8,1) oriented towards 1.

To test our entire implementation, we got a small set of nonogram images from an automatic
nonogram generator provided by M. Lofller. The test set can be found in Appendix A A.
4.2.3 Interesting cases

In this section, we discuss interesting cases where the algorithm fails to find a solution or even
finds a suboptimal one, as well as cases where it eventually identifies the optimal solution

despite initially detecting a longer walk. If an optimal solution with length [ couldn’t be
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4.2 Randomized FPT method

detected in the [ round, then either a non-zero monomial eliminates itself, because one of its
variables got the zero element of the finite field, or multiple monomials of length [ may cancel
each other out if they produce finite elements twice, a consequence of the characteristic-2
property of the field. See i.e 4.3 and let all edge weights be of value o. In the following

examples our constraint set only consist of S; = {(A, B)}, marked in blue.

Figure 4.3: Case 1: Graph with two identical cycles

The algorithm will return zero for T4 (I, [1], A) VI < n. In the relevant iteration | =5 we
have two cycles ABC'DyFE,A and ABCD,E, A, which cancel each other because they construct
the same value.

But for larger graphs, there is hope to find a solution. Assume the optimal cycle C has
length [ and it could not be detected, because some other optimal cycles C” ,...,C” with C
cancel each other out. The valid cycle can still be used for a valid walk. See Figure 4.4. We
apply the same rules as stated above. The optimal cycle cannot be detected as in case 1 for
I = 5. But for length [ = 7 there exists one extra walk ABCD,FE,FFE,A, which produces a
non-zero value o for T4 (7,[1], A). We refer to such walks as valid palindrome cycles because

their edges can be decomposed into a feasible cycle along with additional edges that form a

Figure 4.4: Case 2: The green edge marks edges, that are found to the solution. C is the vertex,
where the two optimal cycles diverge. Removing one of the edges results detectability of an optimal
cycle.

palindrome, such as E,F'E,.
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4. Finding Cycle in the Graph

We call this a rebound effect, because we get the chance to detect snippets of a valid
walk. Indeed we can even retrieve the optimal walk without the palindrome. Suppose a valid
palindrome cycle of length [ + 2n with an optimal cycle C' with length [ contributes a non-zero
value and let v be the first vertex that C and the palindrome shares. Also C cancels out with
a set of optimal cycles € = C’,...,C"" with ¢(C) = ZC/GC’ d(C"). Let v’ be the first vertex,
where after that C' and C’ € € diverge. Then if v comes after v’, we get the chance to branch
between the optimal cycles C and C’. By eliminating one branch, we can break the equation
¢(C) =2 ¢(C”) and produce a non-zero value for a smaller I. An example graph is shown

in 4.4. See 4.5 for further interesting examples, where we can find the optimal solution.

Figure 4.5: The DP for the graph on the left picture returns a non-zero value, because of an odd
number of valid palindrome cycles with [ = 7. In the right picture the DP returns [ = 7 zero for the
graph, but a non-zero value for [ = 9. Removing one of the edges in C again results detectability
of an optimal cycle.

One could also consider the palindrome as a distinct, detectable path (see, e.g., 4.6). The
reasoning remains the same as above: the longer path must lead to a vertex where branching
between the optimal cycles becomes possible. When this occurs, the optimal cycle can be

identified, allowing the search to adapt accordingly.

Figure 4.6: Case 3: The green edge marks edges, that are found to the solution. C is the vertex,
where the two optimal cycles diverge. Removing one of the edges results detectability of an optimal
cycle. Here it will always find the optimal valid cycle

However, there exists also path placements where a suboptimal solution may be found.
This occurs when, during the binary search, no branching happens between optimal solution

cycles that cancel each other out. An example of this is shown in 4.7.
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4.2 Randomized FPT method

Figure 4.7: Case 4: Three cycles. The branching on C is between [CD1, CD2] and [CD3]. It
will take CD3, because the removal of CD3 leads to case 1 and the removal of [CD1, CD2] let the
suboptimal cycle remain.
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4. Finding Cycle in the Graph

4.3 Exact method

Integer linear programming ILP is a mathematical optimization technique, in which all variables
are integers. It consists of a linear objective function and linear constraints. To verify the
optimality of the approach described above, we also provide an exact method for solving
SNESC using ILP. Let ((V, E), Sy, ..., S;) be a SNESC-instance given with a total order < on
the vertices. Additionally, we define a set V"’ of vertices v, each corresponds to an edge uv in
S;, where v is the smaller in the ordering to u, v < u. Let f be the function, that returns the
smaller vertex from the edge, meaning V' = {v|e € S; Av= f(e)}. Our ILP-formulation is

then as follows:

Minimize Z z, (1)
eckl

subject to Z xz, =1 Vielk] (2)
ecS;

Z ':Ce = 2yv V’U E V (3)

2z, <y, +z, Ve=uw e E (4)
> fuw= D fouts Ywe VAV (5)
uwvelE vuel
—nf, < fuo < nfe Ve=uwveE (6)
—nf, < fou <nf. Ve=weE (7)
—nf, <s,<nf, Veec E (8)
D =D futvi— D s Yue v’ (9)
WwoeE VueE €S, v=1(e)
z, €4{0,1} Vee E
y, € {0,1} YoeV
fuvs fou € Z Yuv € E
s, €72 Ve € 5,

First we explain the variables from the ILP: we introduce for every edge e and vertex v the
choice of including it in the solution as a binary variable z, and y,. Next we define for every
edge uv a flow variable f,, and f,, to model a flow over the graph. We also introduce some
sink variables s, for every edge in S;, that is once for an endpoint v = f(e). These values
are constrained to be integer values. Each of these variables plays a crucial role in defining
a feasible solution. The edge and vertex selection variables determine the structure of the
solution, while the flow and sink variables ensure connectivity, which we explain next.

The optimal solution is characterized by minimizing the number of vertices across all
simple cycles that satisfy the constraints. Therefore, this solution also minimizes the number
of selected edges (1).

exactly one edge has to be active. Condition (3) forces that every vertex has degree either

Condition 2 ensures the set constraints. For each constraint set .S,

zero or two. Condition (4) ensures that, if an edge is active, its endpoints have to be active as
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4.3 Exact method

well. Together they force simple cycles, but the constraints allow multiple disconnected cycles.
Conditions (5) — (9) describe a flow between all active vertices and are needed to ensure us,
that we only produce one simple cycle. Every vertex contributes a value to the flow if and
only if it is active and used for the solution y, by Condition (5) and (8). Only active edges
can transfer flow by Condition (6) and (7). Because the components of the graphs are cyclic,
a valid component cannot only consist of active vertices v € V' \ V’. This is because they only
add contribution to the flow that cannot vanish. To fulfill the constraint, a vertex v € V' is
needed that can act as a sink if and only if one of its incident edges e € S, is used by constraint
(9). Because an active vertex in V' corresponds to an active edge Sy, only one v € V’ and one
of its edges can act as a sink. Additionally, all active vertices must be connected to this sink,
ensuring that the graph forms a single connected component. In other words, every active
vertex is reachable from the active sink. Due to our cycle characterization, the solution can
only contain one simple cycle.

Thus, if we have a valid ILP-solution, we also have a valid SNESC-solution, because
the constraints enforce one simple cycle, with exactly one edge taken from each constraint
set. The reverse direction holds by construction. The implementation can be found in

_ and it makes use of the Python Gurobi library. Certainly,

this program can be improved, but it is sufficient for our applications.
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Experiments and Results

5.1 Experimental Setup

We aim to analyze the running time and error probability of the randomized FPT-method in a
practical setting. To achieve this, we build up a synthetic graph generator, which produces

random graphs of different quality. We consider two classes of graph types:

o Erdés Renyi (ER) graphs are random graphs following a specific probability model.
FEach edge will be taken with a certain probability, we choose the value %, such that we

have a linear number of edges on average, in expectation g(n —1).

o Barabési-Albert (BA) graph is a scale-free random graph, where edges are preferentially
attached to existing vertices based on a given attachment rate[14]. The degree distribution
will then follow a power law distribution and by choosing the attachment rate as 5, where

we expect 5n — b edges.

We implemented a generator function, which creates instances with ids and stores them in
a single CSV file. Every instance contains metadata, including the graph seed, set seed, graph
size, constraint set size. The graphs are generated with the NetworkX library and require
a graph seed and structural specification from the metadata. The edges for the constraints
sets will be randomly picked. The size of the constraint set size will be fixed on exactly
3 edges. Note, if a seed is set before the random choices, the generation process becomes
fully deterministic. We also explored several different storing approaches like human-readable
serialization and binary serialization, but ultimately found that storing only the seed is the
most space-efficient method.

Furthermore, we also process each instance by the ILP-method to label the optimal solution
length. Graph with no solution will be filtered in our instances, because their runtime is very
predictable. We also provide a separate small analysis over the gurobi ILP method in B.

We also hash the solution, graph, and constraint sets, so that we can verify the

reproducibility of the objects. All instance information is captured by a single row in a
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5. Experiments and Results

CSV file. To retrieve an exact instance, we provide a graphloader, which automatically maps
every row in the CSV file into an object.

For our experiments we focus on graphs with size 15 and ranges k over 3, ..., 10. We restrict
ourselves to this range, because the running time explodes rapidly for bigger k, i.e. for one
experiment with k = 11 we ruffly spend 1 hour. We generated about ten thousand instances

for every k. See figure B.3 for an overview of the instance number.

Count Distribution of k Across Graph Types

Graph Type
B erdos_renyi
B barabasi

10000 +

8000

6000 -

Count

2000 +

<

-

Parameter k

Figure 5.1: Barchart of the number of instances for each k

One experiment consists of an instance with its id, a random seed for the algorithm, and
the size of the finite field. Each of them is also stored in a row of a different CSV file. All
experiments were conducted on an AMD Ryzen 3 PRO 4450U processor (4 cores, 8 threads)
and 16 GB RAM.

We also created a second group of experiments, where we filtered the zero element of
the finite field in the assignment of edge weights. Additionally, we also created an instance
runner, which calls instances with the decision and search automatically. It chooses an instance
randomly from the CSV file of the generator and runs it three times with different random

seeds. The random seed decides the edge weights.

5.2 Decision Results

Figure 5.2 gives statistics on the runtime of the decision as a function of k from the runner.
We splitted the experiments in two groups and for each point we averaged the runtime over the
experiment with the same & value and graph type. As expected, both groups grow exponentially
in the runtime to the parameter k. This is demonstrated by the linear behavior in the log-scale
plot.

A curious anomaly occurs at the beginning of the top diagrams, where all elements from the
finite field are in use. This peak might suggest that CPU resources were not fairly distributed.
Further investigation is required to understand the specific instances that are causing this
peak.
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5.2 Decision Results

Runtime to k (No Scale) with zero element Runtime to k (Log Scale) with zero element
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Figure 5.2: Runtime Decision over the number of constraint sets k

For a fixed k and graph type, the runtime is not significantly affected by the field size.
Table 5.1 shows the runtime over all BA graphs with £ = 8. This is just a subset of the data

from the figure.

Field Size | Runtime with Zero [s] | Runtime without Zero [s] | Difference in [s]
4 65.50 68.04 2.53

8 66.76 67.30 0.54

16 67.45 67.23 -0.22

32 66.11 64.28 -1.82

64 65.51 62.85 -2.65

Table 5.1: Barabasi graph decision runtime over field size with k = 8

5.2.1 Element distribution and error probability

We were also interested in the distribution of the elements, produced by the algorithm. We
can infer error probability directly from the frequency of the zero element, because from
the beginning we filtered false instances from our data set. Our results indicate that the
distribution is not uniform, with certain elements being more frequently selected. Table 5.2
presents error probabilities as a function of field size.

If we now only focus on the error probability, we see that the percentage of error is always
cut in half when doubling the field size, see table 5.2. Here we partitioned only all experiments,
which include the zero element as an edge weight, by their field size. We counted their
occurrences and computed for each element its frequency. We observe that the zero element is

always the element with the smallest frequency in this group.

31



5. Experiments and Results

Percentage Distribution of k Across Graph Types (Field Sizes 4, 16, 32, 64)
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Figure 5.3: Elements distribution from the algorithm with

Field Size

smallest frequency
of elements [%)]

highest frequency
of elements [%)]

Error Probability
Decision [%)]

4 17.27 30.00 17.27
8 4.59 18.35 4.59
16 1.80 9.01 1.80
32 0.00 7.34 0.00

Table 5.2: Mean, Min, and Max Percentage for Different Field Sizes

Note also for the table 2 for a field size q its practical error €(q) < % < é, where [ is
the solution length. The theoretical bound is given by the lemma 4.1. This suggests that the
practical error rate is significantly lower than the theoretical upper bound, likely due to the
limited graph and solution size. Further studies may be required to approve this observation.

When analyzing the second experiment group, where the zero element is excluded, we
observe a significant reduction in error probability. In this setting, failed cases become extremely
rare. To provide concrete numbers, out of 1500 experiments, there was no failed case, where
the field size was uniformly chosen from {4,8,16,32}. Figure 5.4 shows the distribution, how
frequent each element is over the experiments. It confirms that no incorrect zero-element
assignments occurred in our experimental dataset. However, past unbalanced datasets have
shown some errors, suggesting that a more rigorous statistical test should be conducted to
validate this phenomenon. In the bottom-right table, the distribution appears to be stepwise.
This effect can arise due to the relatively small number of experiments—around 100 were

conducted. So each element has a probability between ﬁ %.
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5.3 Search Results

Percentage Distribution of k Across Graph Types (Field Sizes 4, 16, 32, 64)
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Figure 5.4: Finite elements distribution from the algorithm without use of the zero element.

5.3 Search Results

We provide data of the search in figure 5.5, showing the running time for a search per query
on the DP. As in the decision process, we see an exponential growth in the parameter of k
even for the average over all queries. However, the curves are noticeably less smooth compared
to the decision process. This can be explained by the inconsistency in individual run after a
certain number of queries, the decision-making becomes easier due to the increasing sparsity
of the graph as edges are deleted.

For each run, we also counted the number of calls to the DP function. In table 5.3
we present the average number of queries to the number of constraint sets. The number of
queries grows with the number of k. This is probably because larger edge constraints typically
correspond to longer solution paths. We also can observe that in each row the number of
queries from the BA graph is larger than the F R graph. This indicates, that in expectation

BA could be much denser due to our choice of parameters.

k | Average Num of Queries | Average Num of Queries

of Erdos Renyi Graph of Barabasi Graph
4 16.71 21.66
) 21.05 23.02
6 24.89 28.00
7 24.43 27.31
8 23.95 31.00
9 26.73 36.57
10 30.00 35.53

Table 5.3: Number of Queries over k
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5. Experiments and Results
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Figure 5.5: Search Running time per Query

5.3.1 Overall error Probability

Table 5.4 shows error probabilities for search operations with and without the zero element.

Similar to the decision process, excluding the zero element significantly reduces error probability.

field Error Probability Error Probability Percentage of
size | (with zero element) [%] | (without zero element) [%] | not optimal solutions [%)]
4 62.64 3.33 45.37
8 32.69 0.00 28.1
16 18.35 0.00 16.55
32 6.42 1.25 6.42
64 7.41 0.00 7.41

Table 5.4: Error Probabilities for Search with and without Zero Element

Interestingly in the table is that the error probability increases with the larger field size 64

from 32. This could indicate a bug in the program or some unexpected effect. Additionally, we

want to highlight that for a field size of 232, we never encountered any suboptimal or incorrect

decisions.

Besides a suboptimal solution is approximately double that likely than a falsely decided

solutions. This is because a failed decision requires that all valid cycles have to cancel out

for all lengths [, including the replication by the rebound effect. In contrast, obtaining a

non-optimal solution requires only a subset of cycles, where all optimal cycles are included, to

cancel out, making non-optimality more common.
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5.3 Search Results

Also interesting is that the rebound effect is weaker than we expected. Out of 150
experiments, decided to be not-optimal, only two were reconstructed optimally. The real
probability could be also way lower or a bit higher. No case was found in the group without

the zero element.

35






Conclusion

In this thesis, we introduced the theoretical foundations behind removing popular faces in curve
arrangements. Furthermore, we explained the implementation of our ideas and demonstrated
how we resolved all IPE files provided for us. We present several interesting example cases of
the algorithm and gave some practical insights on the running time and error probability. A
crucial finding is that the empirically measured error probability deviates by a factor of [ from
the theoretical bounds. We can even decrease the error probability significantly by filtering

the zero element from the finite field.

6.1 Open work

Explaining the gap to the theoretical. A theoretical explanation is still missing for why
the observed error probability is lower than expected and why removing the zero element

significantly decreases it.

Support of multiple curves. This is motivated by the fact that we then can solve more
complex popular faces, meaning popular faces with more than 2 curve segments of the same
curve. The algorithm currently supports only one curve or by manual setup multiple restricted
curves, that can’t intersect between them by cloning the outer face. A correct extension would
be to iterate through all partitions of the edge sets in separate SNESC-instances and solve

them independently.

Automatic curvature and smart choices. We mentioned that the choice of dual edges in
the solution drawings is done arbitrarily and that we only support the drawing of straight lines.
A first improvement would be to automatically compute and insert smooth and continuous

solution curves.

Support of data reduction. The SNESC-instance could be reduced in many aspects. The
elimination of degree 1 and 2 vertices. Also in the recovery of the solution, we mentioned some

techniques to accelerate the search. Note that for data reduction, we also have to think about
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6. Conclusion

substituting reduced vertices or edges back. We also have to extend the model of the dual
graph to a multi graph, because by reducing we may get edges with the same endpoints, but

inherit different dependence on the edge sets.

Dependence of randomness. As mentioned, fully derandomizing PIT is unlikely. However,
it may be possible for certain restricted classes of polynomials, making this an interesting

direction for future research.
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Nonogram test set

Figure A.1: Left the original ipe image from M. Lofller; right the new created ipe image from
the pipeline
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A. Nonogram test set

Figure A.2: Left the original ipe image from M. Loffler; right the new created ipe image from
the pipeline
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Figure A.3: Left the original ipe image from M. Loffler; right the new created ipe image from
the pipeline
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ILP Performance

The randomized FPT -method is an interesting approach; however, the ILP -based method
demonstrated impressive performance, successfully labeling all instances in the experiment
from Chapter 5. In this section, we provide statistics to illustrate the practical efficiency of the
solver. In this section, we give some statistics on how strong the solver in practice is. In figure
B.1 is the average running time of all positive labeled data shown to the parameter k. To
offer a rough comparison with the DP approach, for k = 12, the latter required approximately
two hours to compute a solution, whereas the ILP-based method completed the task in mere
milliseconds.

For larger values of k, a reasonable approximation suggests that the runtime of the DP
and search-based method doubles with each increment of k . Remarkably, the runtime of the

ILP-based method appears to grow linearly with the number of constraint sets, highlighting its
efficiency.

Runtime to k withn =15, p=5/n,m=5
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Figure B.1: Running time from ILP on the same test data set as the DP
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B. ILP Performance

To gain a better understanding, we also provide a boxplot showing the running time. We
observe from B.2 that for some clique instances, the runtime seems to grow more than linearly.

This suggests that the harder instances might be necessary to truly assess the limits of what
the ILP-method can handle.
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Figure B.2: Running time on the same test set as the DP with boxplots

To further investigate, we construct a more challenging set of instances with values of k in
{4,6,8,10,16, 20,32}, while keeping the graph size fixed at 60. All other parameters used in
the instance construction remain unchanged. The data set is shown in and is also generated

by the instance generator.

Count Distribution of k Across Graph Types

Graph Type
I erdos_renyi
W barabasi
250 mm dique

200 -

100 +

@

N o ~
Parameter k.

Figure B.3: Number of new generated instances

Figure B.4 is showing the runtime, which now follows more of an exponential curve.

Interestingly, we now observe that the (ER) graphs tend to be harder than the (BA) graphs.
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Runtime to k withn =15, p=5/n, m=5
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Figure B.4: Results on the same test set as the DP

We also plotted the data on a log scale and used a boxplot for further insights. The
deviation remains in the BA and ER graphs much bigger than in the clique, because of the
random choice of the graph. The clique graphs consistently remain very hard, as the high

density in these graphs leads to a large number of possible configurations.
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Figure B.5: Results on the same test set as the DP
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B. ILP Performance

An intriguing observation is that even though the ER graphs often have simpler instances,
there are cases where they are just as hard as the clique instances. This could potentially be
explained by the fact that an ER graph can also construct a clique. We also see no clear linear

curve in the log plot, which implies no real strict exponential function.
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Figure B.6: Results on the same test set as the DP

This hints at the possibility that there may be other techniques or heuristics existing that

could further improve the performance.
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