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Abstract In this article, our goal is to describe mathe-
matically and experimentally the gray-intensity distributions
of the fore- and background of handwritten historical doc-
uments. We propose a local pixel model to explain the
observed asymmetrical gray-intensity histograms of the fore-
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and background. Our pixel model states that, locally, the
gray-intensity histogram is the mixture of gray-intensity dis-
tributions of three pixel classes. Following our model, we
empirically describe the smoothness of the background for
different types of images. We show that our model has poten-
tial application in binarization. Assuming that the parameters
of the gray-intensity distributions are correctly estimated, we
show that thresholding methods based on mixtures of lognor-
mal distributions outperform thresholding methods based on
mixtures of normal distributions. Our model is supported
with experimental tests that are conducted with extracted
images from DIBCO 2009 and H-DIBCO 2010 benchmarks.
We also report results for all four DIBCO benchmarks.

Keywords Binarization · Thresholding · Normal ·
Historical documents · Handwritten · DIBCO

1 Introduction

The digitization of historical documents is a valuable tool
not only to preserve and spread their content, but also to
extract information from such documents. Digital records
allow indexing, searching, and remote access to hundreds of
thousands of documents. However, the extraction of infor-
mation from ancient documents presents several challenges.
In particular, handwritten historical documents have non-
standard fonts and present features such as: weak ink strokes,
wide background variations, and bleed-through, to mention
some; see Fig. 1. Because of these characteristics, diverse
techniques to enhance [34,54], segment [35,41], and recog-
nize [2,60] handwritten historical documents have been pro-
posed.

Handwritten documents have a natural partition where
ink strokes constitute the foreground while the background
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Fig. 1 Examples of database A, where images were visually classified

represents the rest of the image. In this context, binariza-
tion is the process of estimating such sets and, consequently,
it is crucial for several applications of pattern recognition
such as optical character recognition [24,27], line detec-
tion [30,38], word segmentation [18,28,57], and writer iden-
tification [7,59].

Binarization competitions, like (H-)DIBCO 2009, 2010,
2011, and 2012 [16,42–44] manifest the great interest
and ongoing work on binarization methods specialized in
degraded documents. Such methods exploit features like
statistics of gray intensities [4,20,21,31,36,46–48], edge
detection [21,31,46–48], stroke width [20,31,36,49,55,56],
contrast measures [4,21,31,46–48,55,58], analysis of con-
nected components [31,36,56], and background surface esti-
mation [31,51,56].

Among the above-mentioned methods, Hedjam’s [20] and
Ramírez-Ortegón’s [46–48] methods explicitly assume that
the gray intensities of both fore- and background are normally
distributed (Gaussianity or Gaussian assumptions). Both
methods estimate locally the parameters of each class distrib-
ution and apply Bayes rule to classify each pixel. While Hed-
jam’s method considers the output of the grid-based Sauvola
method [33] to estimate the parameters of the class distribu-
tions, Ramírez-Ortegón’s method estimates such parameters
from the transition pixels (a generalization of edge pixels).
Both methods, however, estimate the means and variances of
gray intensities by the maximum likelihood estimators.

Gaussian assumptions have been explored long before
Hedjam’s and Ramírez-Ortegón’s methods were proposed.
For example, a pioneering binarization method based on
Gaussianity was proposed by Chow and Kaneko [11] in 1973.
In this method, the parameters of the gray-intensity distrib-
ution of the background are inferred by a region provided
by the user, and the parameter estimators are computed by
the maximum likelihood method. Then, the pixel classifica-
tion is computed by Bayes rule. Another example is Kittler’s
method [25], proposed in 1985, which selects a threshold that
minimizes an error function under Gaussian assumptions.

Not only maximum likelihood estimators have been used
to estimate the distribution’s parameters, but also some meth-
ods based on a posteriori probability, like in Kuk et al. [26];
and based on expectation-maximization, like in Huang and
Chau [22].

The shape limitations of the normal distribution is a dis-
advantage to model gray-intensity distributions that exhibit
narrow peaks and large plateaux, as may happen in historical
documents, even when the histograms are locally computed.
Driven for this problem, thresholding methods based on mix-
tures of generalized normal distributions have been proposed,
like in [5,8,12,13]. Furthermore, methods based on the Stu-
dent’s t distribution [61] and Rayleigh distribution [62] have
been proposed. However, these thresholding methods were
proposed for a general segmentation rather than for text seg-
mentation.

As we have remarked, Gaussianity is a strong premise
that allows standard and sophisticated techniques to model
the fore- and background. However, to the best of our knowl-
edge, the gray-intensity distributions of the fore- and back-
ground have not been described in the context of historical
documents.

The lack of a formal study that ensures Gaussianity is a
flaw in binarization methods that depend on it. For example,
Ramírez-Ortegón et al. [46–48] reported that a method based
on mixtures of normal distributions has satisfactory results.
However, the same method increases its performance when
mixtures of lognormal distributions are considered instead.
This result motivates us to analyze mathematically and exper-
imentally the gray-intensity distributions in handwritten his-
torical document images in order to describe the underlying
phenomena that causes the observed skewed gray-intensity
distributions.

We show in Sect. 2 that the gray-intensity histograms of
both fore- and background are asymmetrical. Hence, we pro-
pose a pixel model for describing the observed asymmetrical
histograms. In this model, three types of pixels are iden-
tified, one of them causes the asymmetrical shape of the
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gray-intensity histograms. Later on, in Sect. 3, we address the
assumption of local smoothness. We experimentally prove
that the fore- and background surfaces are highly smooth in
a small neighborhood so that their gray-intensity histograms
(excluding edges pixels) are indeed mixtures of normal dis-
tributions.

We conducted two evaluations of quasi-thresholding
methods in Sect. 4 whereby we show the potential appli-
cations of our pixel model. The term quasi-thresholding
is because our tested binarization methods compute data
from the groundtruth. In concrete, these quasi-thresholding
methods model the gray intensities with mixtures of nor-
mal and lognormal distributions, while the means and vari-
ances of gray intensities are estimated from the groundtruth.
Despite these restrictions, our experiments provide experi-
mental bases to develop further algorithms based on asym-
metrical distributions that exclude the groundtruth as a data
source.

Most of our experiments use extracted images from the
handwritten images of the DIBCO 2009 and H-DIBCO 2010
benchmarks. However, we also report evaluations of the orig-
inal DIBCO benchmarks in Sect. 4.4.

2 Image model

In this section, we show that the distributions of gray intensi-
ties of both fore- and background are skewed by identifying
three classes of pixels and their corresponding distributions.
One of these three classes is asymmetrical (with skewed his-
togram), while the other two classes appear to be normally
distributed.

An extracted image from a historical document (300 dpi)
and its corresponding binary groundtruth are shown in Fig. 2.
In part (a), we have the histogram of gray intensities, and
we can observe that the gray-intensity distribution of the
background is skewed. However, as Fig. 2b shows, observe
that only the left tail is decreased after removing the back-
ground contour so that the new distribution is approxi-
mately normally distributed. This indicates that the back-
ground pixels around the contour are the cause of the left
heavy tail while no-edge pixels are approximately normally
distributed.

In a similar manner, the skewness of the foreground gray-
intensity distribution is caused by pixels around the contour.
However, it is also caused by stroke intersections that gener-
ate darker pixels and by fading strokes that generate lighter
pixels. These later two phenomena are beyond the scope of
this article.

Motivated by our previous observations in Fig. 2, in the
following sections, we propose a model that not only distin-
guishes the pixels around the contour, but also models their
gray intensities.
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Fig. 2 a The gray-intensity distributions of the fore- and background
are skewed. b By removing background pixel from the contour (back-
ground pixels whose neighborhood of 5 × 5 contains at least one fore-
ground pixel), the distribution appear to be approximately normally
distributed

2.1 Pixel model

In our model, a pixel p ∈ P represents a small sam-
pled region of a continuous image. For the sake of under-
standing, we depicted the pixels’ sampled areas as small
disjoint squares (a partition). However, our pixel model
does not assume a specific shape of the pixel’s sampled
area.

The gray intensity of a pixel is the integral of the gray
intensities within the pixel’s continuous region, which rep-
resents the average value of the sampled area. We denote the
gray intensity of a pixel p as I ( p), where black is considered
to have the value zero and white is set to have the value g,
(with g ∈ N), then 0 ≤ I ( p) ≤ g.

For the purpose of this paper, in a binary image, fore-
ground pixels take the value of one and their set is denoted
by F . On the other hand, background pixels take the value
of zero and their set is denoted by B. Furthermore, Pr ( p)
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denotes the square neighborhood of sides with length 2r + 1
such that it is centered at the pixel p.

We identify three classes of pixels which are depicted in
Fig. 3:

(A) The Inner foreground, denoted by F∗, is the set of pixels
whose sampled regions are completely contained in the
foreground.

(B) The Inner background, denoted by B∗, is the set of pixels
whose sampled regions are completely contained in the
background.

(C) The Frontier, denoted by E◦, is the set of pixels whose
sampled regions contain areas of both fore- and back-
ground. We divide this class into two subclasses:

(C.1) The Outer foreground, denoted by F◦, is the set of
pixels whose sampled regions contain more fore-
ground area than background area.

(C.2) The Outer background, denoted by B◦, is the set of
pixels whose sampled regions contain more back-
ground area than foreground area.

As we have mentioned above, the pixels are represented
in Fig. 3 as disjoint square areas, but the pixels’ sampled
areas may not be disjoint areas and may not be squares
either. Nevertheless, our pixel model is valid regardless of
the pixel’s shape or overlapping areas. Readers interested in
how the pixel is represented may wish to consult the articles
by Smith [52] and Lyon [32] where the pixel concept and
scanning process are widely discussed.

2.2 Inner foreground and inner background

In our introduction, we remarked that authors like [5,11–
14,22,25] proposed binarization methods assuming that the
gray intensities in both fore- and background are normally
distributed. In handwritten historical documents, we indeed

Fig. 3 The solid black line represents the contour between the contin-
uous fore- and background areas. For simplicity, we represent the pixels
as small squares. The highlighted window of 4 × 4 pixels contains the
four classes of pixels of our pixel model: p is an inner foreground pixel,
q is an inner background pixel, u is an outer background pixel (frontier
pixel), and v is an outer foreground pixel (frontier pixel)

observed that the gray intensities of both inner foreground
and inner background appear to be normally distributed.
However, in our database, this assumption typically holds for
small neighborhoods of radius s. Usually s ≤ 5 in images at
150 dpi or higher.

Mathematically, we model the histogram of gray intensi-
ties of the inner background by

HB∗(i) = |{ p ∈ B∗ : I ( p) = i}|
|B∗|

≈ c
∑

p∈B∗
φ(i;μB∗

s ( p), σB∗
s ( p))

= c
∑

p∈B∗
φ(i;μb, σb), (1)

where c is a constant of normalization, the cardinality of a
set A is denoted by |A|, and HB∗(i) is the relative frequency
of inner background pixels with gray intensity i; μB∗

s ( p) and
σB∗

s ( p) refer, respectively, to the mean and standard deviation
of gray intensities of the inner background pixels within p’s
neighborhood of radius s, namely B∗

s ( p) = B∗ ∩Ps( p); and
the notation φ(i;μ, σ) refers to the probability density func-
tion of a normal distribution with meanμ and standard devia-
tionσ , denoted by N (μ, σ ). The histogram of gray intensities
of the inner foreground is defined in a similar manner.

From now on, we simplify our notation μB∗
s ( p), σB∗

s ( p)
μF∗

s ( p), and σF∗
s ( p) with μb, σb, μ f and σ f , respectively.

To support our model, we analyzed the histograms of
gray-intensity differences for all images of our database; see
Sect. 3. If the gray intensities of a smooth region are indeed
normally distributed having approximately the same variance
σ 2, then its histogram of gray-intensity differences should
be approximately normally distributed with mean zero and
variance 2σ 2. Therefore, we have evidence that our model
is correct if we show that the histogram of gray-intensity
differences is normally distributed.

To formalize the above conclusion, assume that I (q) ∼
N (μq, σ ) and I (v) ∼ N (μv, σ ) for all q, v ∈ Pr ( p) and
that μq ≈ μv if v ∈ Ps(q) for s small; see Fig. 4.

Fig. 4 We expect that the fluctuation of gray intensities in Bs( p) and
Bs(q) are approximately equal since p and q are contained within a
neighborhood of radius r
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Fig. 5 a Background samples B(i) (200×200 pixels) with different illumination each. b Histograms of gray intensities of regions B(i). c Histograms
of gray-intensity differences in neighborhoods of radius 2 from the regions B(i)

Let D(q) = I (q)− I (v) be the difference of gray intensity
between q ∈ Pr ( p), and a random pixel v ∈ Ps(q) such that
q 	= v; see Fig. 4. Then, D(q) is approximately distributed
with mean zero and variance 2σ 2 and, as a consequence, σ 2

can be estimated from the sample variance of D(q)’s values
within Pr ( p):

2σ 2 ≈ 1

|Pr ( p)|
∑

q∈Pr ( p)

(
D(q)− μ̂

)2
, (2)

where

μ̂ = 1

|Pr ( p)|
∑

q∈Pr ( p)

D(q) ≈ 0. (3)

For instance, Fig. 5a, shows three different regions (200×
200 pixels) from an image, and their corresponding his-
tograms of gray intensities (Fig. 5b) and gray-intensity dif-
ferences in neighborhoods of radius 2 (Fig. 5c). These
histograms show that even when the gray intensities in a
neighborhood of radius r widely vary, the difference of gray
intensities is marginal between pixels that are within a small
neighborhood of radius s.

We conduct an experiment in Sect. 3 to generalize our
observations from our last example. Such an experiment
empirically proves that the inner background is normally
distributed in a small neighborhood having a small variance,
even when the images appear to have a noisy background.

2.3 Frontier pixels

Frontier pixels, defined as in Sect. 2.1, may be classified
either as foreground or as background since they are con-
stituted of both regions. We elect to classify a frontier pixel
as foreground if half or more of its sampled area is fore-
ground. Following this criterion, we subclassify frontier pix-
els as outer foreground pixels whose set is denoted by F◦,

and as outer background pixels whose set is denoted by B◦.
The latter set can be directly obtained as the complement of
F◦ in E◦. That is, B◦ = E◦ \ F◦.

Since a frontier pixel contains both fore- and background
areas, its gray intensity is modeled as the random variable

w( p) := u · v f + (1 − u)vb, (4)

where the fraction of foreground area contained in a frontier
pixel is modeled with a random variable u uniformly distrib-
uted between 0 and 1, and the gray intensities of the fore-
and background areas are modeled by two random variables
v f ∼ N (μ f , σ f ) and vb ∼ N (μb, σb), respectively; the
subindexes f and b are defined as in Sect. 2.2.

The mean and variance of w( p) are given by

μ = μ f +μb

2
and σ 2 = σ 2

f + σ 2
b

3
+ (μb − μ f )

2

12
. (5)

To the best of our knowledge, the probability density func-
tion of w, denoted by ψ(i;μ f , σ f , μb, σb), does not have a
closed form. However, we proved some convergence proper-
ties in Appendix 1 and analyzed its behavior with simulated
data.

The empirical density distribution of frontier pixels con-
verges to a uniform distribution when both σ f and σb tend
to zero; see Appendix 1 and Fig. 6a. On the other hand, it
appears to converge to a normal distribution when both σ f

and σb are equal and large; see Fig. 6b. However, we only
proved that it converges to a symmetrical and light-tailed
distribution; see Fig. 6a. In general, it resembles a plateau
shape which can be extended by incrementing the difference
between μ f and μb (contrast); Fig. 6c.

The distribution of gray-intensity differences of fron-
tier pixels is likely to resemble an asymmetrical triangular
distribution centered at zero but exhibiting Gaussian tails;
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Fig. 6 Empirical density distributions from simulations of frontier pix-
els. Each simulation was constructed from a dataset composed of 107

simulated trials. Since a trial of w is generated by two trials of normal
distributions and one trial of a uniform distribution, we used standard
libraries in MatLab to simulate such random numbers. For these three
examples, we set μ f = 50 and μb = 100 and: a σ f = 2 and σb = 3.
b σ f = 10 and σb = 10. c σ f = 7 and σb = 4
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Fig. 7 Empirical density function of gray-intensity differences of fron-
tier pixels, and the density function of an asymmetrical triangular dis-
tribution (manually fitted to the data). In this example, the set of frontier
pixels was roughly approximated by the set of 4-Neighborhood-edge
pixels

see Fig. 7. This happens because of the plateau shape of its
gray-intensity distribution.

2.4 The influence of frontier pixels

Since the distribution of the fore- and background are thought
to be a mixture of normal distributions, several binariza-
tion methods are based on finding an optimal fitting [11,25],
or the parameters of such a mixture [22]. Moreover, mix-
tures of generalized normal distributions have been proposed
to overcome the shape limitation of the normal distribu-
tion; see [5,12–14]. All these methods disregard the gray-
intensity distribution of frontier pixels. Observe in Fig. 8,
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Fig. 8 Histogram of the frequency distribution of foreground 4-edge
ratio from 245 images that contain words or a single letter

however, that the number of frontier pixels in handwritten
documents scanned at 300 dpi is significantly large. Then,
the gray-intensity distributions of the fore- and background
are skewed and, consequently, the assumption of normality
is not fulfilled. Therefore, the outputs of these methods may
be suboptimal or unpredictable since their initial assumption
is violated.

We estimate the ratio of frontier pixels to foreground pix-
els in our databases. This ratio was roughly approximated
by the ratio of 4-edge foreground pixels to foreground pixels
because the set of 4-edge foreground pixels is a subset of
the frontier set; 4-edge foreground pixel is defined as a fore-
ground pixel such that its 4 neighborhood (top, bottom, left,
and right neighbors) contains at least one background pixel.
Figure 8 shows that this ratio approximately ranges between
0.25 and 0.7 and clusters between 0.26 and 0.53. Thus, fron-
tier pixels have a great influence on the gray-intensity distri-
bution of the foreground.

We model the distribution of gray intensities as the mixture
of the corresponding inner foreground, inner background,
and frontier distributions:

HPr ( p)(i) ∝
∑

p∈F∗
r ( p)

φ(i;μ f , σ f )

+
∑

p∈F◦
r ( p)

ψ(i;μ f , σ f , μb, σb)

+
∑

p∈B∗
r ( p)

φ(i;μb, σb)

+
∑

p∈B◦
r ( p)

ψ(i;μ f , σ f , μb, σb), (6)

where the former two terms are given by the distribution of
the inner foreground and outer foreground pixels; the joint
of these two terms determine the estimated distribution of
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gray intensities of the foreground. In a similar manner, the
estimated background distribution is determined by the latter
two terms. Notice, however, that F∗

r ( p) could be the empty
set; this may happen in low resolution images where the width
of ink strokes may be extended over one or two pixels. Similar
arguments are given for the background distribution if the ink
strokes are extended enough to contain Pr ( p).

The influence of the outer foreground pixels on the distri-
bution of gray-intensity differences of foreground pixels is
exemplified in Fig. 9a: The normal form at the peak is orig-
inated by the inner foreground pixels, while the triangular
form is caused by the outer foreground pixels. By remov-
ing 8-edge pixels, we obtain a subset of pixels where the
majority of pixels are inner foreground pixels (although it
is not exactly the inner foreground) and, accordingly, its
histogram becomes approximately normally distributed; see
Fig. 9b.

Instead of removing 8-edge pixels from the foreground,
we can remove 4-edge pixels, but this leads to a subset of
pixels where a high number of outer foreground pixels remain
in the subset, so that the normality behavior of the gray-
intensity differences of inner pixels is less noticeable; see
Fig. 9c.

This analysis points to the fact that the gray-intensity
distributions of the fore- and background are neither nor-
mally distributed nor lognormally distributed. Neverthe-
less, mixtures of normal distributions approximate the gray-
intensity distributions of the inner foreground and inner
background, while mixtures of lognormal distributions may
approximate better the histogram of gray intensities due to
the skewed probability density function of the lognormal
distribution.

3 Image smoothness

In Sect. 2.2 we observed that the background is smooth and
approximately normally distributed in small neighborhoods.
To generalize this observation, we compute the histograms
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Fig. 10 Examples of gray-difference histograms: a inner background
and b inner foreground

of gray-intensity differences whereby the smoothness level
of the inner foreground and inner background is measured.

3.1 Image dataset

We used a database which is composed of 245 images
extracted, along their corresponding groundtruth, from 15
handwritten images: 5 handwritten test images plus 2 hand-
written examples of DIBCO 2009 [15,16], and 8 of 10 images
of H-DIBCO 2010 [42]. Two images of H-DIBCO 2010
were excluded from the analysis since both images (H05
and H07) have overwhelming artifacts due to compression
algorithms rather than aging or printing degradation. These
extracted images are small regions of interest (ROI) that usu-
ally contain a single word. They were visually tagged by a
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Fig. 9 Histograms of gray-intensity differences of foreground pixels: a all foreground pixels, b foreground pixels that are not 8-Neighborhood-edge
pixels and, c foreground pixels that are not 4-Neighborhood-edge pixels
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Fig. 11 Paired plots of σ1 and
σ2 of the gray-intensity
differences of the inner
background computed
according (7). Each mark
represents an evaluated image,
and the shape of the mark
represents the type of image
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Table 1 Estimated percent of pixels in the inner background whose
gray-intensity neighbors (5 × 5 window) differ ±16

% Within [−16,+16]
Smooth background 99.62

Complex background 99.02

Bilevel background 99.22

Bleed-through background 94.77

human expert. Five tags were defined (an image may have
more than one tag).

(a) Smooth background (135 images).
(b) Complex foreground (126 images): uneven gray inten-

sity distribution due to weak strokes, uneven ink absorp-
tion.

(c) Complex background (75 images): uneven gray inten-
sity distribution, artifacts due to aging like dark spots,
smudged, and humidity.

(d) Bilevel background (19 images): two background regio-
ns with different gray intensity average are clearly
defined.

(e) Bleed-through (25 images).

Examples of these images are shown in Fig. 1. The
database can be found in the supplementary material and
in https://sites.google.com/site/martehomepage.

3.2 Background smoothness

The smoothness of the inner sets can be assessed by their
distributions of gray-intensity differences. As we mentioned
in Sect. 2.2, our hypothesis is that such histograms are linear
combinations of normal distributions with small variances;
see (1) and (2).

In concrete, we say that an inner set has an α smooth
level if about α percent of values drawn from its underlying
distributions (normal distributions) are within [−16,16]; the
threshold 16 has been chosen as our criterion since, according
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Fig. 12 In this example, the gray-intensity histograms are fitting with
two different mixtures: In solid thin lines, L I : Lognormal (foreground)
+ Inverted Lognormal (background). In dashed lines, N N : Normal
(foreground) + Normal (background). The threshold is chosen accord-
ing Bayes rule. The triangle, circle, and square markers correspond to
the optimal Bayes, L I ’s, and N N ’s thresholds, respectively

Gonzalez [19, pp. 62–63], fluctuations of gray intensities<8
levels are imperceptible and <16 levels are hardly notable
for the human eye.

We observed that the gray-intensity differences of the
inner background of an image in our database can be accu-
rately approximated by the combination of two normal dis-
tributions; see Fig. 10. Hence, we fitted a mixture of two
normal distributions to each histogram. The parameters of
such distributions were numerically found by minimizing
the absolute distance. This is,
[
σ̂1, σ̂2, ŵ

] = arg min
σ1,σ2,0≤w≤0.5

E(σ1, σ2, w) (7)

where

E(σ1, σ2, w) =
∑

i

|D(i)− w ·Φ0.5(i; 0, σ1)

−[1 − w] ·Φ0.5(i; 0, σ2)| , (8)

D(i) is the frequency of differences with value i , and

Φa(i;μ, σ) =
i+a∫

i−a

φ(x;μ, σ) dx . (9)

Figure 11 shows an overview of the standard deviations
categorized by classes. In these plots, the values of σ1 and
σ2 are ploted in pairs for each image showing that images
with smooth, complex, and bilevel background have similar
variances. In fact, our analysis indicates that the inner back-
ground of an image is typically 99 % smooth even if it is
heavily degraded or bilevel. On the contrary, Table 1 reports
that about 5 % of the differences are larger than 16 gray levels

(a)
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(b)

Fig. 13 a Image 201 of our database. On the left, the original image
(top) and its corresponding groundtruth (bottom). On the right, the zoom
of a small window from a thin stroke. The boundary between fore- and
background is outlined in black thick lines; the small squares in red are
foreground pixels that under our visual criteria belong for certain to the
background while the orange squares are background pixels that are
more likely outer background pixels. b Gray-intensity histograms of
the fore- and background. The region in blue is more likely constituted
by pixels that were wrongly classified as foreground in the groundtruth
(color figure online)

in bleed-through images. This happens due to the differences
between bleed-through pixels and the rest.

We encounter that our database is unsuitable to approx-
imate the gray-intensity variances of the inner foreground
because such images have few pixels within inner foreground
and, as a consequence, their histograms are unstable. To solve
this problem, we opted to compute the variances of the gray-
intensity differences from the inner foreground of the hand-
written images of DIBCO 2009 and HDIBCO 2010, where
the images provide large inner foreground sets.

The assumption of smoothness stands in a minor degree
for the inner foreground since only about 83.925 % of the dif-
ferences are within [−16, 16]. We attribute this phenomenon
to the irregularity of the ink strokes that may be caused by
an uneven amount of ink, irregular writing pressure, and the
ability of paper to absorb and hold ink. Another reason may
be the spatial position of the pixels; gray-intensity differences
from different regions may have different means.
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4 Mixtures models

In Sect. 2.4, we analyzed the gray-intensity distributions of
the fore- and background pixels. Inspired from that analysis,
this section is devoted to showing how good the mixtures of
skewed distributions fit the gray-intensity histograms assum-

ing that the parameters of the involved distributions are accu-
rately estimated.

We conducted two evaluations. In the first evaluation, we
observed the behavior of our mixture models by image class.
In the second evaluation, we compared our mixture models

Table 2 Average of measurements of 245 images

RE (%) PR (%) FM (%) PSNR FE (%)

Optimal threshold 89.3774 91.7900 90.5025 17.8480 –

Quasi-thresholding methods

LI 89.5178 90.6396 89.9227 17.5675 0.8708

NLIN 88.2943 92.0656 90.0315 17.6792 0.3080

NN 93.8142 84.0393 88.4447 16.5647 1.3253

NNNN 88.7633 90.9676 89.7381 17.5520 0.5342

Block A: Thresholding methods globally computed

Kapur [23] 92.8250 82.2471 86.4805 15.8938 –

Kittler [25] 96.1925 69.3058 79.0635 13.6146 –

Otsu [39] 87.4677 89.0449 86.7224 16.7671 –

Block B: Binarization methods with default parameter values (globally computed)

Badekas (Niblack k ∈ [0, 5]) [1] 86.5568 90.6837 87.7419 16.9159 –

Ramírez-Ortegón (lognormal) [48] 84.5423 93.5475 88.5423 17.2758 –

Ramírez-Ortegón (normal) [48] 84.1117 93.4397 88.1534 17.1389 –

Block C: Binarization methods globally computed with parameters manually tuned

Sauvola (k = 1.6 and R = 128) [50] 87.0618 86.1050 84.7667 15.9224 –

Niblack (k = −1.2) [37] 87.8523 91.4792 89.3922 17.3638 –

Block D: Binarization methods with pre- and post-processing steps and adaptive thresholds

Ben Messaoud [6] 89.6349 86.2823 87.4312 16.6097 –

Gatos [17] – – 81.6610 15.9849 –

Howe [21] 89.9666 94.4492 91.4852 19.5051 –

Lelore [29] 95.2232 93.1211 93.8372 20.0528 –

Su (DIBCO 2011) [43] 90.5650 95.8085 92.9760 19.3910 –

The best values for each group are highlighted in bold

82.17% 17.83%

NNNN vs NN

83.61% 16.39%

LI vs NN

59.49% 40.51%
LI vs NNNN

81.56% 18.44%

NLIN vs NN

64.04% 35.96%
NLIN vs NNNN

49.54% 50.46%
NLIN vs LI

FM Pairwise

(a)
91.27% 8.73%

91.36% 8.64%

56.47% 43.53%

92.59% 7.41%

64.13% 35.87%

61.06% 38.94%

PSNR Pairwise

NNNN vs NN

LI vs NN

LI vs NNNN

NLIN vs NN

NLIN vs NNNN

NLIN vs LI

(b)

Fig. 14 Pairwise comparison of FM and PSNR values. In each bar,
with the legend “X versus Y”, the right percent indicates the percent
that method X outperforms method Y and, on the contrary, the left per-

cent indicates the percent that method Y outperforms method X. Images
where both methods attain the same measurements are discarded
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Table 3 Average of FM by class

Foregr. Background

Complex Complex BL BT Smooth

Optimal global threshold 89.8250 88.4870 87.9655 90.3713 91.6328

Quasi-thresholding methods (globally computed)

LI 89.3355 87.4161 86.3782 89.9652 91.2813

NLIN 89.3307 87.9400 86.7968 90.0535 91.2772

NN 88.3185 86.7954 85.7896 88.1549 89.3752

NNNN 89.0832 87.4864 85.8249 89.5069 91.0925

Block A: Thresholding methods (globally computed)

Kapur [23] 86.8307 86.2899 83.9134 80.7104 87.9427

Kittler [25] 80.5782 77.9849 63.7366 74.6196 78.6471

Otsu [39] 86.9959 81.1129 66.4147 88.7454 91.7018

Block B: Binarization methods with default parameter values (globally computed)

Badekas (Niblack k ∈ [0, 5]) [1] 87.3842 85.8619 83.5048 84.3117 91.4264

Ramírez-Ortegón (lognormal) [48] 87.0796 87.3589 84.6161 89.7113 91.2754

Ramírez-Ortegón (normal) [48] 87.0533 87.1371 82.6575 89.3394 90.8805

Block C: Binarization methods with parameters manually tuned (globally computed)

Sauvola (k = 1.6 and R = 128) [50] 84.7332 81.6562 72.4811 82.4856 90.4216

Niblack (k = −1.2) [37] 88.6518 87.6426 85.8918 88.8635 91.9677

Block D: Binarization methods with pre- and post-processing steps and local thresholds

Ben Messaoud [6] 86.9076 83.3086 83.4712 89.3122 90.3206

Gatos [17] 77.7518 81.7227 82.5952 86.5540 85.8873

Howe [21] 89.4215 90.1972 88.7165 93.0587 94.3267

Lelore [29] 93.6552 92.9860 88.5507 95.3751 95.6454

Su (DIBCO 2011) [43] 92.2189 91.8328 91.2289 93.0700 95.0936

The values are given in percent and the best values for each group are highlighted in bold
BL bi-level, BT bleed-through
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Fig. 15 Cumulative distribution functions of the fitting error measure-
ments

with some state-of-the-art binarization methods under the
standard DIBCO’s benchmarks.

4.1 Mixtures of distributions

Following our histogram model in (6), we propose to model
the foreground histogram with the probability density func-
tion of a lognormal distribution since it has a positive skew
(right tail is longer) due to the outer foreground. On the con-
trary, we propose to model the background histogram with
the probability density function of an inverted lognormal dis-
tribution1 since it has a negative skew (left tail is longer)
due to the outer background. Then, the optimal threshold
is the intersection between the probability density functions
(Bayes rule) as is shown in Fig. 12. In concrete, our mixture
is given as:

(1) Lognormal (foreground) + Inverted Lognormal (back-
ground), denoted by L I .

1 An inverted lognormal is a lognormal distribution that is reflected in
a constant; See a formal definition in Appendix 2.
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Table 4 Average of PSNR by class

Foregr. Background

Complex Complex BL BT Smooth

Optimal global threshold 17.3642 16.9976 16.4463 16.6966 18.5146

Quasi-thresholding methods (globally computed)

LI 17.1822 16.6789 16.1690 16.4627 18.2413

NLIN 17.2318 16.8473 16.0737 16.5187 18.3695

NN 16.4167 16.1230 15.6744 15.4148 16.9844

NNNN 17.1503 16.5963 16.0059 16.1779 18.3305

Block A: Thresholding methods (globally computed)

Kapur [23] 16.1004 15.7995 15.0721 12.6545 16.9076

Kittler [25] 13.9554 13.6438 10.0589 11.1391 13.9323

Otsu [39] 16.6383 15.0380 11.3833 15.9165 19.2702

Block B: Binarization methods with default parameter values (globally computed)

Badekas (Niblack k ∈ [0, 5]) [1] 16.6205 16.1918 15.1962 14.5244 19.2347

Ramírez-Ortegón (lognormal) [48] 16.7215 16.7002 15.5464 16.3114 19.2081

Ramírez-Ortegón (normal) [48] 16.6895 16.5494 14.9448 16.3186 19.0333

Block C: Binarization methods with parameters manually tuned (globally computed)

Sauvola (k = 1.6 and R = 128) [50] 15.7349 14.9936 12.4837 13.4009 18.5038

Niblack (k = −1.2) [37] 16.8310 16.6354 15.6581 15.9405 19.2206

Block D: Binarization methods with pre- and post-processing steps and local thresholds

Ben Messaoud [6] 16.1952 15.3108 15.2492 16.1711 18.6367

Gatos [17] 14.9696 15.9654 15.3047 15.8335 18.0755

Howe [21] 18.5883 18.9846 18.1518 19.1049 21.4676

Lelore [29] 19.5944 19.6732 17.6097 19.7156 21.8555

Su (DIBCO 2011) [43] 18.7471 18.5914 17.8115 18.9342 21.6398

The best values for each group are highlighted in bold
BL bi-level, BT bleed-through

Besides our previous mixture, we also propose a more
complex mixture that models each of our four pixel classes
with a different distribution. This mixture is given as:

(2) Normal (inner foreground) + Lognormal (outer fore-
ground) + Inverted Lognormal (outer background) +
Normal (inner background), denoted by N L I N .

To compare our mixtures with the standard approach, we
also estimated mixtures of normal distributions as:

(3) Normal (foreground) + Normal (background), denoted
by N N ; and

(4) Normal (inner foreground) + Normal (outer foreground)
+ Normal (outer background) + Normal (inner back-
ground), denoted by N N N N .

For the purpose of this evaluation, the means and variances
of gray intensities, for each pixel class, are estimated from
the groundtruth. Moreover, the frontier pixels are estimated
by the 8-edge pixels of the groundtruth as in Sect. 2.4. In this

manner, we are able to assess the mixture models themselves
while avoiding the problem of estimating the parameters.

Because of the groundtruth, the gray-intensity histograms
were accurately estimated in the majority of our test images.
However, we noticed some anomalies in our results. After
a manual inspection, we found that DIBCO’s groundtruth
images frequently overestimate the foreground for thin
strokes. In consequence, the estimators of the means and vari-
ances of gray intensities lose accuracy. For example, accord-
ing to our visual criteria, a significant number of pixels were
misclassified in Fig. 13a. This problem propagates to the
gray-intensity histogram of the foreground as in Fig. 13b.
Nevertheless, our experiments behave as our pixel model
predicted; this may happen in part because the groundtruth
is accurate enough and in part because the mixture models
may be robust enough to tolerate certain degree of noise. A
deep discussion of the accuracy of DIBCO’s groundtruth is
beyond the scope of this article. For further discussion on
such a topic, readers are referred to [3].

In the following sections, we rename our implemented
thresholding methods as quasi-thresholdings to stress the fact
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Table 5 Measurement averages
of DIBCO 2009 for several
state-of-the-art methods

We also listed the first top five
methods from the DIBCO 2009
competition sorted by the
averages of FM and PSNR
RE recall, PR precision,
M method
† The method’s publication does
not report it, but the value was
estimated from the precision and
recall measurements. The
precision of some values is less
than four decimals since the
values were taken from the
original publication rather than
calculated from the binary
images

M RE (%) PR (%) FM (%) M PSNR

Handwritten documents

DIBCO 2009 [16] 26 – – 88.65 26 19.42

34a – – 86.16 14 18.57

14 – – 86.02 34a 18.32

24 – – 85.29 24 18.14

6 – – 84.75 6, 9a, 33b 17.82

Bataineh [4] 88.0023 83.5027 85.0756 18.0624

Ben Messaoud [6] 89.0802 90.1123 89.5556 19.7725

Hedjam et al. [20] 91.702 87.381 89.390 19.58†

Howe [21] 95.7963 93.5839 94.6751 22.6163

Lelore [29] 95.0832 90.2616 92.6050 21.2502

Lu [31] 90.6689 86.7176 88.5468 19.4210

Moghaddam [36] 90.641 91.115 90.8355 20.305†

Shi [51] – – 80.77 17.82

Su [53] 87.1753 93.7730 90.2724 20.0953

Su (DIBCO 2011) [43] 93.1360 94.2732 93.6956 22.0065

N N 94.3550 90.0584 92.1457 20.7947

L I 92.5790 92.1926 92.3396 21.0014

Printed documents

DIBCO 2009 [16] 14 – – 94.09 14 17.90

26 – – 93.81 26 17.89

24 – – 93.18 24 17.44

1 – – 92.82 1 17.26

19 – – 92.76 33c 17.09

Bataineh [4] 88.7163 93.4255 90.9298 16.3693

Ben Messaoud [6] 91.2814 95.5876 93.3709 17.5505

Hedjam [20] 92.498 94.308 93.319 17.587†

Howe [21] 94.9836 94.1841 94.5591 18.5670

Lelore [29] 95.3019 95.2459 95.2570 19.1806

Lu [31] 94.1381 93.4789 93.7178 17.8891

Moghaddam [36] 96.035 90.790 93.2935 17.399†

Shi [51] – – 90.54 15.75

Su [53] 87.4623 97.0655 91.8491 16.9062

Su (DIBCO 2011) [43] 92.2020 95.9112 93.9271 17.8061

N N 96.3757 93.9062 95.1112 18.7225

L I 95.1617 95.4799 95.3072 18.9744

that our quasi-thresholding methods extract information from
the groundtruth. In addition, for the sake of readability, the
implementation details of the quasi-thresholds are given in
Appendix 2.

4.2 Measures

To evaluate the performance of binarization methods, we
compute the following measures:

The F-measure (FM) defined as:

FM = 2 × Recall × Precision

Recall + Precision
, (10)

where the Recall (RE) and Precision (PR) are defined as:

RE = |F ∩ F̂ |
|F | and PR = |F ∩ F̂ |

|F̂ | (11)
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Table 6 Measurements of
H-DIBCO 2010 for several
state-of-the-art methods

We also listed the first top five
methods from the H-DIBCO
2010 competition sorted by the
averages of FM and PSNR. The
precision of some values is less
than four decimals since the
values were taken from the
original publication rather than
calculated from the binary
images
RE recall, PR precision,
M method

RE (%) PR (%) M FM (%) M PSNR

H-DIBCO 2010 [42] – – 3 91.78 1 19.78

– – 1 91.50 3 19.67

– – 14 89.73 2 19.15

– – 2 89.70 14 18.90

– – 10 87.98 10 18.26

Bataineh [4] 75.7399 93.1877 82.8643 16.9363

Ben Messaoud [6] 86.8224 94.0908 90.2330 19.1441

Howe [6] 92.4017 95.3411 93.8082 21.1246

Lelore [29] 93.6661 94.4192 93.9866 21.2042

Lu [31] 84.0574 84.0131 80.2780 16.5297

Su [53] 77.3256 96.1960 85.4893 17.8301

Su (DIBCO 2011) [43] 88.1816 96.5174 92.1142 20.1565

N N 93.3944 90.8400 92.0691 19.8767

L I 91.7555 92.8562 92.2689 20.0851

Table 7 Measurements of
DIBCO 2011

We also listed the first top five
methods from the DIBCO 2011
competition sorted by the
averages of F-measure and
PSNR
RE recall, PR precision,
M method

M RE (%) PR (%) FM M PSNR

Handwritten documents

DIBCO 2011 [43] 10 90.6255 94.3752 92.3776 10 19.9311

11 91.3208 88.7785 89.5853 8 18.7577

8 85.5690 93.5376 88.7376 11 18.6166

7 85.1935 89.5629 87.1772 7 17.7567

5 82.9641 89.1657 85.7089 6 17.6775

Bataineh [4] 83.3821 85.1230 83.8099 16.7854

Ben Messaoud [6] 80.3554 90.6660 83.7490 17.6775

Howe [21] 85.2498 96.0978 89.2447 20.0755

Lelore [29] 94.5821 94.0722 94.3081 21.0345

Lu [31] 86.8666 80.6629 83.0926 16.2638

Su [53] 79.0439 90.9383 83.7221 16.9667

N N 92.1314 94.1849 93.0952 20.3217

L I 90.8431 95.4936 93.0410 20.4043

Printed documents

DIBCO 2011 [43] 11 91.8158 85.9707 87.8738 11 17.0785

3 86.8110 88.6755 87.2905 2 16.3999

1a 88.3692 87.1254 87.2020 3 16.2593

13 88.0795 86.5546 86.8431 4 16.1626

2 84.4134 90.4425 86.5375 1a 16.1034

Bataineh [4] 86.5124 82.7522 83.3648 15.1176

Ben Messaoud [6] 86.0402 85.7321 83.4341 15.7719

Howe [21] 82.4954 76.9825 78.7627 15.7644

Lelore [29] 91.4787 91.1969 90.8877 17.8634

Lu [31] 90.6819 76.3386 80.2422 14.9137

Su [53] 82.1390 94.5005 87.3967 16.5382

N N 93.7794 93.7499 93.7617 19.3175

L I 92.3639 95.0975 93.7035 19.3574
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Table 8 Measurements of
H-DIBCO 2012

We also listed the first top five
methods from the H-DIBCO
2012 competition sorted by the
averages of FM and PSNR
RE recall, PR precision,
M method

M RE (%) PR (%) FM M PSNR

DIBCO 2012 [44] 11 92.9030 92.7891 92.6878 6 21.8039

7 92.0185 91.6723 91.5472 11 20.5742

4a 86.1886 97.6101 91.3405 4a 20.1411

18a 90.9560 91.3555 90.9271 7 19.6524

13 85.3864 95.9965 90.2315 8 19.4422

Bataineh [4] 84.0545 91.2031 86.8768 17.8925

Ben Messaoud [6] 81.0808 92.4706 85.5523 17.9660

Howe [21] 88.1750 88.7356 88.3582 20.5104

Lelore [29] 93.8908 94.5093 94.1244 21.4426

Su (DIBCO 2011) [43] 86.9215 93.5515 88.8738 19.6261

N N 94.5459 93.2315 93.8502 20.9983

L I 92.9507 95.0680 93.9725 21.1655

such that F and B are the fore- and background, respectively;
and their corresponding estimates are F̂ and B̂.

We also compute the peak signal-to-noise ratio (PSNR)
which is a transformed measure of the error rate (ER):

PSNR = −10 log10(ER), where (12)

ER = |F ∩ B̂| + |B ∩ F̂ |
|P| , (13)

where P = F ∪ B.
The fitting goodness of a mixture M is evaluated by the

fitting error measure (FE) defined as:

FE =
g∑

i=0

⎡

⎣H(i)−
i+0.5∫

i−0.5

M(x)dx

⎤

⎦
2

, (14)

where H(i) is the frequency of pixels with gray-intensity i .

4.3 Evaluation I

Our first evaluation assessed the performance of our mixtures
for different class images. For this goal, our test images were
the same as in Sect. 3.1 and all of the thresholds were globally
computed.

Our results show that mixtures based on asymmetrical dis-
tributions outperform mixtures based on normal distribution.
Although their means are slightly different, see Table 2, their
pairwise comparisons show that L I and N L I N surpass N N
in proportions superior to 4:1 for the FM and 5:1 for the
PSNR; see Fig. 14. In similar manner, L I and N L I N sur-
pass N N N N in proportions that range between 4:3 to 2:1
depending on the method and measure.

The cumulative distribution function of fitting error, in
Fig. 15, suggests that N N N N is an overfitted model since

its fitting-error measurements are considerably lower than
L I , but at the same time, it is outmatched by LI in FM and
PSNR measures; see Fig. 14.

Our comparisons between L I and N L I N are consistent
with our model. For example, N L I N has a better fitting-
error distribution than L I . Moreover, for the PSNR measure,
N L I N overcomes L I in proportion 3:2; see Figs. 15 and 14b.
Notice, however, that Bayes theory, on which our thresholds
are based, does not maximize the FM measure but PSNR.
Thus, the slight difference between L I and N L I N in the
pairwise comparison of FM measurements is not a strong
evidence that L I is superior to N L I N .

Details of FM and PSNR values by image class are
reported in Tables 3 and 4. Furthermore, our tables also
report several binarization methods. These other binariza-
tion methods do not use information from the groundtruth
and, consequently, their results cannot be straightforwardly
compared with the results of our mixture models, which use
groundtruth. So, we do not claim that our quasi-thresholding
methods are better. However, these measurements render the
potential of our quasi-thresholding methods in comparison
with other approaches. We grouped the other binarization
methods in four blocks. Each block groups methods that were
computed under certain criteria.

In block A, the thresholding methods are global and para-
meterless as in their original publications. These methods
are sometimes the core of more complex methods of pattern
recognition. For example, Otsu’s threshold [39] is the core
of the binarization methods described in [40] and [10]; both
methods were proposed in 2010.

Blocks B and C group thresholding methods that were
proposed as local methods having parameters. However, we
computed them as global methods. While in block B, the
methods’ parameters were set as the original authors sug-
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Fig. 16 Some examples of the binarization methods. On the left, image H03 from DIBCO 2009. In the center and right, images H01 and H04
from H-DIBCO 2010

gested, in block C the methods’ parameters were systemati-
cally chosen in order to maximize the methods’ performance.

Block D groups binarization methods with pre- and post-
processing steps and all are locally computed. The limitations
of the thresholding approach is then assessed by comparing
block D with the other blocks.

Based on Tables 3 and 4, we would like to make the follow-
ing observations regarding to the performance of the other
binarization methods on our database:

(1) Kittler’s threshold [25], which assume that gray intensi-
ties are normally distributed, has lower performance than
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thresholds that optimize other criteria, like Otsu’s [39]
and Kapur’s [23] thresholds.

(2) Ramírez-Ortegón’s thresholds [48] based on modeling
the distribution of contour pixels, which are approxi-
mately the outer sets, perform better for lognormal dis-
tributions rather than for normal distributions.

(3) Methods with parameters may attain comparable perfor-
mance with our quasi-thresholding methods. However,
they also need a priori knowledge to perform optimally.
For instance, Niblack’s k parameter was tested for values
between 0 to −5 (steps of −0.1); Sauvola’s k parameter
was tested for values between 0.01 and 0.60 (steps 0.01),
while its parameter R was fixed to 128 (assuming 256
gray levels).

(4) The results in block D show that global thresholds in
small images are outmatched by methods with pre- and
post-processing steps. However, in the following evalu-
ation, we will show that the quasi-thresholding methods
computed within ROI and for small pixel neighborhoods
have comparable performance with the state-of-the-art
methods.

4.4 Evaluation II

Our second evaluation assesses the performance of our mix-
tures for DIBCO’s benchmark. Our goal is to show the poten-
tial of our approach assuming that the ROI are accurately
located.

We implemented the local version of L I and N N as in
Algorithm 1, where the neighborhood radius r was set to 15.
Our implementation avoids dealing with empty neighbor-
hoods (neighborhoods with <4 foreground pixels) because
we analyze the potential of our quasi-thresholding methods
within the region of interest.

The results of our evaluation are summarized in Tables 5, 6,
7, and 8; some output examples are shown in Fig. 16. These
tables also report the results of several state-of-the-art bina-
rization methods that have reported their results and the first
top five methods in each competition and in each measure
(FM and PSNR). However, readers should notice that the par-
ticipant methods in DIBCO’s competitions were not aware
of the test data so that their performance may be suboptimal
since their parameters were automatically set.

Our evaluation suggests that the pixel classification is
improved by considering our pixel model. Observe that L I
outperforms N N in all the PSNR averages and in almost all
the FM averages; the only two exceptions were the FM aver-
ages in DIBCO 2011, where N N outperforms L I . Our results
also are supported by the pairwise comparison; see Fig. 17.
Note that for both handwritten and printed documents, L I
outperforms N N in proportions 3:2 or more.

Although a detailed analysis in printed documents was
omitted in this article, our evaluation in DIBCO’s bench-

marks supports our theoretical models for printed documents;
see Tables 5, 7 and Fig. 17. In fact, we observed that printed
documents follow the same pixel model as handwritten doc-
uments, but we also observed that the proportion of frontier
pixels to inner pixels is smaller in printed documents than
in handwritten documents, which implies that frontier pixels
have less influence on the shape of the gray-intensity his-
tograms.

Algorithm 1: Local L I ’s quasi-thresholding method.
Data: A gray image I and its corresponding sets F and B.
Result: Binary image by local threshold L I .

1 forall the pixels p ∈ P do
2 Br ( p) = B ∩ Pr ( p)
3 Fr ( p) = F ∩ Pr ( p)
4 if |Fr ( p)| > 3 then
5 compute LI’s threshold t as “Quasi-threshold LI” but

replacing the sets B and F with Br ( p) and Fr ( p),
respectively.

6 if I ( p) ≤ t then
7 classify p as foreground
8 else
9 classify p as background

10 else
11 classify p as background

12 compute connected components
13 forall the conneted components C do
14 if |C| < 4 then
15 remove C

5 Conclusions

In the context of historical handwritten documents, we have
experimentally proved that the gray-intensity distributions of
both fore- and background are skewed due to pixels around
the contours, named frontier pixels. However, if the pixels
at the contours are excluded, then gray intensities can be
considered as normally distributed. Furthermore, our study
shows that the differences of gray intensities within both fore-
and background are marginal (smooth surfaces).

66.67% 33.33%

FM of handwritten images: LI vs NN

60.00% 40.00%

FM of printed images: LI vs NN

74.36% 25.64%

PSNR of handwritten images: LI vs NN

86.67% 13.33%

PSNR of printed images: LI vs NN

Fig. 17 Pairwise comparison for 54 images of DIBCO’s competition:
39 handwritten images and 15 printed images
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Our study shows the relevance of frontier pixels in the his-
togram models. Mixtures of normal distributions, however,
can attain high performance as we proved too, not because
the underlying gray-intensity distributions are normally dis-
tributed, but because mixtures of several normal distributions
are malleable.

We also showed that the performance of our quasi-
thresholds is promising so that we hope that our study
provides the bases to develop further binarization methods
that take into account our pixel model. Furthermore, we
believe that our model can be generalized to more classes
of images, such as machine-printed documents and medical
images, since the skewness of the gray-intensity distributions
is directly related to the number of pixels at the contour.

6 Further work

At this point, we have not addressed two crucial prob-
lems to fully implement a thresholding method for histor-
ical documents: the detection of ROI and the estimation of
the gray-intensity distributions from raw data. Although such
problems are beyond the scope of this article, we would like
to discuss some potential adaptations of our pixel model for
previous binarization methods.

The detection of ROI is a task which has been previ-
ously tackled in a great deal of binarization methods such
as in [9,10,20,31,36,40,45–48,51,53,55,56]. These meth-
ods have one or more sub-methods devoted to compute the
ROI. Therefore, these sub-methods can be combined with
our proposed mixtures such that the assumptions of our pixel
model hold within a pixel neighborhood.

After detecting the ROI, the gray-intensity distributions
should be estimated from the raw data. For this, we think
that methods based on edge detectors, like those in [9,31],
and on contrast measures, like those in [45–48,51,53,56],
are suitable for our pixel model since such methods are
focused on detecting contours, from which the gray-intensity
distributions can be inferred. However, we also recommend
exploring methods based on rough binarizations, like those
in [20,36,55], and on block analysis, like those in [10,40,55].

There are two methods that we should mention since
both methods can be straightforwardly transformed: Hed-
jam’s [20] and Ramírez-Ortegón’s [46–48] methods. As
we mentioned in the introduction, both methods estimate
the gray-intensity distribution of the fore- and background,
and both methods are based on Bayes rule assuming nor-
mal distributions. Consequently, both methods can be mod-
ified to compute L I ’s threshold and, potentially, to compute
N L I N ’s threshold.

In general, a thresholding method that models the gray-
intensity histograms as normally distributed can be trans-
formed to model the gray-intensity histograms as (inverted)

lognormally distributed. For example, Fan et al. [14] pro-
posed a framework that integrates particle swarm optimiza-
tion and entropy matching estimator; it seeks the optimal
parameters of a thresholding method based on the mixture of
generalized Gaussian distributions. The fitness function and
some other mathematical details of Fan’s framework can be
modified for L I or N L I N since this framework does not
depend on a particular statistical distribution. In a similar
manner, methods in [5,11–13,22,25] may inspire new bina-
rization methods based on our pixel model. Notice, however,
that the mathematical changes in those methods may not be
trivial, but their approaches remain the same in the abstract.
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Appendix 1: A Frontier pixel convergence

Let X ∼ N (μ1, σ2), Y ∼ N (μ2, σ2) and U ∼ Unif(0, 1),
all independent. In this section we prove that if W is defined
as W := u X + (1 − u)Y , then

1. If U is a degenerated random variable with value u, we

have that W ∼ N (uμ1+(1−u)μ2,

√
u2σ 2

1 +(1−u)2σ 2
2 ).

2. If σ1 = σ2 = σ then W has lighter tails than a ran-
dom variable that is normally distributed with standard
deviation

√
3σ .

3. As σ1, σ2 → 0 we have W tends to be a random variable
that is uniform distributed.

Proof of 1: From the properties of the moment generating
functions (MGF’s), we have:

MW (t) = MX (ut)MY ([1 − u]t), (15)

where MW (t) := E(exp{tW }).
Since the MGF of a normal random variable with para-

meters (μ, σ ) is

exp

(
μt + σ 2t2

2

)
, (16)

then (15) is equal to

MW (t) = exp

(
μ1tu + σ 2

1 t2u2

2

)

× exp

(
μ2t (1 − u)+ σ 2

2 t2(1 − u)2

2

)
(17)

= exp (t (uμ1 + (1 − u)μ2)

+ t2

2

(
u2σ 2

1 + (1 − u)2σ 2
2

))
, (18)
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that corresponds to a random variable that is normally dis-
tributed with the specified parameters.
Proof of 2: From the properties of MGF’s, we have:

MW |u(t) = MX |u(ut)MY |u([1 − u]t), (19)

where the function MW |u(t) denotes the moment generat-
ing function of W with respect to the conditional density
fX,Y |U (x, y|u).

Then the conditional MGF in (19) is equal to

MW |u(t) = exp (t (uμ1 + (1 − u)μ2)

+ t2σ 2

2

(
u2 + (1 − u)2

))
. (20)

Without loss of generality assume thatμ1 > μ2. To obtain
unconditional MGF of W we integrate the last expression
over the U ’s domain as following:

MW (t) =
1∫

0

MW |u(t)du (21)

=
1∫

0

c · exp
(

tu(μ1 − μ2)+ t2σ 2(u(u − 1))
)

du

(22)

= c ·
1∫

0

exp
(

tu(μ1 − μ2)+ t2σ 2(u(u − 1))
)

du,

(23)

where

c = exp

(
tμ1 + t2σ 2

2

)
. (24)

If t > 0, then (23) is smaller than or equal to

≤ exp

(
tμ1 + t2σ 2

2

)
exp

(
t (μ1 − μ2)+ t2σ 2

4

)
(25)

= exp

(
tμ1 + t23σ 2

2

)
. (26)

Similarly, if t < 0 then (23) is smaller than or equal to

exp

(
tμ2 + t23σ 2

2

)
. (27)

Since in both cases, the moment generating function is
dominated by a MGF of a random variable with Normal dis-
tribution and variance 3σ 2, the conclusion follows.
Proof of 3: Based on (20) we have that

MW |u(t) → exp (μ1tu + μ2t (1 − u)), (28)

as σ1, σ2 → 0.

To obtain the MGF of W we integrate MW |u(t) as

MW (t) =
1∫

0

exp (μ1tu + μ2t (1 − u)) du (29)

= exp (μ2t)

1∫

0

exp (u(μ1t − μ2t)) du (30)

= exp (μ1t)− exp (μ2t)

t (μ1 − μ2)
, (31)

that is the MGF of an uniform distributed random vari-
ables with lower and upper limits equal to min{μ1, μ2} and
max{μ1, μ2}, respectively.

Appendix 2: Quasi-thresholding methods

To simplify our notation, the subindexes f, b, i f, of, ib,
and ob abbreviate the foreground, background, inner fore-
ground, outer foreground, inner background, and outer back-
ground sets, respectively. Furthermore, we also simplify our
notation of the means and variances of gray intensities of a
set A by

μ̂A = 1

|A|
∑

p∈A
I ( p) and (32)

σ̂ 2
A = 1

|A|
∑

p∈

[
I ( p)− μ̂A

]2
. (33)

Quasi-threshold L I

The mixture L I models the gray-intensity histogram as the
mixture of two distributions: Lognormal for the foreground
and inverted lognormal for the background. Formally, its
threshold is defined by Bayes rule as the value x that sat-
isfies:

w f λ(x; μ̃ f , σ̃ f ) = wbλ̃(x; cb, ˜̃μb, σ̃b) (34)

such that μ̂ f < x < μ̂b, where

w f = |F |
|P| , wb = |B|

|P| , (35)

λ(x; μ̃ f , σ̃ f ) and λ̃(x; cb, ˜̃μb, σ̃b) denote the probability dis-
tribution functions of the lognormal and inverted lognormal
distributions. These functions are given by:

(1) Lognormal:

λ(x; μ̃ f , σ̃ f ) = 1

x σ̃ f
√

2π
exp

(
− (ln(x)− μ̃ f )

2

2σ̃ 2
f

)
,

(36)
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where

μ̃ f = ln(μ̂ f )− 1

2
ln

(
1 + σ̂ 2

f

μ̂2
f

)
and (37)

σ̃ 2
f = 1

2
ln

(
1 + σ̂ 2

f

μ̂2
f

)
. (38)

(2) Inverted lognormal:

λ̃(x; cb, ˜̃μb, σ̃b) = λ(cb − x; ˜̃μb, σ̃b), (39)

where σ̃b is computed in an analogous manner as σ̃ f ,

˜̃μb = ln(cb − μ̂ f )− 1

2
ln

(
1 + σ̂ 2

f

[cb − μ̂ f ]2

)
, and

(40)

cb = max
p∈B

(I ( p))+ 1. (41)

Quasi-thresholding N L I N

The mixture N L I N models the gray-intensity histogram as
the mixture of the gray-intensity distributions of the inner
foreground, outer foreground, inner background, and outer
background. Such sets are estimated as:

F̂∗ = F \ E, F̂◦ = F ∩ E, B̂∗ = B \ E, and

B̂◦ = B ∩ E, (42)

where E denotes the set of 8-edge pixels:

E = { p ∈ P such that F1( p) 	= ∅ and B1( p) 	= ∅} (43)

Once the frontier pixels are estimated, the gray-intensity
distribution of the foreground is modeled as the mixture of a
normal distribution (corresponding to the inner foreground)
and a lognormal distribution (corresponding to the outer fore-
ground). On the other hand, the gray-intensity distribution
of the background is modeled as the mixture of a normal
distribution (corresponding to the inner background) and an
inverted lognormal distribution (corresponding to the outer
background).

Formally, the threshold of N L I N is defined by Bayes rule
as the value x that satisfies:

M f (x) = Mb(x) (44)

such that μ̂ f < x < μ̂b, where

M f (x) = ŵi f φ(x; μ̂i f , σ̂i f )

+ŵof λ(x; μ̃of , σ̃of ), (45)

Mb(x) = ŵobλ̃(x; cob, ˜̃μob, σ̃ob)

+ŵibφ(x; μ̂ib, σ̂ib), (46)

ŵi f = |F̂∗|
|P| , ŵof = |F̂◦|

|P| , ŵob = |B̂◦|
|P| , and

ŵib = |B̂∗|
|P| . (47)

The functions λ(x; μ̃of , σ̃of ) and λ̃(x; cob, ˜̃μob, σ̃ob) are
defined in a similar manner as in the section “Quasi-threshold
L I ” of Appendix; φ(x; μ̂i f , σ̂i f ) denotes the probability
density function of a normal distribution given by:

φ(x; μ̂i f , σ̂i f ) = 1

σ̂i f
√

2π
exp

(
− (x − μ̂i f )

2

2σ̂ 2
i f

)
. (48)

In similar manner, φ(x; μ̂ib, σ̂ib) is defined.

Quasi-thresholding methods based on normal distributions

We implemented two mixtures based on normal distributions:
N N and N N N N . The former mixes two normal distribu-
tions to approximate the gray-intensity distribution, while
the latter mixes four normal distributions. Their parameters
are estimated in similar manner as in the previous subsec-
tions.

The threshold of N N is defined by Bayes rule as the value
x that satisfies:

w f φ(x; μ̂ f , σ̂ f ) = wbφ(x; μ̂b, σ̂b) (49)

such that μ̂ f < x < μ̂b. Likewise, the threshold of N N N N
is defined as:

M f (x) = Mb(x) (50)

such that μ̂ f < x < μ̂b, where

M f (x) = ŵi f φ(x; μ̂i f , σ̂i f )+ ŵof φ(x; μ̂of , σ̂of ) (51)

and

Mb(x) = ŵobφ(x; μ̂ob, σ̂ob)+ ŵibφ(x; μ̂ib, σ̂ib). (52)
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