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Abstract

Modal logic is a formalism suitable for modelling problems in artificial intelligence,
computer science, philosophy and many other disciplines. Its automation in all its
flavours can easily be achieved employing the semantic embedding approach and
reusing existing reasoning software: This thesis presents a procedure that encodes
a problem of higher-order modal logic in higher-order logic which is implemented in
the Modal Embedding Tool for the input language TPTP THF which was extended
for this purpose. By combining this software with one or more compliant reasoners
a competitive system is created that can handle countless more variants of modal
logic than any other theorem prover available to date.

Keywords

Higher-Order Modal Logic, Quantified Modal Logic, Semantic Embedding, Proof
Automation

mailto:tobias.gleissner@fu-berlin.de




Eidesstattliche Erklärung

Ich versichere hiermit an Eides Statt, dass diese Arbeit von niemand anderem als meiner
Person verfasst worden ist. Alle verwendeten Hilfsmittel wie Berichte, Bücher, Internet-
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1 Introduction

1 Introduction

1.1 Context

Sound argumentation is the most important concern when creating new knowledge or
debating social, political and philosophical issues. It governs scientific inquiry, questions
of morality and our everyday-life. Usually, an argument is presented in a mostly narrative
manner leaving it ambiguous and susceptible to other people and also often to oneself,
while at the same time the argumentation’s steps themselves may not become clear and
are prone to error.
Overcoming these problems is a major task in an environment that has a large or partly
contradictory set of rules and norms resulting not only but also from unclear ethical
considerations, a vastly growing amount of information, and, the fast increasing quantity
of new (scientific) discoveries. Therefore keeping track and verifying the validity of a
given discourse in any domain becomes almost impossible.
Employing formal representations may provide a possible angle on one or more of those
problems. Usually, such formal representation is achieved with a set of propositions
(terms) that bear a very specific meaning (semantics) which hopefully resolves ambi-
guities when modelling the object(s) of inquiry. Additionally such a system possesses
a set of rules (calculus) that allows the derivation (proof ) of facts with respect to the
system. This leaves the debate ”merely” with the challenges of reasonably modelling the
domain, thereby resolving the ambiguities, and the choice of the premises. The rest of
the argument involves a purely mechanical procedure that, if carried out with rigor, will
lead to the right answer, given the premises and correct formalization of the domain. Of
course ambiguity at the same time allows for more flexible and compact representation of
information, but a process of concise formalization may discover that important details
have been left out in an argument or assumptions are missing because they have been
considered implicit knowledge.
The manual derivation of an answer or checking its validity can prove very difficult.
There are several reasons for this: First of all, humans, when carrying out a formal
proof use abstractions on those systems (as employed in mathematical contexts) that
can be vulnerable to subtle mistakes. Second, the sheer complexity of such a derivation
may lead to a solution so large and confusing that it is hard to verify even for a group
of experts as it is the case in the proof of the Kepler’s Conjecture [30].
Since the mechanical nature of many calculi destines them for automation, it caused the
development of computer-assisted reasoning tools such as automated theorem provers
(ATP). An ATP can be supplied with a set of premises and a hypothesis as input (of a
specific logic) in a machine-readable format like TPTP [51]. Next, it automatically tries
creating a derivation for the hypothesis in question. The success of this process is highly
dependent on the input, the heuristics of the ATP, the available computational power and
most importantly, the computational complexity of the logic itself. The most versatile
logics that are usually considered lie in the realm of semi-decidability, i.e. there exists an
algorithm, that eventually creates any true statement of such a logic, but without runtime
prediction of the procedure, and, there does not exist an algorithm, that will disprove any
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1 Introduction

false statement. However, ATPs have been successfully employed in various scenarios
[30, 33, 14, 11, 55] and can be expected to become even more powerful in the future.

1.2 Presentation of the Problem

Non-classical logics possess built-in mechanisms for special purposes that would be com-
plex to model in the popular classical logics and probably result in incomprehensible
logic formulas. Special purposes could comprise characterizing time, knowledge, believe,
undefinedness, agents, different kinds of implications, and many more. In this thesis,
the non-classical logic of interest is higher-order modal logic (HOML) which is useful in
various domains (see sect. 1.3). Only few systems exist for reasoning in modal logics,
especially in quantified modal logics (see sect. 1.4) and all of them support only some
fragment of it. Unfortunately, reasoning systems require a sophisticated (theoretical)
design and are time-consuming to implement. Hence building new provers is not a vi-
able option for automating (all) non-classical logics of interest with their vast amount
of semantics choices, especially in the case of HOML.
The semantic embedding approach remedies this situation. The idea is to encode a
problem of the source logic (HOML in this case) in a general purpose target logic which
in this case is classical higher-order logic (HOL), for which automated reasoning tools
already exist. Software implementing this approach can be developed comparatively
quickly and easily, thereby eliminating the immediate need for building special purpose
provers by applying one or more of the off-the-shelf HOL ATPs [48, 16, 53, 35, 15] to an
encoded problem.

1.3 Relevance

Modalities are expressions that ”qualify the truth of a judgment” [25]. Examples for
such an alteration are topic of deontic logics that talk about permissions and obligations,
temporal logics that capture states unfolding in a timeline, or conditional logics, that
focus on the meaning of the concept of implication. Worth mentioning are also logics
for verification of computer software e.g. linear temporal logic and logics for alethic or
doxastic contexts. Many manifestations of these logics are actually modal logics and can
share the same semantic base.
The automation of those logics not only helps in identifying and validating propositions
in these fields but can also be of use in the verification of derivations in publications as it
was performed in the computer-assisted analysis of the Anderson-Hájek controversy [11].
More interestingly, when modelling the domain of inquiry, computer-assisted reasoning
can easily reveal fine differences in the meaning of similar statements as it happened
for a renewed version of Gödel’s ontological argument by Scott [46, 14]. Automated
reasoning software can assist in exposing mistakes in the modelling of formalized objects
by examining desired properties of these objects under slightly changed semantics for the
underlying logic. This holds especially when pursuing the semantic embedding approach.
It simplifies the implementation of an automation software on such a magnitude that it
becomes possible to explore all subtleties with comparably little effort.
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1 Introduction

1.4 Related Work

Among the prominent reasoners for modal logic are MleanSeP, MLeanTaP, MleanCoP
[41] and the combination f2p-MSPASS [32] for first-order modal logic. Also there exists
a large variety of propositional reasoners.1 Previous work [9] realizes the semantic em-
bedding approach only for first-order-modal logic and some of its variants. The software
and shallow semantic embedding for higher-order modal logic developed in this thesis
are an expansion of the Modal Embedding Tool (MET) and its theory [26, 28, 27] which
is based on the work of Benzmüller et al. [12] The latter has its roots in the standard
translation of (first-order) modal logic [37] that performs a similar transformation from
a semantic perspective (of modal logic) but does not explicitly express the meta-logical
parts of the source logic as it is the case in a shallow semantic embedding. Shallow se-
mantic embeddings are also available for other non-classical logics such as intuitionistic
logics [6], free logics [10], hybrid logics [56], many-valued logics [47], access control logics
[2], input-output logics [21], and dyadic deontic logics [4].

1.5 Objectives of this Thesis

This thesis is intended to be the start of a framework for modal logics. First, it should
clarify the syntax and semantics of higher-order modal logics and its variants by pro-
viding clean and comprehensible definitions. Furthermore, a suitable machine-readable
input language for HOML has to be devised, based on the TPTP language THF [8]
which can be conservatively extended for describing terms and formulas of modal log-
ics and specifying the semantics of the logic. The collection and curation of HOML
problems and their representation in this format present another objective of this thesis.
Subsequently, the assessment of the MET’s performance should play an important part
since a positive outcome would justify the semantic embedding approach. Finally, the
further development of the MET is focus of this thesis. This comprises not only the
support of more semantics choices but also the implementation and evaluation of differ-
ent encodings for identical semantics variants. Moreover, the encoding underlying the
MET will be presented in detail.

1.6 Structure of this Thesis

This thesis is structured as follows: Sect. 2 presents higher-order modal logics and its
variants. It provides details on syntax and semantics of a general version of modal logics
that is later restricted accordingly for each variation. Encodings that apply the shallow
semantic embedding approach to modal logic (and its variants) are described in sect. 3
for target logic HOL. A brief overview of the semantic embedding’s implementation and
the input syntax is shown in sect. 4. Subsequently, the performance of the MET paired
with higher-order reasoning systems is depicted in sect. 5 and measured against the
most advanced native reasoner MleanCoP. Finally, the thesis concludes with a summary
and future work in sect. 6.

1An extensive list of modal reasoning software is maintained by Schmidt [43].
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2 Higher-Order Modal Logic

2 Higher-Order Modal Logic

Higher-order modal logic (HOML) is an extension of classical Higher-Order Logic (HOL)
that allows for qualifying ”the truth of a judgment” [25]. It appeared as a formalism
for discussing modalities like necessarily or possibly at first and was reused in contexts
of obligations, permissions, beliefs and time. The signature of classical (propositional)
logic was extended with the operators � and ♦ that should capture the notions of
necessity and possibility, respectively. Therefore the inference rule Φ ` �Φ, called rule
of necessitation and the distribution axiom �(Φ ⊃ Ψ) ⊃ (�Φ ⊃ �Ψ) or schema K were
added to the calculus of the original logic.
Modal logic historically constitutes a logic containing an operator � that satisfies at
least schema K and is also called normal modal logics. The interesting difference to the
connectives of classical logics is the lack of truth functionality of these operators i.e. the
truth of �Φ does not depend on the truth-value of the argument Φ exclusively. As a
consequence Φ ⊃ �Φ is not a theorem in modal logic. Today this proof-theoretic descrip-
tion of modal logics is replaced by a semantic characterization called Kripke semantics
or possible worlds semantics.
This chapter introduces the syntax and large variety of choices for the (Kripke) semantics
of modal logic with higher-order quantification. Most definitions and notations are
borrowed from Gleißner et al. [28] which has its roots in Benzmüller et al. [13], Muskens
[39] and Wiesniewski et al. [57].

2.1 Syntax and Semantics

In this thesis HOML is considered a logic based on typed λ-calculus [1]. It provides the
construction of functions via λ-abstractions which again can be applied to appropriate
terms (function application). Functions of arbitrary arity are realized through currying
[24, 45] i.e. λ-abstractions can emit functions as values. The underlying typed λ-calculus
features the usual semantics [1], in this case α-, β- and η-conversion are assumed and all
terms are considered β- and η-normalized. 2 3

Syntax. All terms are annotated with types that put restrictions on the formation of
terms in order to overcome problems like Russel’s Paradox [54].

Definition 1 (Types)
The set of types 4 T is the smallest set that contains the following elements:

o as Boolean type,

ι as type for the domain of individuals, and

τν the function types with τ, ν ∈ T .
y

2For details on the typed λ-calculus see Barendregt - Lambda Calculus with Types [1].
3Different semantics of the typed λ-calculus are depicted in Benzmüller, Brown and Kohlhase - Higher-

Order Semantics and Extensionality [3].
4HOML may also be defined introducing further base types, which is omitted here for simplicity.
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2 Higher-Order Modal Logic

Types that are not function types are called base types.
The terms of HOML are constructed as follows:

Definition 2 (Terms)
Let i ∈ I where I is a non-empty finite set, Xτ is a variable from a countably infinite
set Vτ of variable symbols for each type τ ∈ T and cτ ∈ Στ is a symbol for a constant
from the signature Σ ≡

⋃
τ∈T Στ , that contains at least the primitive logical connectives

for negation, disjunction and, for each type, both equality and universal quantification.
Hence for all τ ∈ T {¬oo,∨ooo,Πτ

(τo)o} ⊆ Σ. Let τ, ν ∈ T . The terms of HOML are
generated by the following grammar:

s, t ::= cτ | Xτ | (λXτ . sν)τν | (sτν tτ )ν | (�ioo so)o
y

Terms of type o are referred to as formulas. I, Vτ , Σ and Στ are used as defined above
in the remainder.

Semantics. A model in HOML is constituted by a multi-modal frame, domain col-
lections and interpretations. The multi-modal frame consists of a set of possible worlds
and binary relations on those worlds. The available mathematical objects are defined
through the domain collections and the meaning of constant symbols are determined by
there interpretation. There is one domain collection and one interpretation for every
single world leading towards a different denotation of HOML terms on distinct worlds
when talking about the value of a term. This formulas are true on some world but not
on the other.

Definition 3 (Multi-modal frame)
A multi-modal frame is a tuple (W, {Ri}i∈I) where W is a non-empty set of arbitrary
cardinality and {Ri}i∈I is a family of binary relations on W. Elements of W are called
worlds or possible worlds. Elements of {Ri}i∈I are called accessibility relations. y

Note that this is a more generalized definition of Kripke structure or Kripke frame as
found in the original paper by Kripke [36] since it offers more than one modality (�-
operator). 5

Definition 4 (Domain collection)
A domain collection {Dτ}τ∈T is a family of non-empty sets Dτ , such that

1. Do is the domain of Booleans with Do ≡ {>,⊥} where > and ⊥ represent truth
and falsehood,

2. Dι is the domain of individuals, and

3. Dτν is the domain of total functions that map elements of Dτ to elements of Dν

for τ, ν ∈ T . y
5A more generalized version might involve more than one set of worlds permitting accessibility rela-

tions being defined on different sets of worlds.
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2 Higher-Order Modal Logic

In classical higher-order logic the domain collection is usually referred to as ”frame”.
Since modal logic employs this term for the tuple of worlds and their relations it is not
used here in order to avoid ambiguity.

Definition 5 (Interpretation)
Let {Dτ}τ∈T be a domain collection. An interpretation I is a function that maps every
constant symbol cτ ∈ Στ to an element d ∈ Dτ ∈ {Dτ}τ∈T for any type τ ∈ T . The
interpretation of the primitive logical connectives and the universal quantification(s) are
always defined as:

I(¬oo) ≡ f : Do → Do with y
f7→

{
⊥ if y ≡ >
> otherwise

I(∨ooo) ≡ f : Do ×Do → Do with (y, z)
f7→

{
⊥ if y ≡ ⊥ and z ≡ ⊥
> otherwise

I(Πτ
(τo)o) ≡ f : Dτo → Do with y

f7→

{
> if y(d) ≡ > for all d ∈ Dτ

⊥ otherwise
y

The remaining logical connectives and quantifiers for conjunction, implication, existential
quantification and the ♦-operator can be, respectively, defined as usual:

∧ooo ≡ λso. λto.¬(¬s ∨ ¬t)
⊃ooo ≡ λso. λto. (¬s) ∨ t

Στ
(τo)o ≡ λsτo.¬Πτ

(τo)os

♦ioo ≡ λso.¬
(
�i(¬s)

)

Definition 6 (Standard model)
A standard model for HOML is a tuple (W, {Ri}i∈I , {Dw}w∈W , {Iw}w∈W) where

1. (W, {Ri}i∈I) comprises a multi-modal frame,

2. {Dw}w∈W is a family of domain collections, one domain collection Dw ≡ {Dw
τ }τ∈T

for each world w ∈ W with Dw
τν ≡ Dw

ν
Dwτ for τ, ν ∈ T , and

3. {Iw}w∈W is a family of interpretations, one for each world w ∈ W.
y

Preparatory to the valuation function that assigns a meaning to all terms of HOML the
variable assignment is introduced as a function, that substitutes variables with actual
objects of the corresponding domain.
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2 Higher-Order Modal Logic

Definition 7 (Variable assignment)
Let {Dτ}τ∈T be a domain collection. A variable assignment g maps variables Xτ ∈ Vτ
to elements of Dτ ∈ {Dτ}τ∈T for any type τ ∈ T .
A substitution of variable X in g6, written g[dτ/Xτ ], denotes the variable assignment g′

that is identical to g except that in g′ the variable Xτ is mapped to dτ , i.e. g′(Xτ ) ≡ dτ
and for all τ ∈ T and Yτ ∈ Vτ it holds that g′(Yτ ) ≡ g(Yτ ) if Yτ 6≡ Xτ .
For a family of variable assignments g ≡ {gw}w∈W the substitution of variable X on
exactly one variable assignment gw of g that leaves all elements of g the same as before
except for gw which is altered as described aboveis denoted by g[dτ/Xτ ]w. y

Now the value of a HOML term can be determined by the valuation function7:

Definition 8 (Valuation function)
The value ‖uτ‖M,g,w of a term uτ of type τ ∈ T with respect to a model M ≡
(W, {Ri}i∈I , {Dw}w∈W , {Iw}w∈W) under a family of variable assignments g ≡ {gw}w∈W
at world w ∈ W is an element of Dw

τ ∈ Dw, defined by

‖Xτ‖M,g,w ≡ gw(Xτ )

‖cτ‖M,g,w ≡ Iw(cτ )

‖ (λXτ . sν)τν ‖
M,g,w ≡ f : Dw

τ → Dw
ν with y

f7→ ‖sν‖M,g[y/Xτ ]w,w

‖ (sτν tτ )ν ‖
M,g,w ≡ ‖sτν‖M,g,w

(
‖tτ‖M,g,w

)
‖�ioo so‖M,g,w ≡

{
> if ‖so‖M,g,v ≡ > for all v ∈ W s.t. (w, v) ∈ Ri

⊥ otherwise
y

As a result of Gödel’s Incompleteness Theorem, complete mechanization of HOML with
standard semantics cannot be achieved. Instead, an adaption of Henkin semantics [31]
is introduced and Henkin models are assumed for the remainder of this thesis.

Definition 9 (Henkin model)
A Henkin model for HOML is a tuple (W, {Ri}i∈I , {Dw}w∈W , {Iw}w∈W) where

1. (W, {Ri}i∈I) comprises a multi-modal frame,

2. {Dw}w∈W is a family of domain collections, one domain collection Dw ≡ {Dw
τ }τ∈T

for each world w ∈ W with Dw
τν ⊆ Dw

ν
Dwτ for τ, ν ∈ T ,

3. {Iw}w∈W is a family of interpretations, one for each world w ∈ W, and

4. the valuation function ‖ · ‖ remains a total function.
y

6Sometimes also called X-variant of g.
7Note that the �-operator cannot be defined through interpretation since its semantics requires access

on the model level.
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2 Higher-Order Modal Logic

Henkin models do not demand the full set of functions for each domain Dw
τν . Since the

valuation function is required to be a total function there is a denotation for all terms
of HOML. This leads to a more general model concept, especially every standard model
is also a Henkin model. As a consequence all theorems in Henkin semantics (all Henkin
models are considered) are theorems in standard semantics (only standard models are
considered), but not vice versa. For the remainder of this thesis the term Model in the
context of modal logics refers to a Henkin model.
Finally, truth and validity relations can be defined.

Definition 10 (Truth and validity)

M, g,w �HOML so A term so is true in a model M for a world w

under an assignment g if and only if ‖so‖M,g,w ≡ >.

M,w �HOML so A term so is locally valid in a model M for a world w

if and only if M, g,w �HOML so for all assignments g.

M �HOML so A term so is globally valid in a model M

if and only if M,w �HOML so for all worlds w.

�HOML so A term so is valid if and only if

M �HOML so for all models M .
y

These definitions of �HOML can also be used on a set of formulas in place of so in which
the relations have to hold on all elements of this set.
Notions of logical consequence are defined in section 2.2.4.

2.2 Semantics Variations

This fairly general and refined version of modal logic can be supplemented with a variety
of semantic options where each one of them has its particular applications. The upcoming
paragraphs provide an overview of these choices for constructing logics that are tailored
to specific purposes. The variants dimensions consist of

• the axiomatization of the �i-operators,

• the semantics of quantification,

• the interpretation of constants, and

• the notion of logical consequence.
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2 Higher-Order Modal Logic

2.2.1 Modality Axiomatization

The first variation for a concrete modal logic at hand is axiomatizing �i-operators by
adding one or more of the axiom schemes in Table 1 to the proof theory. A semantic
perspective on this matter offers Sahlqvist [44] who discovered that the postulation of
such axioms impose certain properties on the accessibility relation of the concerned
�i-operator as listed 8 in Table 1 below:

Name Axiom Accessibility relation property Property name
T �is ⊃ s ∀w. riww reflexive
B s ⊃ �i♦is ∀v.∀w. rivw ⊃ riwv symmetric
D �is ⊃ ♦is ∀v.∃w. rivw serial
4 �is ⊃ �i�is ∀u.∀v.∀w. riuv ∧ rivw ⊃ riuw transitive
5 ♦is ⊃ �i♦is ∀u.∀v.∀w. riuv ∧ riuw ⊃ rivw euclidean
CD ♦is ⊃ �is ∀u.∀v.∀w. riuv ∧ riuw ⊃ v = w functional
�M �i(�is ⊃ �is) ∀v.∀w.∀w. rivw ⊃ riww shift-reflexive
C4 �i�is ⊃ �is ∀u.∀v. riuv ⊃ ∃w. riuw ∧ riwv dense
C ♦i�is ⊃ �i♦is ∀t.∀u.∀v. ritu ∧ ritv ⊃ ∃w. riuw ∧ rivw convergent

Table 1: Modality axiomatization and corresponding accessibility relation properties.
Formulas are denoted by s, and worlds are denoted by t,u,v or w.

Often, several axioms are used in combination yielding so-called modal logic systems.
An overview of the most important of such systems is displayed by Table 2:

System name Axiom scheme(s)
K K
D K + D
T K + T
B K + B + T
S4 K + T + 4
S5 K + T + 5

Table 2: Popular axiom systems

Different applications employ different axiomatizations e.g. epistemic contexts the sys-
tems S4 or S5 are frequently employed and deontic problems usually require at least
axiom D. For a multi-modal logic, this choice can be made for every �i-operator in-
dependently and further bridge rules, describing the interaction between two or more
�i-operators, may be added.

8Axiom scheme K is omitted here since the semantics already imply its validity and it does not impose
any properties on the accessibility relation.
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2 Higher-Order Modal Logic

2.2.2 Quantification

A model’s domain collections may differ from world to world hence a quantifier for type
τ ∈ T may range over a different set Dw

τ on every world w ∈ W. Such a type is said to
yield varying domain semantics and this aspect of the semantics is called the actualist
interpretation of quantification and proposes that everything there is actually exists, i.e.
that there are no merely possible things [29].

Definition 11 (Varying domain)
A domain of type τ ∈ T is called varying if and only if the constructed logic yields
only models M = (W, {Ri}i∈I , {Dw}w∈W , {Iw}w∈W), such that for all worlds w ∈ W no
restrictions are imposed on Dw

τ ∈ {Dw}w∈W . y

This point of view may not be adequate for all applications especially in computer
science and metaphysics in which the possibilist interpretation of quantification play the
important role. It states that domains yield so-called constant domain semantics i.e.
any two domain collections of their corresponding type contain the same elements for
any two worlds. As a consequence a quantifier for a constant domain ranges over the
same set on any world.

Definition 12 (Constant domain)
A domain of type τ ∈ T is called constant if and only if the constructed logic yields only
models M = (W, {Ri}i∈I , {Dw}w∈W , {Iw}w∈W), such that for all worlds v, w ∈ W, it
holds that Dv

τ = Dw
τ for Dw

τ , D
v
τ ∈ {Dw}w∈W . y

Two further settings exist in which the cumulative domain semantics requires a domain
of a specific type on some world to be subset of the corresponding domain in any world
reachable by any accessibility relation 9. The decreasing domain semantics are similar
except that the subset relation is applied in reverse.

Definition 13 (Cumulative domain)
A domain of type τ ∈ T is called cumulative if and only if the constructed logic yields only
models M = (W, {Ri}i∈I , {Dw}w∈W , {Iw}w∈W), such that for all worlds v, w ∈ W, if a
Ri ∈ {Ri}i∈I exists with (v, w) ∈ Ri, it holds that Dv

τ ⊆ Dw
τ for Dw

τ , D
v
τ ∈ {Dw}w∈W . y

Definition 14 (Decreasing domain)
A domain of type τ ∈ T is called decreasing if and only if the constructed logic yields only
models M = (W, {Ri}i∈I , {Dw}w∈W , {Iw}w∈W), such that for all worlds v, w ∈ W, if a
Ri ∈ {Ri}i∈I exists with (v, w) ∈ Ri, it holds that Dv

τ ⊇ Dw
τ for Dw

τ , D
v
τ ∈ {Dw}w∈W . y

Finally, the quantification semantics may be chosen individually for every domain. Be
aware that if the expression ”varying domain semantics” comes up in the literature it
usually refers to the domain of individuals only and all other domains are considered
constant.

9In another more general setup one could think about pairs consisting of a domain and an accessibility
relation that are called cumulative (instead of the domain itself) not imposing this structure on all other
accessibility relations. Furthermore, it is unclear whether the definition used here might cause problems
when introducing bridging rules.
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2.2.3 Constant Denotation

In this general setting a constant cτ ∈ Στ on some world w ∈ W is mapped by the
world’s interpretation function Iw to an element of the corresponding domain collection
of this world. Constants with this flexible behavior have a world-dependent meaning i.e.
a constant symbol may denote differently on different worlds.

Definition 15 (Flexible constant)
A constant cτ ∈ Στ of the type τ ∈ T is called flexible if and only if the constructed
logic yields only models M = (W, {Ri}i∈I , {Dw}w∈W , {Iw}w∈W), such that for all worlds
w ∈ W no restrictions are imposed on the interpretation Iw(cτ ) of the constant cτ . y

Constants may also be required to have the same denotation on any world. These
constants are referred to as rigid constants.

Definition 16 (Rigid constant)
A constant cτ ∈ Στ of the type τ ∈ T is called rigid if and only if the constructed
logic yields only models M = (W, {Ri}i∈I , {Dw}w∈W , {Iw}w∈W), such that for any two
worlds v, w ∈ W it holds that Iv(cτ ) = Iw(cτ ). y

It is allowed to select different properties for any two constants, i.e. mixing rigid and
flexible constants into the logic as desired.

2.2.4 Logical Consequence

The nature of HOML does not lead to only one meaningful notion of logical consequence
as it is the case in classical logic. Fitting [23] describes a variant with locally and globally
valid axioms: A conjecture is a logical consequence if and only if in all models in which
the global axioms are valid the conjecture is true on all the worlds the local axioms are
true.
In Gleißner et al. [28] two versions can be found: A conjecture is a local logical conse-
quence if and only if all for all models and all worlds on which the axioms are true the
conjecture is also true. Alternatively a conjecture is a global logical consequence if and
only if for all models in which the axioms are valid the conjecture is also valid.
One can combine both approaches into two logical consequence relations in which the
first one is actually Fitting’s variant:

Definition 17 (Local logical consequence)
Let Aglobal, Alocal be two sets of formuals and so be a formula. The term so is called a local

logical consequence with global assumptions Aglobal and local assumptions Alocal denoted
10 by Aglobal, Alocal �HOML

local so if and only if for all models M with M �HOML Aglobal for
all worlds w with M,w �HOML Alocal it holds that M,w �HOML so. y

10Fitting uses the notation Aglobal �HOML
local Alocal → so.[22]
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The second consequence relation differs from the first one only by quantifying over the
worlds again when requiring so to be valid.

Definition 18 (Global logical consequence)
Let Aglobal, Alocal be two sets of formulas and so be a formula. The term so is called a

global logical consequence with global assumptions Aglobal and local assumptions Alocal

denoted by Aglobal, Alocal �HOML
global so if and only if for all models M with M �HOML Aglobal

and for all worlds w with M,w �HOML Alocal it holds that M �HOML so. y

Summary

It is crucial to understand that with every single (or additional) choice of the semantic
variations presented in this chapter, a unique logic is constructed. There are some
exceptions when this is not true e.g. in the case of a symmetric and transitive accessibility
relation since these properties imply its symmetry and euclideaness and vice versa. Apart
from this the available options generate a vast quantity of different logics in which we
choose

1. the number of �i-operators,

2. the axiomatization of each �i-operator using any combination of the nine axiom
schemes,

3. the quantification semantics for each type t ∈ T \ {o} independently from the four
options constant, varying, cumulative, decreasing,

4. rigid or flexible denotation for each constant,

5. one of the two logical consequence relations, and

6. local or global validity for every axiom of the problem.

13
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3 Automation of Higher-Order Modal Logic

The automation of HOML can be achieved by using an approach called semantic em-
bedding. During this process the semantics of a concrete variant of HOML are encoded
in some other logic that offers enough expressivity to do so. In this case the target logic
for the semantic embedding is HOL, specifically a variant of Church’s simple type theory
[19]. To that end, the meta-logical parts such as the accessibility relation, connectives
and validity are formulated in HOL and all axioms and conjectures of the original HOML
problem are converted by a translation procedure. The output of this approach can then
be input of any HOL theorem proving system thus enabling the automation of HOML.
This chapter merely summarizes the embedding of HOML in HOL. More detail and
some completeness results can be found in the literature [26, 7, 12].

3.1 Classical Higher-Order Logic

Since the target logic of the encoding is HOL, a version of Church’s Simple Theory of
Types [19] is introduced that offers very similar features to HOML (and therefore typed
λ-calculus) and is briefly introduced here. It is also a typed language and the set of
HOL base types is given by {o, ι,µ} while the set of all HOL types T is freely generated
by creating function types from these base types, which will later be put to use as the
(boolean) type for formulas, the individual domain and the set of worlds, respectively.
The terms of HOL are given by:

s, t ::= cτ |Xτ | (λXτ . sν)τν | (sτν tτ )ν

where Xτ is a variable from a countably infinite set Vτ of variable symbols for each type
τ ∈ T and cτ ∈ Στ is a constant symbol of the signature Σ ≡

⋃
τ∈T Στ , that contains

at least the primitive logical connectives for negation, disjunction, and, for each type,
both equality and universal quantification. Boldface font is used to distinguish HOL
terms and meta-logical definitions from those of HOML. HOL terms of type o are called
HOL formulas.
A frame in HOL is a a collection {Dτ}τ∈T non-empty sets Dτ , such that

1. Do ≡ {>,⊥} is the domain of Booleans that represent truth > and falsehood ⊥,

2. Dι,Dµ are two individual domains, and

3. Dτν is the domain of total functions that map Dτ to Dν for τ ,ν ∈ T .

A standard model of HOL is a tuple ({Dτ}τ∈T , I) in which {Dτ}τ∈T comprises a HOL
frame with Dτν ≡ Dν

Dτ for τ, ν ∈ T and I is an interpretation, mapping constant
symbols cτ of any type τ ∈ T to elements of their corresponding domain Dτ . The
constant symbols for disjunction, negation, universal quantification and equality have
the usual denotation.
A variable assignment in HOL maps variables Xτ of any type τ ∈ T to elements of
their corresponding domain Dτ . The assignment g[dτ/Yτ ] denotes the assignment that

14
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is identical to g, except for variable Yτ that is substituted by dτ with dτ ∈ Dτ for a
type τ ∈ T .
The value ‖uτ‖M,g of a term uτ with respect to a model ({Dτ}τ∈T , I) under an
assignment g is defined by

‖Xτ‖M,g ≡ g(Xτ )

‖cτ‖M,g ≡ I(cτ )

‖ (λXτ . sν)τν ‖
M,g ≡ f : Dτ →Dν with y

f7→ ‖sν‖M,g[Xτ/y]

‖ (sτν tτ )ν ‖
M,g ≡ ‖sτν‖M,g

(
‖tτ‖M,g

)
A Henkin model of HOL is a tuple ({Dτ}τ∈T , I) in which {Dτ}τ∈T comprises a
HOL frame with Dτν ⊆ Dν

Dτ for τ, ν ∈ T , such that for any type τ ∈ T the
valuation function ‖ · ‖M,g remains total (by the choice of the frame), and I is an
interpretation, mapping constant symbols cτ of any type τ ∈ T to elements of their
corresponding domain Dτ . Whenever HOL is of concern, Henkin models are considered
for the remainder.
Notions of validity are:

M , g �HOL so A term so is true in model M under an assignment g

if and only if ‖so‖M,g ≡ >.

M �HOL so A term so is valid in model M

if and only if M , g �HOL so for all assignments g.

�HOL so A term so is valid if and only if M �HOL so for all models M .

These definitions of �HOL can also be used on sets of formulas in place of so in which
the relations have to hold on all elements of this set.
The formula so is the logical consequence of a set A of HOL formulas, denoted A �HOL

so, if and only if for all models M with M �HOL A it holds that M �HOL so.

3.2 Semantic Embedding

The semantic embedding evolves around the type µ that encodes the set of worldsW and
is used to lift (cf. further below) expressions in order to depend on worlds. In particular
HOML propositions will be associated with new HOL predicates of the world-dependent
Boolean type µo. This type is abbreviated as ρ for the remainder.

Accessibility relation. A new constant riµµ is introduced for each accessibility rela-
tion Ri ∈ {Ri}i∈I to the signature of HOL. The axiomatization of a �i-operator can be
realized by adding the desired axiom scheme from Table 1 about this operator to the
problem. Alternatively it is possible utilize the Sahlqvist correspondences [44] of the
axiomatizations in which each axiom corresponds to a mathematical property imposed
on the accessibility relation as surveyed in Table 1 and adding them as axioms about
the accessibility relation to the problem.
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Logical connectives. Since the truth of a formula may be different on two distinct
worlds the Boolean-typed connectives are furnished with a λ-abstraction on the worlds
i.e. the truth of such a term is now world-dependent and therefore is typed with the
afore mentioned type ρ ≡ µo. The encoding d·e for the set of HOML connectives is then
given by

d�iooe ≡ ���iρρ := λSρ.λWµ.∀Vµ. ¬(riW V )∨ S V
d¬ooe ≡ ¬ρρ := λSρ.λWµ. ¬(S W )
d∨oooe ≡ ∨ρρρ := λSρ.λTρ.λWµ. (S W )∨ (T W )

The �-operator takes a world-dependent proposition S, a world W from which this
proposition should be evaluated and ensures it holds on all reachable worlds V exactly
as the semantics of the operator commands. Negation and disjunction both just evaluate
their world-dependent proposition(s) on the world they are passed.
All other connectives can either be defined within HOML as exemplified in section 2.1
and therefore are encoded implicitly or the encoding can be made explicit:

d♦iooe ≡ ♦♦♦iρρ := λSρ.λWµ.∃Vµ. (riW V )∧ S V
d∧ioooe ≡ ∧iρρρ := λSρ.λTρ.λWµ. (S W )∧ (T W )

d⊃ioooe ≡ ⊃iρρρ := λSρ.λTρ.λWµ. ¬(S W )∨ (T W )

Quantifiers. The encoding dΠτe of universal quantification of type τ ∈ T depends
on whether this quantification is intended to have constant domain or varying domain
semantics. Let Πτ,c and Πτ,va denote the encoding of a constant and varying domain
quantification term, respectively, defined by

Πτ,va
(τρ)ρ := λPτρ.λWµ.∀Xτ . ¬(eiwτ

τµo X W )∨ (P X W )

Πτ,c
(τρ)ρ := λPτρ.λWµ.∀Xτ . P X W

The idea behind simulating the world-dependent domain collections Dw ∈ {Dw}w∈W of
HOML is creating supersets of all possible elements of a certain type and guarding the
access to this set by predicates that specify whether an element indeed exists on some
world. Such set for a type τ ∈ T is defined by {d ∈ Dw

τ |Dw
τ ∈ {Dw}w∈W , w ∈ W}

and consists of all elements of this type which are contained in any domain Dw
τ of

any domain collection {Dw}w∈W . These sets are postulated to be equal to the domain
collections Dτ ∈ {Dτ}τ∈T in HOL of their corresponding type τ . In the case of varying
domain quantification the guarding predicate eiwτ

τµo prevents the evaluation of P for

any substitution g[dsτe/Xτ ] of an assignment g if sτ /∈ DW
τ and permits it otherwise

as required. Such a guarding predicate is added to the signature of HOL for every type
τ ∈ T . Constants in HOML must denote on any world hence their existence on all
worlds has to be made explicit by adding an axiom for each constant cτ :

∀Wµ. eiwτ
τµo cτ W
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For constant domain semantics the contents of all world-dependent domains Dw
τ are the

same hence the guarding predicate is simply omitted.
In the cases of cumulative or decreasing quantification semantics, varying quantifiers are
employed and an appropriate axiom is added to the problem to ensure the expected
domain structure across the worlds. The axioms are, respectively,

∀Wµ.∀Vµ.∀Xτ . (eiwτ
τµo X V ∧ ri V W ) ⊃ eiwτ

τµo X W

∀Wµ.∀Vµ.∀Xτ . (eiwτ
τµo X W ∧ ri V W ) ⊃ eiwτ

τµo X V

The axiom for cumulative quantification semantics states that if X exists in some
world V , it also exists in all reachable worlds. Decreasing quantification semantics
works along the other direction of the accessibility relation.
Existential quantification, like the additional connectives, can also be encoded in a direct
manner:

∃τ,va(τρ)ρ := λPτρ.λWµ.∃Xτ . (eiwτ
τµo X W )∧ (P X W )

∃τ,c(τρ)ρ := λPτρ.λWµ.∃Xτ . P X W

The constant and varying domain cases for existential quantification are analogous to
universal quantification.

An alternative embedding for quantification in constant, cumulative and decreasing set-
tings can be realized through the use of the so-called Barcan (BF) and Converse Barcan
Formula (CBF). In the first-order domain, adding BF as an axiom scheme when simul-
taneously employing varying quantification semantics orders the individual domain as
decreasing quantification semantics require while CBF imposes cumulative domains [23].
A similar result might probably hold for non-first-order domains, too, but has not been
proven yet. Adding both BF and CBF renders the domains decreasing and cumulative,
hence constant. The schemes BF and CBF for type τ ∈ T are given by

� ∀Xτ . Pτo X ⊃ ∀Xτ . �Pτo X

∀Xτ . �Pτo X ⊃ � ∀Xτ . Pτo X

respectively.

There also exists one further encoding for constant, cumulative and decreasing quantifi-
cation semantics in modal system S5 which is called S5U in the remainder. In that case
the accessibility relation can be seen as an universal relation between possible worlds [40].
That means all worlds are connected to each other, thereby eliminating the need of check-
ing if two worlds are connected. When exploiting this property, encoding the accessibility
relation becomes no longer necessary, hence all occurrences of the accessibility relation
are stripped from the encoding: First, modal operators are simplified, not checking for
connected worlds, and can be defined as

d�iooe ≡ ���iρρ := λSρ.λWµ.∀Vµ. S V
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Second, all quantifiers can be embedded as constant quantifiers because once an object
of a constant, cumulative or decreasing domain exists in some world, it has to exist
in any other world since all worlds are connected and the domains cannot decrease or
increase, depending on the quantification semantics.

Embedding the problem. For each type τ ∈ T the encoding (or type-lifting) dτe is
defined as

doe ≡ ρ := µo

dιe ≡ ι
dτνe ≡ dτedνe

for τ, ν ∈ T .
The definition of d·e can now be extended to all HOML terms thereby mimicking (with
the contribution of the previous definitions and auxiliary axioms) the behavior of the
valuation function and the general model structure by

dcιe ≡ cdµιe if cι is a flexible constant

dcτe ≡ cdτe if cτ is a rigid constant

dXτe ≡Xdτe

dλXτ . sνe ≡ λdXτe. dsνe
dsτν tτe ≡ dsτνe dtτe

for τ, ν ∈ T . Now all products of the grammar of HOML are mapped to a (bold) HOL
counterpart.
For the notions of validity and logical consequence the meta-logical functions b·c and
A(·) are introduced:

bsρc := ∀Wµ. s W

A(sρ) := s wactual

where wactual is an uninterpreted constant of the HOL signature. Both functions take
a world-dependent proposition and map it to a value of type o i.e. to truth or falsehood
in HOL.
All global axioms have to hold on every world hence they are (grounded) by the function
b·c which ensures the global axioms are globally valid by quantifying over all worlds as
required by both notions of logical consequence. Local axioms are grounded by applying
A(·). After filtering for all models in which the global axioms hold true, A(·) implicitly
filters for all worlds of those models on which all local axioms hold true. This set of
filtered worlds is represented by the uninterpreted world constant wactual.
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The definition of b·c allows for an easy encoding of axiom schemes as required for ax-
iom schemes on the modal operators if not using accessibility relation properties, and
implementing BF and CBF as axiom schemes for the alternative embedding of constant,
cumulative and decreasing quantification semantics. Exemplary, the axiom scheme BF
for type τ ∈ T that reads

� ∀Xτ . Pτo X ⊃ ∀Xτ . �Pτo X

can be encoded as

∀Pτ(µo). b� ∀Xτ . Pτo X ⊃ ∀Xτ . �Pτo Xc

where Pτo will be recursively translated to Pτ(µo) by the grounding function b·c.
If a conjecture is supposed to be a local logical consequence, it is grounded by A(·)
since it has to hold true on all filtered worlds represented by wactual. In the case of
global logical consequence, the conjecture is grounded by b·c as the consequence should
be globally valid in all filtered models. More formally, we have that

Aglobal, Alocal �HOML
global s

if and only if

{bdaec|a ∈ Aglobal} ∪ {A(dae)|a ∈ Alocal} �HOL bdsec

for global logical consequence, and

Aglobal, Alocal �HOML
local s

if and only if

{bdaec|a ∈ Aglobal} ∪ {A(dae)|a ∈ Alocal} �HOL A(dse)

for local logical consequence. A proof for global consequence for the first-order variant
of modal logic with global axioms and constant domain semantics was presented in
Benzmüller and Paulson [7]. Proofs for other variants do not exist yet.
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4 The Modal Embedding Tool

The Modal Embedding Tool (MET) 11 is an implementation of the shallow semantic
embedding approach for HOML as presented in sect. 3.

Figure 1: Bird’s eye perspective of the automated embedding process

Figure 1 illustrates the workflow of the MET. Firstly, it analyzes the logic specification
i.e. semantics description according to sect. 4.1 and identifies meta-logical definitions
e.g. embedded quantifiers, accessibility relations, etc. and axioms e.g. cumulative do-
main restrictions, accessibility relation properties, etc., that are required. Subsequently,
the original problem representation in HOML is modified by exchanging connectives,
quantifiers and types by their encoded counterpart and by grounding all formulas. Fi-
nally both modified original representation and meta-logical definitions and axioms are
combined resulting in a corresponding HOL problem, ready to be shipped to any higher-
order prover understanding HOL. More detail on the implementation can be found in
Gleißner [26].
The remainder of this section is intended to describe the input language and capabilities
of the MET.

4.1 Input Language

The input language of the MET is a conservative extension of the TPTP dialect THF [8]
while the output language again is THF. It is the de-facto standard for higher-order
logic representation and reasoning and is supported by most HOL reasoners, including
Satallax [17], Leo III [48], Nitpick [15] and many others. The purpose of this input
language is to foster a standardized format for non-classical logics within the TPTP.
Previous work [57] already dealt with such an extensions and was subsequently improved
to yield a TPTP standard proposal that is still under development. 12

Syntax. THF supports all syntactic features of HOL including lambda abstraction
and function application. It also supports and defines functions that bear meaning and
therefore allow for an easy adaptation for the additional elements of the HOML syntax,
i.e. �- and ♦-operators. Mono-modal problems use the defined functions $box and

11Available at https://github.com/leoprover/embed_modal.
12The current status of this proposal can be found on http://www.tptp.org/TPTP/Proposals/

LogicSpecification.html.
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$dia for necessity and possibility hence a HOML formula ∃Xι. �(p X) corresponds to
? [X:$i]: ($box @ (p @ X)).
In multi-modal logics the defined functions $box int and $dia int can be applied to
an integer that serves as an index for the �i- and ♦i-operators, respectively. Exemplary,
∃Xι. �1(p X) corresponds to ? [X:$i]: ($box int @ 1 @ (p @ X)).
An alternative input syntax for multiple modalities can be achieved through rank-1
polymorphic types offered by the THF extension TH1 [34]. The defined function $box P

(analogously $dia P) of type !>[T:$tType]:(T > $o > $o) is added to the signature.
It takes as arguments a type T employing the type binder !> that enables rank-1 poly-
morphism, an object of type T, a boolean formula, and emits a boolean formula. This
permits creating different types of boxes and indexing them with objects of that type as
follows:

thf( human_box_type, type, human: $tType ).

thf( alice_type, type, alice: human ).

thf( myproposition_type, type, myproposition: $o ).

thf( 1, axiom, $box_P @ human @ alice @ myproposition ).

Modality types or instances of polymorphic modalities can also be abbreviated:

thf( human_box_modality_type, type, human_box : (human > $o > $o) ).

thf( human_box_modality_def, definition, human_box = ($box_P @ human) ).

thf( 1, axiom, human_box @ alice @ myproposition ).

thf( alice_box_modality_type, type, alice_box : ($o > $o) ).

thf( alice_box_modality_def, definition, alice_box = ($box_P @ human @ alice) ).

thf( 2, axiom, alice_box @ myproposition ).

This polymorphic approach groups modalities (by type, here human) which is utilized in
the next paragraph for simultaneously specifying the same semantics for every modality
of one type. Moreover, it offers a more natural indexing mechanism by allowing an
actual string for this purpose.

Semantics specification. Specifying the semantics for the modal logic that was in-
tended for a HOML problem takes place in a logic statement i.e. a statement, that
yields the role logic. The keyword $modal indicates the beginning of a list of seman-
tics options for Kripke-like logics. This list has to include the keywords $constants,
$quantification, $consequence and $modalities. Every such keyword is followed by
an assignment operator := and either a default value or a comma-separated list of entries.
A simple logic specification that uses one default value for each semantics dimension (of
HOML) may look as follows:

thf( my_s5, logic, ( $modal := [

$constants := $rigid,

$quantification := $constant,

$consequence := $local,

$modalities := $modal_system_S5

] ) ).
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In this example constants are assumed rigid, quantification semantics of all domains are
considered constant, all axioms are locally valid and the logical consequence is local, too,
and, all occurring modalities possess the properties defined by modal system S5.
This format also allows for more involved descriptions i.e. it grants control on the desig-
nation of every single constant, the quantification semantics for each type, local or global
validity of assumptions and hypothesis, and, the axiomatization of every modal opera-
tor, separately. At the same time it offers default values for all parts of the semantics
that have not been explicitly addressed. The full extent of logic specification features is
show-cased in the following example:

thf( mydomain_type , type , ( mynewdomain : $tType ) ).

thf( myconstant_declaration , type , ( myconstant : $i ) ).

thf( myaxiom , axiom , ( ! [X:$o]: ( ($box_int @ 3 @ X) => ($box_int @ 1 @ X) ) ) ).

thf( myhypothesis , conjecture , ( ! [X:$o]: ($box_int @ 1 @ ($box_int @ 2 @ X) ) ) ).

thf( animal_box_type, type, animal: $tType ).

thf( human_box_type, type, human: $tType ).

thf( alice_type, type, alice: human ).

thf( fancy_modal_logic , logic , ( $modal := [

$constants := [ $rigid,

myconstant := $flexible ],

$quantification := [ $constant,

mynewdomain := $varying ],

$consequence := [ $local,

myaxiom := $global,

myhypothesis := $global ],

$modalities := [ $modal_system_S5,

$box_int @ 1 := $modal_system_T,

$box_int @ 2 := [$modal_axiom_4, $modal_axiom_C],

$box_P @ human @ alice := $modal_system_S4,

$box_P @ animal := $modal_system_D ]

] ) ).

Here, all constants have a rigid designation except for constant myconstant which is
flexible, the quantification semantics comprise constant domains per default but domain
mydomain is considered varying, and, all assumptions are local but axiom myaxiom which
is globally valid, also the conjecture myhypothesis is one of a global consequence. Modal
operator �1 possesses the properties of modal system T and axiom schemes 4 and C are
attributed to �2. Modality $box P @ human @ alice possesses the semantics of modal
system S4 and all modalities of type animal have modal system D properties. All other
modalities have S5 properties assigned per default.
This exemplary logic specification demonstrates for each semantics dimension the assign-
ment of a default value (first item of the list) for all concerned elements of this dimension
except for those explicitly listed after the default value. These elements are assigned a
value on their own using the assignment operator := after the objects name, followed by
the desired value. It is not allowed to specify the semantics for both a type of modalities
and one modality of this type e.g. $box P @ human and $box P @ human @ alice are
not allowed to occur in the specification simultaneously. For practical reasons it is not
permitted to use any definitions e.g. an abbreviation for $box P @ human @ alice or
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$box P @ human (cf. syntax paragraph before) within the specification, since otherwise
the effort for gathering all information about the semantics increases.
Values supported by the logic specification format are

• $constants: {$rigid, $flexible}

• $quantification: {$constant, $cumulative, $decreasing, $varying}

• $consequence: {$local, $global}

• $modalities: $modal system X for
X ∈ {K, KB, K4, K5, K45, KB5, D, DB, D4, D5, D45, T, B, S4, S5}
or a list of $modal axiom Y with Y ∈ {T, B, D, 4, 5, CD, �M, C4, C}

4.2 Usage and Scope

The MET is a tool for the command line interface (CLI). It can be invoked by

java -jar embed.jar -i infile -o outfile

where infile and outfile specify the input file in TPTP THF syntax with modal
extension as presented in sect. 4.1 and the output file which will have TPTP THF
format, respectively. $box and $box int but not $box P are supported by the MET.
Available CLI parameters and other options presented in this section are summarized in
appendix D.

Supported semantics. The MET implements the full range of semantics alternatives
for HOML with only few exceptions. It supports mono-modal reasoning for constant,
cumulative, decreasing and varying domain semantics individually for each type. As-
sumptions and hypothesis can be declared locally or globally valid where assorted choices
are possible, and, modalities might take on any of the 15 modal systems or nine axioms
listed in sect. 4.1. Only flexible constants have not been implemented hence all con-
stants are considered rigid. Multi-modal reasoning includes the same options employing
integer-indexed box operators with the exception of cumulative and decreasing domains.

Alternative encodings. As displayed in sect. 3.2, there are multiple ways to encode
semantics. The MET allows the user to pass a comma-separated list of transformation
parameters using the CLI option -t for this purpose.
There exist three different ways for embedding modalities: Firstly, the used properties
can be selected by explicitly choosing the axiomatization of the modal operators since
some systems may can expressed by more than one set of rules e.g. modal system S5 can
be described by axiom schemes {K,T,5},{K,T,B,4} and many others. Such explicit ax-
iomatization is enabled through a system specific extension on the keywords of the logic
specification e.g. $modal system S5 can be substituted by $modal system S5 KT5 for
axiomatization {K,T,5}, etc. Moreover, the encoding S5U for modal system S5 can be en-
abled using the keyword $modal system S5U. Secondly, the modal operators’ attributes
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4 The Modal Embedding Tool

can be encoded with axiom schemes, or, as third option, postulating properties on the
accessibility relations, by passing the parameters syntactic modality axiomatization

or semantic modality axiomatization, respectively.
Alternatives for quantification semantics offered by the MET for cumula-
tive / decreasing domain restrictions are either involving properties on the
domain structure attaching parameters semantic cumulative quantification /
semantic decreasing quantification, or, employing CBF/BF with parameters
syntactic cumulative quantification / syntactic decreasing quantification.
Also, constant domains may be encoded using constant quantifiers (parameter
semantic constant quantification) or through the use of varying quantifiers with
CBF+BF (parameter syntactic constant quantification) instead.
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5 Evaluation

In this section, the MET is evaluated with respect to correctness, completeness and
performance using the QMLTP library [42] that consists of 580 first-order mono-modal
problems. To that end, three higher-order provers, paired with different encodings pro-
vided by the MET, and one of the most sophisticated native modal logic provers are
examined for their performance. First, the experimental set-up is outlined, subsequently
the detailed evaluation results are presented and discussed.

5.1 Experimental Set-up

The experimental set-up divides itself into a paragraph about the dataset including its
preparation and a description of the hardware and software environment in which the
benchmarks take place.

Dataset. All Problems of the QMLTP are written in a variant of the TPTP di-
alect FOF and have already been translated to TPTP THF with modal extension by
Gleißner [26]. Unfortunately some of these problems had missing parentheses and miss-
ing axiom issues, that could partially be fixed (cf. Table 3). Missing parentheses issues
could be identified applying an ANTLR-generated parser [26]. The dataset was filtered
for problems that possess equalities but do not contain an appropriate axiomatization as
required by the QMLTP. Furthermore all occurrences of the symbol ”=” have been sub-
stituted by the symbol ”qmltpeq” since in the QMLTP ”=” is an uninterpreted symbol
while it represents native equality in TPTP. The resulting 566 QMLTP problems that
have been transformed in this manner form the basis of this evaluation. 13

Hardware and software environment. The evaluation was performed using the
StarExec [49] compute cluster. Each node of this cluster runs an Intel(R) Xeon(R)
CPU E5-2609 2.40GHz CPU with 256 GB of RAM. The wall clock time (WC) was
limited to 480 seconds and the computing time (CPU) was limited to 240 seconds. This
configuration is similar to other competitions e.g. the CADE ATP System Competition
(CASC) [50].
First, the most advanced [5] native first-order modal logic prover MleanCoP [41] was
benchmarked against the dataset. This prover supports local logical consequence, rigid
constants, modal systems D, T, S4 and S5, and quantification semantics constant, cu-
mulative and varying in the first-order domain. Hence for comparability, the benchmark
involves all possible combinations of these semantics choices. Second, the state-of-the-art
higher-order theorem provers Leo-III [48] and Satallax [16] as well as the model finder
Nitpick [15] are combined with the MET for the assessment of the MET’s performance.

13The dataset is available at https://github.com/TobiasGleissner/QMLTP.
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Problem Issue

APM004+1.p parentheses (fixed)
APM007+1.p symbol ”qmltpeq” without axiomatization
SYM035+1.p parentheses (fixed)
SYM054+1.p symbol ”qmltpeq” without axiomatization
SYM055+1.p symbol ”=” without axiomatization
SYM056+1.p symbol ”=” without axiomatization
SYM057+1.p symbol ”=” without axiomatization
SYM058+1.p symbol ”qmltpeq” without axiomatization
SYM064+1.p symbol ”=” without axiomatization
SYM068+1.p symbol ”=” and ”qmltpeq” without axiomatization
SYM069+1.p symbol ”qmltpeq” without axiomatization
SYM070+1.p symbol ”qmltpeq” without axiomatization
SYM071+1.p symbol ”qmltpeq” without axiomatization
SYM072+1.p symbol ”qmltpeq” without axiomatization
SYM082+1.p parentheses (fixed)
SYM085+1.p symbol ”=” without axiomatization
SYM113+1.p parentheses (fixed)
SYM114+1.p parentheses (fixed)
SYM122+1.p parentheses (fixed)
SYM163+1.p parentheses (fixed)

Table 3: Issues with problems in the QMLTP library

The following synopsis lists details on all employed reasoning systems:

• MleanCoP version 1.3

• MET + Leo-III in a prerelease of version 1.3 in cooperation with the external
reasoners E 2.3 and CVC4 1.7, It runs on a Java Runtime Environment 8 with
options -Xss128m -Xmx4g -Xms1g

• MET + Satallax version 3.3 built with OCaml 4.05.0

• MET + Nitpick of Isabelle release candidate 2018

All different modal logic encodings offered by the MET for MleanCoP’s supported se-
mantics have been tested. This includes the encoding of different modal systems by ei-
ther imposing restrictions on the accessibility relation, adding axiom schemes about the
modal operator or using the optimized encoding S5U. Quantification encodings include
constant quantifiers (without an eiw-predicate) for constant domains as well as vary-
ing quantifiers for varying, cumulative, constant domains with no modification, CBF
or domain restriction axiom, CBF+BF or domain restriction axioms, respectively. A
comprehensive summary of all modal system and quantification encodings and their ab-
breviations that are used during the evaluation is listed in Tables 4a and 4b. For details
on these encodings see sect. 3.2. Note that the application of the MET always counts
towards reasoning time (WC and CPU), since reencoding a problem is regarded as a
part of the reasoning process to solve the problem.
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Xsem modalities are specified by
imposing restrictions on the
accessibility relation

Xsyn modalities are specified by
adding axiom schemes about
the modalities

S5U the optimized encoding for
modal system S5 is used

(a) Modal system encodings, X ∈ {D,T,S4,S5}

vary uses varying quantifiers
cumulsyn uses varying quantifiers and

CBF
cumulsem uses varying quantifiers and

cumulative domain restric-
tion axiom

constsyn used varying quantifiers and
CBF and BF

constsem uses constant quantifiers

(b) Quantification encodings

Table 4: Encodings offered by the MET

5.2 Results

The analysis of the benchmark assesses the merits of different encodings and the perfor-
mance in terms of solved problems and reasoning time of all involved reasoning systems.
In particular the findings are subdivided into

• development cost,

• incompleteness issue,

• comparison of supported semantics by the MET and MleanCoP

• comparison of different encodings,

• comparison of solved theorems by the MET and MleanCoP,

• comparison of problems found counter-satisfiable by the MET and MleanCoP, and

• comparison of CPU and WC usage by the MET and MleanCoP,

which are treated in separate paragraphs in that order. The term HOany refers to
the combined result of all higher-order provers using the MET with the best encod-
ing, i.e. most problems solved, for the semantics in question. For proving theorems,
HOany includes only results of Leo-III and Satallax, since Nitpick is a model finder.
As for comparing capabilites in counter-model finding Leo-III and Satallax are usually
not explicitly listed since they perform poorly at this task and Nitpick always finds a
counter-model for any problem that was found counter-satisfiable by Leo-III or Satallax.
Since the MET is a preprocessing tool and therefore can be easily combined with any
higher-order reasoning system, it is justified to compare HOany and the native prover
MleanCoP. Even more so, today’s computer hardware comes with several cores which
permits trying different provers simultaneously on one machine without sacrificing wall
clock time.
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Miscellaneous. For any encoding of the dataset, the MET did not produce any errors.
Furthermore, there have not been any unexpected output e.g. a surprising SZS status
or other errors by any reasoning system employing the MET or the prover MleanCoP.
Finally, no soundness problems have occurred i.e. no higher-order prover paired with
the MET reports the status theorem for a problem (in any encoding) if the QMLTP
library or the reference system MleanCoP finds the problem to be counter-satisfiable.

Development cost. The development time required for implementing a semantic em-
bedding (for all the variants of HOML) is substantially less than devising a specialized
reasoner. Its development involves only a fraction of the steps necessary for building an
ATP, essentially summing up to parsing and rewriting. It is a matter of folklore that
it takes roughly two years to build a reasoning system that is as as good as Otter [38]
and Otter has not been developed since 2003. Moreover, examining the participants and
results of CASC [50, 52], the most successful provers have been developed and refined
over many years. This indicates that it generally takes several years to implement a
high-performing ATP system, whereas a semantic embedding procedure can be imple-
mented much faster. In conclusion the semantic embedding approach provides a shortcut
to reduce the software development cost and deficit in non-classical reasoning tools.

Incompleteness issue. Experiments involving the (counter-)model finder Nitpick
combined with the MET show that there is an incompleteness issue with encodings
that make use of varying quantifiers. That is, for problems that are actually classified
as theorems, a higher-order prover paired with the MET may find such problems to be
counter-satisfiable. This affects the encodings constsyn, cumulsyn, vary and supposedly
(but without experimental evidence) decrsyn. An analysis of counter-models found by
Nitpick suggests an inproper guarding (cf. eiw predicate sect. 3.2, paragraph on quanti-
fiers) against objects that should not exist in the corresponding domain (of HOML) hence
not in any (counter-)model. This effect could be observed at least when using functions
that take elements of the individual domain as arguments and emit an individual as Fig-
ure 2 indicates. It shows a counter-model snippet provided by Nitpick for the problem
GLC454+1 encoded with modal system S5 and quantification semantics cumulsem. Line
2 states the existence of two objects, i1 and i2 of type ι (two individuals), and one object
of type mworld (one world). Lines 13 to 16 refer to the eiw-predicate that should prevent
the use of non-existing individuals. Line 15 and 16 assert eiw i1 ≡ > and eiw i2 ≡ ⊥ i.e.
the first individual i1 does exist and the second individual i2 does not exist with respect
to the guarding predicate. However the user-defined 2-ary function and (lines 6 to 11)
may take i2 as an argument (lines 13 and 15) and can even emit the non-existent object
i2 (line 15). It is unclear whether guarding functions against non-existent objects will
suffice to overcome the whole incompleteness. Probably a (computer-verified) attempt
to prove the completeness of a mended embedding may shed light on this matter.
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1 Nitpick found a counterexample for

2 card TPTP_Interpret.ind = 2 and card bnd_mworld = 1:

3 Skolem constant:

4 ??.bnd_mbox.V = b\<^sub>1

5 Constants:

6 bnd_and =

7 (\<lambda>x. _)

8 (i\<^sub>1 := (\<lambda>x. _)

9 (i\<^sub>1 := i\<^sub>1, i\<^sub>2 := i\<^sub>1),

10 i\<^sub>2 := (\<lambda>x. _)

11 (i\<^sub>1 := i\<^sub>1, i\<^sub>2 := i\<^sub>2))

12 [...]

13 bnd_eiw__o__d_i_c_ =

14 (\<lambda>x. _)

15 (i\<^sub>1 := (\<lambda>x. _)(b\<^sub>1 := True),

16 i\<^sub>2 := (\<lambda>x. _)(b\<^sub>1 := False))

17 [...]

Figure 2: Counter-model snippet by Nitpick demonstrating the occurrence of non-
existing HOML objects when using varying quantifiers in the encoding

Comparison of supported modal logics. The native prover MleanCoP offers first-
order quantification, multiple modalities, a complete calculus, four modal systems, three
types of quantification semantics and one logical consequence, amounting to 11 different
settings for mono-modal semantics. The MET offers higher-order quantification, mul-
tiple modalities, an incomplete transformation procedure, 15 modal systems, four types
of quantification semantics, two options for logical consequence and mixing of local and
global assumptions and hypothesis, amounting to 116 different settings for mono-modal
semantics.
Clearly the MET is tremendously more versatile than MleanCoP. It supports 10 times
more semantics settings, has higher-order quantification and allows for a mixture of lo-
cal and global assumptions. The only drawback occurs when the assignment consists of
finding counter-models since the MET supports only constant domain semantics across
all modal systems as well as constant, cumulative and decreasing domain semantics for
modal system S5 for performing this task.

Comparison of different encodings. Tables 5, 6 and 7 account for the individual
performance of each reasoning system that employs the MET i.e. its solved problems
and reasoning time, the performance against other embedding provers (only Leo-III’s
and Satallax’ measurements) and against the native prover MleanCoP. Each row is
associated with the encoding of a modal system and the encoding of quantification
semantics as listed in Tables 4a and 4b. The results of each reasoning system with re-
spect to the encoding are counted according to their status including theorem (THM),
counter-satisfiability (CSA), gave-up (GUP), timeout (TMO) and total solutions (Σ)
which amounts to the sum of problems found to be theorems or counter-satisfiable. The
columns WC and CPU refer to the average wall clock time and CPU time, respectively,
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Semantics Leo-III Avg. Time U vs. Sat./Nit. U vs. MleanCoP
System Domains Σ THM CSA GUP TMO CPU WC Σ THM CSA Σ THM CSA

Dsem constsem 195 195 0 57 314 21.2 9.2 14 14 0 5 5 0
Dsem constsyn 174 174 † 19 373 31.0 12.2 13 13 † 5 5 †
Dsyn constsem 194 194 0 0 372 20.8 9.1 14 14 0 5 5 0
Dsyn constsyn 171 171 † 0 395 30.5 12.2 13 13 † 5 5 †
Dsem cumulsem 178 178 † 19 369 21.4 9.4 13 13 † 5 5 †
Dsem cumulsyn 174 174 † 19 373 29.2 11.6 13 13 † 5 5 †
Dsyn cumulsem 178 178 † 0 388 22.4 9.8 13 13 † 5 5 †
Dsyn cumulsyn 171 171 † 0 395 28.7 11.6 13 13 † 5 5 †
Dsem vary 161 161 † 69 336 22.5 10.0 13 13 † 5 5 †
Dsyn vary 161 161 † 0 405 22.9 10.1 13 13 † 5 5 †
Tsem constsem 246 246 0 54 266 22.1 9.1 17 17 0 6 6 0
Tsem constsyn 218 218 † 22 326 29.4 11.3 14 14 † 6 6 †
Tsyn constsem 235 235 0 0 331 28.2 11.0 22 22 0 6 6 0
Tsyn constsyn 209 209 † 0 357 40.7 14.7 20 20 † 6 6 †
Tsem cumulsem 230 230 † 22 314 22.8 9.6 15 15 † 6 6 †
Tsem cumulsyn 219 219 † 22 325 25.9 10.4 15 15 † 6 6 †
Tsyn cumulsem 211 211 † 0 355 25.8 10.3 18 18 † 6 6 †
Tsyn cumulsyn 210 210 † 0 356 35.4 13.3 19 19 † 6 6 †
Tsem vary 211 211 † 65 290 22.5 9.6 15 15 † 6 6 †
Tsyn vary 193 193 † 0 373 27.1 10.9 18 18 † 6 6 †
S4sem constsem 296 296 0 0 270 22.8 9.7 24 24 0 7 7 0
S4sem constsyn 245 245 † 0 321 28.0 11.4 17 17 † 7 7 †
S4syn constsem 259 259 0 0 307 36.7 13.3 25 25 0 7 7 0
S4syn constsyn 227 227 † 0 339 44.6 15.4 19 19 † 7 7 †
S4sem cumulsem 272 272 † 0 294 24.7 10.4 23 23 † 7 7 †
S4sem cumulsyn 253 253 † 0 313 28.3 11.5 18 18 † 7 7 †
S4syn cumulsem 241 241 † 0 325 33.0 12.8 24 24 † 7 7 †
S4syn cumulsyn 235 235 † 0 331 38.5 14.5 22 22 † 7 7 †
S4sem vary 247 247 † 0 319 23.4 10.2 19 19 † 6 6 †
S4syn vary 223 223 † 0 343 35.2 13.5 21 21 † 6 6 †
S5sem constsem 344 344 0 0 222 22.9 9.4 30 30 0 6 6 0
S5sem constsyn 285 285 † 0 281 29.1 11.6 19 19 † 6 6 †
S5syn constsem 262 262 0 0 304 38.1 13.8 30 30 0 6 6 0
S5syn constsyn 233 233 † 0 333 48.6 17.1 26 26 † 6 6 †
S5sem cumulsem 321 321 † 0 245 20.5 8.5 19 19 † 6 6 †
S5sem cumulsyn 283 283 † 0 283 26.3 10.3 19 19 † 6 6 †
S5syn cumulsem 248 248 † 0 318 38.9 14.4 29 29 † 6 6 †
S5syn cumulsyn 237 237 † 0 329 44.3 15.9 27 27 † 6 6 †
S5sem vary 281 281 † 0 285 22.5 9.3 20 20 † 5 5 †
S5syn vary 225 225 † 0 341 38.6 14.3 25 25 † 5 5 †
S5U const 440 440 0 45 81 26.2 11.2 71 71 0 15 15 0
S5U cumul 439 439 0 45 82 25.6 11.0 70 70 0 15 15 0

Table 5: Results of Leo-III

of the total solutions. The number of problems with a specific encoding solved uniquely
by either Leo-III or Satallax when compared to the other higher-order prover are broken
down in U vs. Sat. and U vs. Leo-III, respectively, where again THM, CSA and Σ
stand for found theorems, problems with found counter-models and the sum of both.
Similarly, U vs. MleanCoP apportions the status THM, CSA and their sum Σ count-
ing solutions uniquely found by the higher-order prover when compared to the native
prover MleanCoP. For any field that counts the number of problems with status CSA,
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Semantics Satallax Avg. Time U vs. Leo-III/Nit. U vs. MleanCoP
System Domains Σ THM CSA GUP TMO CPU WC Σ THM CSA Σ THM CSA

Dsem constsem 189 183 6 0 377 30.4 24.3 2 2 0 1 1 0
Dsem constsyn 178 177 † 0 388 32.1 25.1 16 16 † 1 1 †
Dsyn constsem 183 183 0 0 383 38.1 31.9 3 3 0 1 1 0
Dsyn constsyn 177 177 † 0 389 38.4 32.0 19 19 † 1 1 †
Dsem cumulsem 168 168 † 0 397 29.0 22.6 3 3 † 1 1 †
Dsem cumulsyn 168 168 † 0 397 30.8 24.3 7 7 † 1 1 †
Dsyn cumulsem 168 168 † 0 398 36.8 30.5 3 3 † 1 1 †
Dsyn cumulsyn 168 168 † 0 398 38.6 32.0 10 10 † 1 1 †
Dsem vary 151 151 † 0 411 26.7 19.9 3 3 † 1 1 †
Dsyn vary 151 151 † 0 415 35.4 28.8 3 3 † 1 1 †
Tsem constsem 297 236 61 0 269 26.0 20.8 7 7 0 14 3 11
Tsem constsyn 255 226 † 0 311 33.3 27.4 22 22 † 5 5 †
Tsyn constsem 226 226 0 0 340 41.3 35.2 13 13 0 3 3 0
Tsyn constsyn 219 219 † 0 347 42.1 35.4 30 30 † 5 5 †
Tsem cumulsem 223 223 † 0 279 28.3 22.4 8 8 † 5 5 †
Tsem cumulsyn 221 221 † 0 321 33.5 27.3 17 17 † 5 5 †
Tsyn cumulsem 215 215 † 0 351 43.0 36.6 22 22 † 5 5 †
Tsyn cumulsyn 212 212 † 0 354 43.4 36.8 21 21 † 5 5 †
Tsem vary 203 203 † 0 287 26.8 20.5 7 7 † 5 5 †
Tsyn vary 196 196 † 0 370 41.0 34.4 21 21 † 5 5 †
S4sem constsem 330 279 51 0 236 31.0 25.6 7 7 0 13 4 9
S4sem constsyn 289 263 † 0 277 36.9 30.9 35 35 † 4 4 †
S4syn constsem 261 261 0 0 305 53.6 47.6 27 27 0 4 4 0
S4syn constsyn 256 256 † 0 310 47.8 41.1 48 48 † 4 4 †
S4sem cumulsem 263 263 † 0 249 31.7 25.8 14 14 † 4 4 †
S4sem cumulsyn 261 261 † 0 284 38.2 31.9 26 26 † 4 4 †
S4syn cumulsem 251 251 † 0 315 48.5 42.5 34 34 † 4 4 †
S4syn cumulsyn 248 248 † 0 318 49.7 42.9 35 35 † 4 4 †
S4sem vary 239 239 † 0 261 31.3 25.2 11 11 † 2 2 †
S4syn vary 228 228 † 0 338 46.1 40.0 26 26 † 2 2 †
S5sem constsem 356 324 32 0 210 31.8 26.3 10 10 0 11 3 8
S5sem constsyn 324 310 † 0 242 39.6 33.6 44 44 † 3 3 †
S5syn constsem 270 270 0 0 296 52.9 47.5 38 38 0 3 3 0
S5syn constsyn 254 254 † 0 312 50.1 44.4 47 47 † 3 3 †
S5sem cumulsem 324 324 † 0 217 32.7 27.0 22 22 † 3 3 †
S5sem cumulsyn 312 312 † 0 245 40.8 34.8 48 48 † 3 3 †
S5syn cumulsem 256 256 † 0 310 52.1 46.6 37 37 † 3 3 †
S5syn cumulsyn 248 248 † 0 318 51.8 45.8 38 38 † 3 3 †
S5sem vary 280 280 † 0 235 32.8 26.6 19 19 † 1 1 †
S5syn vary 237 237 † 0 329 51.3 45.4 37 37 † 1 1 †
S5U const 410 369 41 0 156 27.5 21.1 0 0 0 20 7 13
S5U cumul 410 369 41 0 156 27.1 21.2 0 0 0 20 7 13

Table 6: Results of Satallax

the symbol † indicates that the encoding does not allow for finding counter-models due
to the incompleteness issue with varying quantifiers in the encoding.

When it comes to theorem proving, encoding modal systems X where X ∈ {D,T,S4} with
properties on the accessibility relation (Xsem) and quantification with varying quantifier
for varying domains, domain restrictions in the case of cumulative domains (cumulsym),
and the special const-quantifier in case of constant domains (constsym) clearly yields the
best results for both theorem provers Leo-III and Satallax. This encoding outperforms
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Semantics Nitpick Avg. Time U vs. Leo-III/Sat. U vs. MleanCoP
System Domains Σ THM CSA GUP TMO CPU WC Σ THM CSA Σ THM CSA

Dsem constsem 294 0 294 39 230 45.4 27.8 288 0 288 102 0 102
Dsyn constsem 294 0 294 43 226 45.2 27.1 294 0 294 102 0 102
Tsem constsem 182 0 182 53 330 45.3 27.6 121 0 121 76 0 76
Tsyn constsem 184 0 184 63 317 46.1 28.4 184 0 184 78 0 78
S4sem constsem 123 0 123 4 437 40.4 23.4 72 0 72 48 0 48
S4syn constsem 123 0 123 81 360 40.0 24.0 123 0 123 48 0 48
S5sem constsem 68 0 68 4 492 40.3 23.6 36 0 36 35 0 35
S5syn constsem 68 0 68 107 389 41.7 23.9 68 0 68 35 0 35
S5U const 73 0 73 157 334 41.3 24.5 32 0 32 40 0 40
S5U cumul 73 0 73 157 334 40.9 23.9 32 0 32 40 0 40

Table 7: Results of Nitpick

Semantics MleanCoP Avg. Time U vs. HOany
System Domains Σ THM CSA GUP TMO CPU WC Σ THM CSA

D const 430 218 212 0 136 5.1 5.7 46 26 20
D cumul 439 203 236 0 127 5.8 6.6 263 27 236
D vary 444 185 259 0 122 6.3 7.1 285 26 259
T const 372 266 106 0 194 2.9 3.8 20 20 0
T cumul 370 247 123 0 196 3.5 4.3 141 18 123
T vary 369 223 146 0 197 4.4 5.2 160 14 146
S4 const 436 361 75 0 130 8.5 9.1 66 66 0
S4 cumul 433 346 87 0 133 8.0 8.7 155 68 87
S4 vary 403 288 115 0 163 8.2 8.8 151 36 115
S5 const 464 431 33 0 102 4.5 5.2 6 6 0
S5 cumul 464 431 33 0 102 4.5 5.3 7 7 0
S5 vary 441 359 82 0 125 4.7 5.5 146 64 82

Table 8: Results of MleanCoP

any other encoding when combined with Leo-III by 12.1%, 2.3%, 0.0% minimally and
30.4%, 15.7%, 10.8% maximally, and when paired with Satallax by 3.4%, 0.0%, 0.0%
minimally and 9.0%, 7.8%, 4.8% maximally, for constant, cumulative and varying quan-
tification semantics, respectively. For modal system S5 this statement also holds for
varying quantifiers, too, S5sem being 24.9% stronger than S5syn. If encoded with modal
system S5U instead of S5, constant and cumulative quantification semantics, respectively,
receive a significant boost of 27.9%, 37.1% minimally and 88.8%, 85.7% maximally when
using Leo-III and 13.9%, 13.9% minimally and 45.3%, 48.8% maximally when using Sa-
tallax.
The modal system encoding does not seem to have any effect when searching for counter-
models for constant domain semantics with Nitpick since the numbers are identical ex-
cept in the case of modal system T for which Tsyn exposes two (1.1%) more problems
as counter-satisfiable than Tsem and of course in the case of modal system S5. Nitpick
finds finds five (7.4%) more solutions with S5U than with S5syn or S5sem. In addition,
S5U also permits finding valid counter-models for cumulative domain semantics.
This results suggests that encodings which encourage blind instantiation in the proving
process like modality axiom schemes and Barcan or converse Barcan formula are severely

32



5 Evaluation

Semantics Leo-III Satallax HOany MleanCoP

System Domains
sem
sem

sem
syn

syn
sem

syn
syn

sem
sem

sem
syn

syn
sem

syn
syn

D const 195 174 194 171 183 177 183 177 197 218
D cumul 178 174 178 171 168 168 168 168 181 203
D vary 161 - 161 - 151 - 151 - 164 185
T const 246 218 235 209 236 226 226 219 253 266
T cumul 230 219 211 210 223 221 215 212 238 247
T vary 211 - 193 - 203 - 196 - 218 223
S4 const 296 245 259 227 279 263 261 256 303 361
S4 cumul 272 253 241 235 263 261 251 248 286 346
S4 vary 247 - 223 - 239 - 228 - 258 288
S5 const 440 - - - 369 - - - 440 431
S5 cumul 439 - - - 369 - - - 439 431
S5 vary 281 - 225 - 280 - 237 - 300 359

Table 9: Comparison of provers for found theorems

weaker than encodings that state meta-characteristics about the logic e.g. properties im-
posed upon the accessibility relation and structure of the domains.
For the remainder of this evaluation the best encoding i.e. the encoding that yields most
theorems (and almost always most problems found counter-satisfiable) as described in
this paragraph is assumed if the encoding is not specified otherwise.

The average reasoning time for the best encoding for any prover is always better except
for Leo-III in semantics modal system D and constant domains (0.1s/0.4s or 1.1%/1.9%
slower) or varying domains (0.1s/0.4s or 1.0%/1.8% slower) as well as modal system S5
for constant domains (1.8s/3.3s or 5.9%/14.4% slower) or cumulative domains (3.5s/5.1s
or 29.4%/24.9% slower) for WC/CPU time, respectively, when compared to the fastest
encoding. A further exception is Nitpick in modal system D with constant quantification
semantics (0.7/0.2s or 2.6%/0.4% slower) or modal system S4 with constant quantifica-
tion semantics (WC 0.4s or 1.0% slower, CPU is faster) for WC/CPU time, respectively,
when compared to the fastest encoding. The best encoding has 49.6% faster WC and
39.0% faster CPU time on average compared to all other encodings.
In conclusion the best encoding in terms of found theorems is usually the fastest en-
coding if WC and CPU time is of concern with an exception of a marginal surplus in
WC and CPU time for three different semantics and a medium increase for two other
semantics.

Comparison of solved theorems by the MET and MleanCoP. Table 8 accounts
for each semantics (modal system and domains) the individual performance in terms of
the SZS status theorem (THM), counter-satisfiablity (CSA), gave-up (GUP), timeout
(TMO), the combined solutions of THM and CSA as Σ, the average CPU time (CPU)
and wall clock time (WC). U vs. HOany counts only those problems with status THM,
CSA and both (Σ) that could not be solved by any higher-order prover with the best
encoding.
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Figure 3: Comparison of provers for found theorems

Table 9 compares the performance in terms of found theorems for all theorem provers.
For each semantics i.e. modal system and quantification semantics, for both Leo-III and
Satallax the number of found theorems is counted, once for each possible encoding of
the current semantics. The column of one encoding is titled with a tuple from the set
{sem,syn}2 for which the first item of the tuple represents the encoding of the modal
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system and the second item the quantification encoding using the same terminology as
described in Tables 4a and 4b. In the case of modal system S5, the optimized encoding
S5U is applied for constant and cumulative quantification semantics. The hyphen marks
encodings that are not applicable e.g. there is only one encoding for varying quantifiers
or modal system S5U which does not possess an explicit modal operator’s axiomatiza-
tion. Column HOany counts the union of theorems found by Leo-III or Satallax for the
best encoding. Column MleanCoP accounts for number of theorems found by Mlean-
CoP.
Figure 3 illustrates the number of theorems found by all theorem provers (vertical axis)
for different semantics (plot sub-captions). Bars with dark tonalites of yellow, turqouise,
green and red count theorems found by MleanCoP, Leo-III, Satallax and HOany, re-
spectively, where only the best encoding is employed and HOany again is the union
of results for the best encoding when employing Leo-III or Satallax. Light tonalities
count uniquely found theorems by a prover against the reference system: Light yellow
considers only those theorems found by MleanCoP that could not be solved by any
higher-order prover with the best encoding or in other words found by HOany. Light
turquoise, light green and light red count theorems uniquely found by Leo-III, Satallax
and HOany (i.e. by Leo-III or Satallax for the best encoding), respectively, when com-
pared against MleanCoP.

For any semantics and any encoding Leo-III solves more theorems than Satallax. In
total this amounts to 7.9% more theorems for the best encoding.
Across all semantics, Leo-III was able to uniquely prove 314 theorems compared to Sa-
tallax and Satallax could uniquely prove 81 theorems compared to Leo-III. As model
finder Nitpick does not prove any theorems.
Therefore Leo-III is the obvious choice if only one theorem prover paired with the MET
is consulted.

In total, MleanCoP solved 3558 theorems, Leo-III 3196 (MleanCoP 11.3% stronger), Sa-
tallax 2963 (MleanCoP 20.1% stronger) and HOany 3277 (MleanCoP 8.6% stronger).
The encoding S5U closes the gap between the MET and MleanCoP for modal system
S5 in which MleanCoP solved 431/431 (HOany 2.3%/2.1% stronger) theorems, Leo-
III 440/439 (HOany 0.0%/0.0% stronger), Satallax 369/369 (HOany 19.2%/19.0%
stronger) and HOany 440/439 for constant/cumulative quantification semantics, re-
spectively. For all other semantics MleanCoP is stronger compared to Leo-III by 8.1%,
7.4%, 5.7% minimally, 14.7%, 17.1%, 17.2% on average, and 22.0%, 27.2%, 27.8% max-
imally, compared to Satallax by 12.7%, 10.8%, 9.9% minimally, 21.1%, 21.7%, 20.8% on
average, and 29.4%, 31.6%, 28.2% maximally, and, compared to HOany by 5.1%, 3.8%,
2.3% minimally, 12.2%, 12.9%, 12.2% on average, and 19.1%, 21.0%, 19.7% maximally,
for constant, cumulative and varying quantification semantics, respectively.
For any semantics, Leo-III was capable of successfully proving five to 15 theorems that
could not be discovered by MleanCoP, as for Satallax this number ranges between one
and seven.
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Semantics Nitpick MleanCoP

System Domains
sem
sem

syn
sem

D const 294 294 212
T const 182 184 106
S4 const 123 123 75
S5 const 73 - 33
S5 cumul 73 - 33

Table 10: Comparison of provers for found counter-models

The amount of solved theorems by Leo-III or Satallax compared to MleanCoP suggests
the semantic embedding approach for modal logics is indeed a fruitful and competetive
approach. It is even more powerful when more than one higher-order prover is em-
ployed in parallel as shown in the case of HOany, and probably more so if they operate
on different calculus paradigms (tableaux, paramodulation, superposition, etc.). Since
there exist a fair number higher-order provers, the strength of HOany is expected to
increase further if the MET is coupled with more reasoning systems. Further evidence
provides the amount of unique solutions found by higher-order provers that could not
be successfully proven by the strongest native prover MleanCoP.

Comparison of problems found counter-satisfiable by the MET and Mlean-
CoP. Table 10 compares the performance of MleanCoP and Nitpick in terms of prob-
lems that have been identified as counter-satisfiable. For each semantics i.e. modal
system and quantification semantics that is available for finding counter-models when
using the MET (i.e. that does not suffer from the incompleteness issue), the number of
problems found counter-satisfiable by Nitpick are listed for each encoding that ensures
only valid counter-model can be discovered. The column of one encoding is titled with a
tuple from the set {(sem,sem),(syn,sem)} for which the first item of the tuple represents
the encoding of the modal system and the second item the quantification encoding using
the same terminology as described in Tables 4a and 4b. In the case of modal system S5,
the optimized encoding S5U is applied for constant and cumulative quantification seman-
tics. Column MleanCoP accounts for the number of problems found counter-satisfiable
by MleanCoP.
Figure 4 of problems identified as counter-satisfiable by MleanCoP and Nitpick for dif-
ferent semantics (plot sub-captions). Bars with dark tonalites of yellow and blue count
problems for which counter-models were found by MleanCoP and Nitpick, respectively.
Light tonalities indicate problems for which the corresponding reference reasoning system
could not find any counter-model i.e. light yellow counts problems that were uniquely
identified as counter-satisfiable by MleanCoP when compared to Nitpick and light blue
vice versa.

36



5 Evaluation

Figure 4: Comparison of provers for found counter-models

As for finding counter-models, Leo-III was not able to find any and all problems found
counter-satisfiable by Satallax are already successfully solved by Nitpick. Also Nitpick
is 272.5% stronger than Satallax in fulfilling this task hence there are no advantages in
choosing Satallax over Nitpick when proving problems to be counter-satisfiable.
This outcome for finding counter-models and theorem proving (see last paragraph 5.2)
once again provides evidence that it is beneficial to make use of various reasoning systems
in parallel, since they possess different strengths, either due to their underlying calculus
which is based on paramodulation for Leo-III and tableaux for Satallax, or due to their
inherent nature such as being a theorem prover (Leo-III), mixed system (Satallax) or
model finder (Nitpick).

Nitpick finds counter-models for 745 problems while MleanCoP finds only 459 which
makes Nitpick 62.3% stronger than MleanCoP when finding problems to be counter-
satisfiable but only for the supported semantics of this task. Nitpick preveils with 38.7%
minimally and 121.2% maximally more problems found counter-satisfiable on these se-
mantics when compared to MleanCoP. Uniquely solved problems by MleanCoP appear
only regarding modal system D (20 such problems) when compared to Nitpick, which
itself finds 102 problems counter-satisfiable that MleanCoP cannot solve in modal sys-
tem D. For modal systems T,S4,S5 the number of unique solutions produced by Nitpick
ranges between 40 and 76.
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Semantics Leo-III Satallax MleanCoP

System Domains
sem
sem

sem
syn

syn
sem

syn
syn

sem
sem

sem
syn

syn
sem

syn
syn

D const 9.2 12.2 9.1 12.2 23.5 25.2 31.9 32.0 6.9
D cumul 9.4 11.6 9.8 11.6 22.6 24.3 30.5 32.0 7.2
D vary 10.0 - 10.1 - 19.9 - 28.8 - 8.4
T const 9.1 11.3 11.0 14.7 20.9 27.9 35.2 35.4 4.0
T cumul 9.6 10.4 10.3 13.3 22.4 27.3 36.6 36.8 3.7
T vary 9.6 - 10.9 - 20.5 - 34.4 - 5.0
S4 const 9.7 11.4 13.3 15.4 25.8 31.4 47.6 41.1 10.1
S4 cumul 10.4 11.5 12.8 14.5 25.8 31.9 42.5 42.9 9.9
S4 vary 10.2 - 13.5 - 25.2 - 40.0 - 10.3
S5 const 11.2 - - - 21.2 - - - 5.2
S5 cumul 11.0 - - - 21.2 - - - 5.3
S5 vary 9.3 - 14.3 - 26.6 - 45.4 - 5.8

Table 11: Comparison of provers for average WC when finding theorems

Semantics Leo-III Satallax MleanCoP

System Domains
sem
sem

sem
syn

syn
sem

syn
syn

sem
sem

sem
syn

syn
sem

syn
syn

D const 21.2 31.0 20.8 30.5 29.7 32.2 38.1 38.4 6.4
D cumul 21.4 29.2 22.4 28.7 29.0 30.8 36.8 38.6 6.5
D vary 22.5 - 22.9 - 26.7 - 35.4 - 7.7
T const 22.1 29.4 28.2 40.7 26.7 34.1 41.3 42.1 3.2
T cumul 22.8 25.9 25.8 35.4 28.3 33.5 43.0 43.4 3.0
T vary 22.5 - 27.1 - 26.8 - 41.0 - 4.2
S4 const 22.8 28.0 36.7 44.6 31.6 37.7 53.6 47.8 9.5
S4 cumul 24.7 28.3 33.0 38.5 31.7 38.2 48.5 49.7 9.2
S4 vary 23.4 - 35.2 - 31.3 - 46.1 - 9.7
S5 const 26.2 - - - 27.9 - - - 4.5
S5 cumul 25.6 - - - 27.5 - - - 4.5
S5 vary 22.5 - 38.6 - 32.8 - 51.3 - 5.0

Table 12: Comparison of provers for average CPU when finding theorems

These results show that MET+Nitpick possesses a considerable advantage over the na-
tive prover MleanCoP. This large gap also suggests once the incompleteness issue is
fixed, the MET might be better suited at this task than MleanCoP for other seman-
tics, too. Furthermore this result provides evidence that splitting theorem proving and
counter-model finding into two different reasoning processes or tools that specialize in
the regarding reasoning task, increases the number of total solutions. Hence building a
native reasoner that excels in both tasks might involve even more expense than pictured
in paragraph 5.2.

Comparison of CPU and WC usage by the MET and MleanCoP. Tables
11 and 12 display the average wall clock time and CPU time, respectively, of Leo-III,
Satallax and MleanCoP when successfully producing the status theorem for all seman-
tics available to MleanCoP. Analogously, Tables 13 and 14 show the average wall clock
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Semantics Nitpick MleanCoP

System Domains
sem
sem

syn
sem

D const 27.8 27.1 4.6
T const 27.6 28.4 3.2
S4 const 23.4 24.0 4.3
S5 const 24.5 - 5.4
S5 cumul 23.9 - 5.4

Table 13: Comparison of provers for average WC when finding counter-models

Semantics Nitpick MleanCoP

System Domains
sem
sem

syn
sem

D const 45.4 45.2 3.7
T const 45.3 46.1 2.3
S4 const 40.4 40.0 3.4
S5 const 41.3 - 4.4
S5 cumul 40.9 - 4.5

Table 14: Comparison of provers for average CPU when finding counter-models

time and CPU time, respectively, of Nitpick and MleanCoP when successfully finding a
counter-model for eligible semantics i.e. semantics that are not affected by the incom-
pleteness issue. For each semantics (modal system and quantification semantics) and
all higher-order provers, the average reasoning time of any applicable encoding of the
semantics is calculated. The column of one encoding is titled with a tuple from the set
{sem,syn}2 for which the first item of the tuple represents the encoding of the modal
system and the second item the quantification encoding using the same terminology as
described in Tables 4a and 4b. In the case of modal system S5, the optimized encoding
S5U is applied for constant and cumulative quantification semantics. Encodings that
are not supported for the regarding task are marked with a hypen or do not possess a
column of their own.
Figure 5 and 6 illustrate the reasoning times (vertical axis) for eligible semantics with
respect to the reasoning task (plot sub-captions) on different reasoning systems for theo-
rem proving and counter-model finding, respectively. Dark tonalities indicate wall clock
time, light tonalities show CPU time for the reasoning systems MleanCoP, Leo-III, Sa-
tallax and Nitpick that are represented by the colors colors yellow, turquoise, green and
blue, respectively. CPU and WC for MleanCoP is almost identical and therefore the
plot of CPU covers most of the plot of WC.
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Figure 5: Comparison of provers for average WC and CPU when finding theorems
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Figure 6: Comparison of provers for average WC and CPU when finding counter-models

For the best encoding Leo-III takes on average 61.9%/339.4% more time than Mlean-
CoP, maximally 126.8%/647.6% for WC/CPU time, respectively, across all semantics.
In modal system S4 Leo-III is able to outpace MleanCoP in terms of WC time by 4.1%
for constant and 1.0% for varying domain semantics but is 5.1% slower in the cumulative
case. For the best encoding Satallax takes on average 271.3%/444.9% more time than
MleanCoP, minimally 137.0%/220.9% maximally 502.0%/831.1% for WC/CPU time,
respectively, across all semantics.
Figure 5 illustrates that the time needed in the proving process is under five seconds for
almost all problems solved by MleanCoP. After roughly 100 seconds, there is mostly no
improvement in terms of found theorems for Leo-III and after 130 seconds for Satallax.
In the case of counter-model finding, Nitpick is substantially slower than MleanCoP, on
average 483.0%/1147.1%, minimally 343.3%/815.2% and maximally 761.4%/1882.9%,
for WC/CPU time, respectively.
If speed or CPU usage is of the essence, the native prover MleanCoP will be signifi-
cantly ahead compared to the MET paired with higher-order provers, regardless of the
reasoning task.
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Summary. In this evaluation the following results have been found:

• No errors or unexpected results occurred employing any software mentioned in the
evaluation.

• The expense of implementing the semantic embedding approach is substantially
less than devising a specialized reasoning system.

• Encodings utilizing varying quantifiers have been experimentally proven to be in-
complete.

• The MET supports a much wider range of semantics than the native prover Mlean-
CoP.

• Encodings that expose semantics more explicitly lead to more solutions than those
encodings that apply axiom schemes.

• The number of theorems found when using the MET is less than employing Mlean-
CoP but still competitive.

• The number of problems identified as counter-satisfiable for eligible semantics of the
MET is considerable higher for the MET+Nitpick when compared to MleanCoP.

• Running multiple reasoning systems in parallel (paired with the MET) is a sensible
approach, yielding more solutions overall.

• MleanCoP is significantly faster than any combination of the MET and a higher-
order reasoner.
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6 Conclusion and Outlook

The first part of this thesis presented a general version of higher-order modal logics
based on the simply typed lambda calculus. An extension of the TPTP THF dialect
addressing the representation of modal logic problems and their semantics was devised,
which is planned to be included into the TPTP framework.
Furthermore, the semantic embedding approach was demonstrated for higher-order modal
logics. Its implementation in the software MET has been further developed and now
yields a transformation procedure enabling the automation of higher-order modal logics
for problems formulated in the afore mentioned input format. An extensive evaluation
of the different encodings and their comparison to the strongest reasoner for quantified
modal logics has been conducted. The main findings are as follows:

• Semantic embedding is an effective shortcut for automating non-classical logics
while at the same time allowing an easy adaption for a vast amount of variations
on a specific non-classical logic.

• Theorem proving employing the MET is, despite some shortcomings, competitive
with respect to the amount of theorems found. Also, the approach will auto-
matically improve over time as higher-order ATP systems are constantly being
improved.

• Counter-model finding employing the MET is highly competitive with respect to
the number of problems identified as counter-satisfiable.

• Pairing the MET with higher-order reasoners is substantially slower than using a
native prover. However, when speed is not of major concern, this negative aspect
seems merely a minor disadvantage.

• Parallel deployment of multiple reasoning systems to one reasoning task is benefi-
cial in the case of the semantic embedding of higher-order modal logics, allowing
different provers

In conclusion, the semantic embedding approach for higher-order modal logics is very
promising if the focus lies on finding solutions. Since encodings of other non-classical
logics are mostly equally or less complex effective automation via semantic embedding
may also apply to further application domains.

Further Work

The theoretical aspects of embedding higher-order modal logics leaves much work to do.
First of all, the incompleteness issue has to be addressed which will render the embed-
ding useful for counter-model finding for quantification semantics other than constant
domains. This not only concerns varying quantifiers and domain restrictions but also
the validity of CBF and BF in the higher-order context which is of interest in the actu-
alism vs. possibilism discussion. Secondly, a soundness and completeness proof for the
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encoding should be pursued to ensure an appropriate mapping of higher-order modal
logics to HOL and provide trust to the users of the MET. A matter not discussed in this
thesis is the encoding of equality. Its meaning in Kripke models is certainly ambiguous
and employing native HOL equality is probably challenging. A feasible solution could be
an approach that axiomatizes (different kinds of) equality. Last but not least the con-
jectured correspondence of first-order models between first-order modal logics [23, 22]
and higher-order modal logics should be formally assessed and verified in order to assure
higher-order modal logics as characterized in this thesis actually is a conservative exten-
sion of first-order modal logics. Furthermore, the enforcement of domain restrictions on
all accessibility relations for cumulative and decreasing quantification semantics should
be studied and possible alternatives should be explored, especially if different modal
operators interact with each other on formula level. Exposing the differences of local
and global consequence relations with any mix of local and global assumptions with re-
spect to the implications in both theoretical and practical applications certainly is worth
examining, too.
The implementation of the MET is still ongoing. Current and further work includes
supporting flexible constants as well as cumulative and decreasing quantification seman-
tics in multi-modal environments. Moreover, utilizing polymorphic quantifiers, which
are part of the THF format would permit a more dense encoding that does not possess
separated quantifier definitions or axioms for each type. Employing polymorphism seems
to yield better reasoning results [20]. However, this option has neither been realized nor
examined yet for encoding higher-order modal logic. Furthermore, once equalities have
been investigated properly with respect to the shallow semantic embedding approach,
supporting their encoding will provide a significant advantage for the MET due to the
very low count of reasoning tools for modal logics with equality (cf. [43]). Finally, a
more general version of higher-order modal logics might allow separate sets of worlds,
one for each accessibility relation (cf. [18]). The adaptation is an easy one and if imple-
mented it would render the MET even more versatile than it already is and once more
convict the semantic embedding approach being a fruitful and reasonable undertaking
for automating non-classical logics.
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Option Eligible Values for <arg> Effect

-i <arg> existing file or directory specify input file or direc-
tory

-o <arg> file if input is a file, directory if input
is a directory

specify output file or direc-
tory

-diroutput

<arg>

joint, splitted necessary if the input is
a directory; joint mir-
rors the input (sub-) di-
rectories, multiple embed-
dings per problem are cre-
ated with the semantics
encoded in the filename
of each resulting problem;
splitted mirrors the in-
put (sub-)directories, one
for each specified semantics

-constants

<arg>

rigid, flexible provide default constants
semantics if the problem
does not include a logic
specification, flexible not
yet supported

-domains

<arg>

constant, cumulative, decreasing,
varying

provide default quantifica-
tion semantics

-consequences

<arg>

local, global provide default conse-
quence semantics

-systems

<arg>

K, KB, K4, K5, K45, KB5,
KB5 KB5, KB5 KB4, KB5 KB45,
D, DB, D4, D5, D45, T, B, S4,
S5, S5 KT5, S5 KTB5, S5 KT45,
S5 KTB4, S5 KDB4, S5 KDB45,
S5 KDB5, S5U

provide default modal op-
erators semantics

-t <arg> semantic decreasing quantification,
semantic constant quantification,
syntactic modality axiomatization,
syntactic constant quantification,
syntactic cumulative quantification,
semantic cumulative quantification,
semantic modality axiomatization,
syntactic decreasing quantification

transformation parameters
specifying parts of the en-
coding; syntactic means
employing axiom schemes;
everything else has prefix
semantic

-log <arg> file save log to the specified file
-h n/a displays help
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Exemplary usage

Embed problem my input problem.p which contains a logic specification:

java -jar embed-1.0-SNAPSHOT-shaded.jar

-i my_input_problem.p

-o my_output_problem.p

Embed problem my input problem.p which possesses no logic specification and provide
the intended semantics via CLI:

java -jar embed-1.0-SNAPSHOT-shaded.jar

-i my_input_problem.p

-o my_output_problem.p

-constants rigid

-domains cumulative

-consequences global

-systems S5

Embed problem my input problem.p which possesses no logic specification and provide
multiple semantics (the cross product of all supplied semantics options) via CLI, resulting
in multiple files containing different embeddings written to directory my output dir:

java -jar embed-1.0-SNAPSHOT-shaded.jar

-i my_input_problem.p

-o my_output_dir

-constants rigid

-domains constant,cumulative

-consequences global

-systems T,S4,S5

Embed problem my input problem.p which contains a logic specification and select a
particular encoding of the same semantics by applying transformation parameters:

java -jar embed-1.0-SNAPSHOT-shaded.jar

-i my_input_problem.p

-o my_output_problem.p

-t syntactic_modality_axiomatization,syntactic_cumulative_quantification
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