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Abstract

Representation learning, a set of techniques of automatically discovering the useful features for
further processing, significantly influences the final results of the task. However, most of current
representation learning methods cannot be applied on the time series data due to the temporal
nature of the time series. In order to extract features from this type of date, we propose three
representation learning methods. The first one is based on time delayed embeddings, Wasser-
stein distance, and multidimensional scaling. The second method is based on the variational
autoencoder, which is a powerful deep learning model that learns the representation of the data
and even generates data of a similar pattern. The third method learns the representation effi-
ciently based on mutual information, which belongs to the field of semi-supervised learning. In
this thesis, we first explain these three methods mathematically and use examples to illustrate
them. Then we implement these methods and test them using standard dataset. Finally, we
train these models using the time series data from ThyssenKrupp and demonstrate that the
representations given by these three methods share certain consistency. In addition, this master
thesis is based on the project with ThyssenKrupp. The time series data is also generated by
the rotation of the products produced by ThyssenKrupp.
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Chapter 1

Introduction

Machine learning and deep learning nowadays have broad applications in industry. Because
industry companies have been using sensors to collect data during the producing or testing
procedure for many years. A large amount of data is the cornerstone of deep learning. The
development of central processing units (CPUs) and graphical processing units (GPUs) helps
to accelerate the learning process. However, the learning algorithms are heavily dependent on
the features of the data [1] and the raw data from sensors cannot directly support learning
algorithms. The process of raw data reconstruction is needed, which is called feature engineer-
ing. If this process is manually done, it requires the expertise of the corresponding domain
and is also time-consuming. Hence, many representation learning algorithms are proposed. For
example, Principle Component Analysis (PCA) is a representation learning method based on
unsupervised learning. It projects data from high-dimensional space to low-dimensional space
and tries to remain useful information as much as possible. The result in lower dimensional
space is the reconstructed representation and is the input for further classification or regression.
The reduced dimensionality helps the classifier or the predictor to improve the efficiency and
accuracy.

However, most of the methods from representation learning community focus on developing
models for static data instead of time series data |16]. Time series data consists of samples in a
time order. In [16], the authors conclude that time series data is high-dimensional and complex
with unique properties that make them challenging to analyze and model.

In this paper, we propose three types of representation learning methods for one specific
type of time series data given by ThyssenKrupp. The first method is based on time delayed
embeddings, which is a method based on Takens’s theorem in dynamical system analysis. In
this method, we assume that the time series is generated by a dynamical system. Firstly, the

attractor of the time series is reconstructed based on time delayed embeddings. We then asso-
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ciate probability measures to the attractors. Afterward, we calculate the Wasserstein distance
between each probability measure and obtain a Wasserstein distance matrix describing the
dissimilarity between each time series. Through Multidimensional Scaling (MDS), we obtain
coordinates in m dimensional space using distance matrix from the previous step. Further pro-
cessing includes multivariate Gaussian fitting to obtain probability density and training neural
networks for regression. In order to compare with our time delayed embeddings using time
domain information, we also use Fourier transform to analyze the data in the frequency do-
main. The measure is constructed based on the result of the Fourier transform, which is the
spectrogram. The following procedures are the same as the steps of the time delayed embedding
method.

The second method is based on variational autoencoder (VAE), which is a generative deep
learning model that has made remarkable progress in recent years. This model is based on
Bayesian inference and can model fairly complex datasets, including natural images and speech.
The general idea is that it uses the probabilistic encoder to encode the input to probabilistic
distributions in latent space. The samples from these distributions are decoded by a probabilis-
tic decoder to regenerate the input. The performance of the encoder and the decoder, therefore,
can be measured.

The third representation learning method is based on mutual information. The entire algo-
rithm simultaneously learns the representation and produces the classification result based on
the learned representation.

The rest of this thesis is organized as follows. Section 2 gives detailed descriptions of the
data and defines the task given by ThyssenKrupp. The related works are also mentioned. In
section 3, 4, and 5, we describe the methods and the mathematical reasoning in detail. We also
use simplified examples for better explanations. Section 6 shows how the proposed methods are
applied to the standard dataset MNIST, standard dataset NSynth, and ThyssenKrupp dataset.

Finally, we discuss the limitations of the methods and potential future directions in section 7.



Chapter 2

Background

2.1 Task Statement

As mentioned in the introduction part, the time series data is given from ThyssenKrupp. It
is generated by rotating one product called ball screw or ball nut assembly (BNA) produced
in ThyssenKrupp factories in Germany. Figure 2.1]is one example of BNA. It is a mechanical
linear actuator that translates the rotational motion to the linear motion with little friction.
Low friction in ball screws yields high mechanical efficiency compared to conventional lead

SCrews.

T N

Figure 2.1: One BNA example

The BNAs made in Germany are shipped to other countries e.g. Mexico, France and China.
They are assembled in these countries into the final product, steering gear. The steering gear
is composed of different small components. One of the small components is the BNA. If the
final product steering gear satisfies the consumers’ requirement, then all small components are
good. If not, then at least one small component is the defect.

To know whether it is because of the BNA, they are put into a rotation machine and rotated
at a constant speed. The sensor in the rotation machine records this process with a sample
rate of 25.6 kHz. One example of the time series is shown in figure The labels of the final
products are given. It is either defect or good.

To summarize, we have time series generated by rotating BNA and the labels representing
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Figure 2.2: One example time series from ThyssenKrupp

the quality of the final products, steering gears.
The task is to find a representation of these time series, which shows the quality of the BNA
according to the labels of final products.

2.2 Related Works

Among time series representation learning methods, a family of methods is based on deep
learning. The representation learning happens inside the deep hidden layers. Convolutional
Neural Networks (CNNs) use filters to do convolution on the input time series. The values in
the filters are obtained after the training process. The result of convolution, also called receptive
field, is the new representation extracted by filters. It is the input of the fully connected layers
for further classification or regression. In , the author implemented CNNs to recognize the
human activities based on the data from multiple body-worn sensors.

Recently, another type of neural network, Recurrent Neural Networks (RNNs), a class of
neural networks where connections between nodes form a directed graph along a sequence, have
been considered as an effective model for time series analysis. It directly takes the data at each
time step as inputs. The difference between RNNs and traditional feed-forward neural networks
is that the output of the hidden layers is not only given to the next layer but also reused as input
together with the data of the next time step. It takes the temporal features into consideration
during the training process. The predictions from the output layer are based on the outputs of
previous hidden layers, which are the new representations that we desire. One main problem
for using RNNs is the bad performance while long-time dependency exists in the data. In [21],
authors explain that the bad performance is caused by vanishing or exploding gradient during
the training process. Furthermore, in , authors claim that learning long-term dependencies
with gradient descent is difficult.

Its variant, Long-Short-Term-Memory (LSTM), has solved the vanishing or exploding gra-
dient problem in RNNs by introducing cell state and other 3 gate units. The representation
learning in this kind of neural networks is embedded into the hidden layers. LSTM now plays
an important role in many real-world applications like language modeling , voice recogni-
tion [22].
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Despite the success achieved by RNN and LSTM, the properties of this kind of neural
networks are still not clear, which makes the hyperparameters tuning tricky. |13] designs exper-
iments during testing to check the gate activation statistics to understand the mechanism. [10]
analyzes the hyperparameter interactions. The analysis results imply that for practical purposes
the hyperparameters can be treated as approximately independent. At last, authors concluded
that “ this has remained a hurdle for newcomers to the field since a lot of practical choices are
based on the intuitions of experts, as well as experiences gained over time.”

There are also methods, which are not based on deep learning. For instance, authors of |20]
proposed to use the statistical features including means, standard deviations, kurtosis, and
skewness from the original time series to form a feature vector for further processing. There
are also methods proposed to use the result of Fourier transform [§] or wavelet transform [5] as
the new representation.

Despite the remarkable progress of representation learning for time series, the neural net-
work based techniques lack the interpretability. During the implementation, fine-tuning of the
hyperparameters is a crucial and tricky step. For the methods without deep learning, they are

usually domain-specific and cannot be generalized to be applied to many other domains.



Chapter 3

Time delay embedding based
method

3.1 Time delayed embedding

3.1.1 Definition

As described in the time series we have is generated by the rotation of BNA at a constant
speed. Here we assume that each time series is generated by some certain dynamical system.
At any given time, a dynamical system has a state given by a tuple of real numbers (a vector)
that can be represented by a point in an appropriate state space [9]. The evolution rule of
the dynamical system is a system of ordinary differential equations (ODEs) that describe what
future states follow from the current state [24]. Nearly every nontrivial real-world system is a
nonlinear dynamical system.

The repeated measurements correspond to a multidimensional dynamical system. In our
case, the measurements are the data recorded by the sensor in the rotation machine. The
measurements are the projections of the trajectories of this dynamical system. And time delayed
embeddings method allows us to reconstruct the attractor of the original trajectories.

Assume we can observe the time series © = [, 29, - - xt]E] and each element x; in the time
series is a measurement at time step i. The formula of time delayed embedding on time series
x is:

T = (Tiy Tigqs Tiv2g - Tiv(k—1)q) € Q= R* (3.1)

We call zj;; a block. Each block is a k dimensional point in Euclidean space RF. There are

1We use square brackets to represent time series
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three parameters controlling the time delayed embedding, the starting time step of sampling
i, the time lag of sampling ¢, and the number of samplings in each block k. If we continually
select different 7 values while keeping time lag ¢ and the number of dimensions & fixed, then we

obtain a discrete trajectory in R¥.

From a statistical perspective, a block captures the higher-order correlations [19]. From a
dynamical system perspective, this way of sampling and reconstruction from equation is
an embedding and it contains the information at time step i and also the information after time
step ¢ [19].

3.1.2 The choice of parameters

Firstly, for the value of time lag ¢, it is arbitrary since the data items are assumed to have
infinite precision from a mathematical point of view. Also, it is assumed that there is an
infinite number of them [12]. But the situation in applications is different. A proper time lag ¢
is crucial for results. If the value of ¢ is too small, then each block x[;; might be almost the same
as the original time series. This is called redundancy in [4]. A small time lag might increase
the influences of noise in the block, too. However, if ¢ is too large, then each block may be
no more correlated. In this case, the trajectory becomes complicated, even if the true one is
simple. This is typical of chaotic systems [12]. As authors of [12] suggested, in practice, we use
different many ¢ values and find the ¢ value with the best performance. But the results should

not be too dependent on the value of q.

As for the number of dimensions k, Takens could prove that it is a generic property that a
delayed map of dimension k = 2D +1 is an embedding [27], where D is the integer dimension of
a smooth manifold. Since this thesis is about the real-world application but not mathematical
concepts. The idea here to know is that the value of D can be much larger than the measurement
dimension [12]. Similar to the principle of choosing the value of time lag ¢, the results should

not depend on k£ too much.

The value of the starting sampling point i depends on the two previous parameters’ values,
after deciding the value of time lag ¢ and the number of dimensions k, we make sure that under
the current values of s, each block doesn’t overlap with each other. The overlapped block

contains redundant information, which is meaningless for further processing.

In summary, time delayed embedding gives us a mapping from the original time series
dimension to another dimension in Euclidean space. This method requires 3 parameters i, q, k
that need to be defined manually. Once the latter two are decided, the first one is easy to

choose. And the results should not depend too much on these parameters.
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3.1.3 Example: Attractor reconstruction using time delayed embed-

ding

Time delayed embedding can be applied on the attractors. An attractor is a value or a set
of values that a system settles toward over time [3]. A rough definition of it is the set of all
recurrent states of the system. One example of an attractor is the minimum height x; of the
ball in a damped pendulum system. As figure [3.I] shows, the z; is minimum height position.
Because this is a damped system and there exists the friction from the pivot and the friction

in the air, the ball stops finally at the position x;. x; is an attractor in this system.

Initial height position
Xo

“"Minimum height position
X1

Figure 3.1: One damped pendulum system

Another more complicated example of the attractor is the Lorenz attractor. Lorenz attractor
is defined by the following ODEs below:

dz

W oty )
dy
E—x(b—z)—y
%—x —cz
at ~ Y

where a = 10,b = 28,¢c = %.
Given the initial state of xq, Yo, z0, and time step unit ¢, we can obtain x1, y1, and z; values.
Continually doing this, we have the entire time series. It is shown in figure [3.2
Each (z;,yi, 7)) is a point in 3D space, as figure shows. This is known as the Lorenz
attractor. Assume we only observe the time series z and we want to know the underlying

dynamical system. We use time delayed embedding defined by equation (3.1) for the time
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Figure 3.2: Time series of x, y and z

series x with i = 0,2,4,6..., ¢ = 2, and k = 3. Then we have a set of blocks x[;. Each
block x[;) is a point in the reconstructed space Q@ = R3. The trajectory {x[i]}i=07274_“ is called a
reconstructed attractor. The visualization is shown in figure The reconstructed attractor
keeps topological features of the original attractor, comparing with the figure Without
observing time series y and z, we have inspection of the underlying dynamical system. This

example shows the effectiveness of time delayed embedding.

(a) Lorenz attractor (b) Reconstructed attractor

Figure 3.3: Lorenz attractor and reconstruction

We consider that the time series from ThyssenKrupp is the only observation that describes
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the relationship between the time and the amplitude about the dynamical system related with
the quality of the BNA. By using this method with the proper parameter values, the delayed

embedding is a reconstruction of the dynamical system and gives us inspection.

3.2 Further processing steps

The first step after time delayed embedding is to interpret the results to the probability mea-
sures. So the outputs of this step are probability measures, which correspond to the original
time series. Then based on the obtained probability measures, we calculate Wasserstein dis-
tance, a measure of probability distributions’ dissimilarity. And the result of this step is a
Wasserstein distance matrix. Assume we have n time series, then the Wasserstein distance
matrix D is a n * n symmetric matrix.

The second step is to use Multidimensional scaling (MDS), a method from manifold learning,
to construct m dimensional points in Euclidean space. Again we assume the number of time
series is n, then the output of MDS is a coordinate matrix C with a shape of n * m. Usually,
m is 2 or 3 for the purpose of a better visualization.

In the third step, we fit multivariate Gaussian on the coordinates we get. So each point has
a probability density. Then a neural network is trained to predict the probability density value,

using the original time series.

3.2.1 Probability measure interpretation and Wasserstein distance

Assume the result from the previous step has N blocks. According to equation (3.1)), each block
x[;) is a point in Euclidean space () € RE. We define a probability measure ; on each block
using ¢ function as equation (3.2)).

1 N
N[A] = ﬁ Z 556[1'] [AL ACQ (3'2)
=1

For a better understanding of this interpretation, assume we have a set of points in R2. And it
is generated from one time series using time delayed embedding. The number of these points is
20. The visualization of these points is shown in figure Based on the equation , each
point obtains a probability of %, which is 0.05, since N = 20 in our case. Figure shows
the generated measure. The orange points on x — y plane are the same as the points in figure
And the blue points represent the corresponding measure value 0.05.

By doing this, each time series has a probability measure interpretation [19]. It allows us

to measure the differences between two time series represented by two probability measures.



11 3.2 Further processing steps
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measure value

0.01
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We choose Wasserstein distance to measure differences between two probability measures. It
is also called earth mover distance (EMD). It is a distance function defined between probability

distributions. The idea of Wasserstein distance is based on the optimal transportation problem
(OPT).

Imagine we have one pile of dirt P and a hole ). The volume of the dirt is the same as the
volume of the hole. The cost of moving one unit of dirt to the hole is defined by the Euclidean

distance between the location of the dirt and the destination of the dirt. There exists one way

of transporting all the dirt from P to @ with minimal cost, which is called OPT. Figure [3.5] is

one example scenario.

Now we change the dirt and the hole to two probability distributions P and @), while other

definitions remain unchanged. The minimum cost is defined as the Wasserstein distance between

these two distributions.
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cost

Figure 3.5: One example of optimal transportation problem

Mathematically formulation for Wasserstein distance is equation (3.3]).

W(P.Q)= inf —yl|3d 3.3
P@=_int |l ylideiy (33)

where II is the set of all probability measures on the product 2 x € with marginals P and Q.
We calculate the Wasserstein distance between each probability measure. Suppose there are

n time series, the result of this step is a Wasserstein distance matrix with a shape of n *n.

3.2.2 Multidimensional scaling

Using coordinates of the points to calculate the distance between them is straightforward.
Assume point z; = (z;1, %42, , Tim) and T = (:cjl,acjg, -+, Tjm). The squared Euclidean
distance between x; and x5 is calculated by equation ((3.4)).

m

d?j = Z(xip - xjp)2 (3.4)

p=1

With more points, then the distances between each pair of the points form a distance matrix
D, which is defined as equation (3.5]).

0 diy dis - di,
dhy di, dig o 0

where each element df, ; in D means the squared distance between point ¢ and j.

The inverse problem, from the distance matrix D to calculate the coordinate matrix, can
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be solved by Multidimensional scaling (MDS). MDS takes the dissimilarity matrix, in our case
distance matrix, and outputs the coordinate matrix that approximates the dissimilarity matrix
as much as possible. The dimensionality m of coordinates is manually decided. Usually we
choose m = 2 or m = 3 for an easier visualization. The validity of MDS for Euclidean distance
matrix has been proved in [11].

After MDS is applied to the Wasserstein distance matrix obtained from the previous step,
we have the coordinate matrix with a shape of n*m representing n time series in m-dimensional

space.

3.2.3 Multivariate Gaussian fitting and neural network for regression

The result from MDS is a point cloud. By observation of this point cloud, we approximately
find the number of clusters in this point cloud. If the observation can’t directly tell us, by using
the K-means algorithm with different initial values of k£ and elbow plot, we obtain the optimal
number of clusters [15]. Once the number of clusters is certain, we use Gaussian distribution to
fit the point cloud. And each point in the point cloud obtains a probability density. The closer
to the center of the cluster, the larger probability the point has.

Each point with a probability density in the point cloud is the final representation of the
time series. But to learn this representation is time-consuming because of the Wasserstein
distance calculation. Once we have a new time series and want to know where it locates in
the point cloud, the Wasserstein distance matrix needs to get updated, which means that we
need to re-calculate the Wasserstein distance for all the time series again. This is inefficient
and a waste of time. So we train a neural network using the original time series as the inputs
and the corresponding probability density as the target value. Now if we have a new time
series and wonder where it could be in the point cloud. We feed the new time series to the
well-trained neural network and get the corresponding prediction of probability density. Based

on the prediction, we know where the point possibly locates in the point cloud.

3.3 Frequency spectrogram with Wasserstein distance and
MDS as alternative

The time delayed embedding is based on the information from the time domain. As an alter-
native approach, we use Fourier transform on the time series to obtain the information from
the frequency domain. Fourier transform is a method for expressing a function as a sum of
periodic components. It allows us to transform the original time series into spectrogram in the

frequency domain. Since our input time series is discrete and purely real, only the positive
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frequency components are computed. This transform is the real Fourier transform

One example of the real Fourier transform on the sum of cos waves is shown in figure 3.6
There are two discrete cos waves Z; and Ts sampled from the continuous cos wave x; and zo
with a sample frequency of f; = 100, respectively. A; is the amplitude of cos wave x; and the

fi represents the frequency of x;. The sum of £ and Zs is Z3.

1 = Aj cos(27 f1x)
xo = Ay cos(2m fox)

T3 =21 + T2

where A1 =3, f1 =10 and A5 =5, fo =20

5.0
2 5
() ()
R L 25 R
=] =] 3
= 0 = 00 = o0
£ £ £
C _5 c 2> G _g
-5.0
00 o5 10 15 20 0o 05 10 15 20 00 o5 10 15 20
time time time
(a) Sampled cos wave Ty (b) Sampled cos wave Z2 (c) Sampled cos wave 3
3
4 4
() (] ()
T2 ke °
=] =} =]
£ = £
?11 a? a2
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© © ©
0 0 0
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Figure 3.6: real Fourier transform examples

As figure[3.6d]and figure[3.6¢|show, the spikes in each plot are at the corresponding frequency
fiin xy and f5 in 25. The spike in figure is the sum of the spikes in figure [3.6d] and [3.6¢

In summary, the output of real Fourier transform is the spectrogram, which is composed of
2-dimensional points. One dimension represents the frequency and another is the corresponding

amplitude. The number of these points N’ is decided by the Nyquist sampling theorem, which

is equation ({3.6]).
N =12 (3.6)
where f; is the sampling frequency.

The following steps are the same as those used in time delayed embeddings, including
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defining probability measure, calculating the Wasserstein distance between each measure, and
using MDS for obtaining m dimensional representation.

One remark is that the result from time delayed embedding is a set of k& dimensional points,
which perfectly fits the situation to use measure function then calculate Wasserstein distance
since each time series is represented by a set. However, if the result is from real Fourier trans-
form, it also makes sense to use Ly distance to measure the difference between each spectrogram,

because each point in the spectrogram means the amplitude of the corresponding frequency.



Chapter 4

Variational autoencoder based
method

4.1 Preliminaries: Deterministic autoencoders and latent

variables

The second method we propose is based on the variational autoencoder (VAE). VAE is a method
based on deep learning and Bayesian inference. Since it is a method based on deep learning,
hyperparameters tuning is always a necessary step. In this paper, we focus on the mathematical
mechanism of VAE. The tricks used for tuning are not the key point.

Before knowing what’s VAE, some basic knowledge about autoencoder is needed. An au-
toencoder is a type of neural network with an architecture shown in figure 4.1

It contains two parts, an encoder and a decoder. The encoder learns the representation z of
the data x in reduced dimensions. We call this new representation z latent variable, namely the
variable that cannot be directly observed. In autoencoders, the latent variable is deterministic.
And the decoder learns to reconstruct the input based on the latent variable z, which is its
output X. For the decoder, this is a regression task, so usually the loss function is Mean-Square-

2
Error (MSE) loss, £ = ||x — iH . Mathematical formulations of the mechanism are equations

z = fy(x) (4.1
X = fw(Z) 4.2
L= |x—%|? (43)
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O
O

latent
variable
z

hidden hidden

layer layer

Figure 4.1: One example of autoencoder architecture

where f, and fy represent the encoder and the decoder, respectively.

The ¢ and v are the parameters of the encoder and the decoder. They are supposed to be
learned during the training process.

After the training process, given new data x’, the encoder gives the corresponding repre-
sentation z’. The decoder generates reconstructed input X. The learned representation z’ can
be used for classification or regression if the autoencoder is well-trained.

Autoencoder is an unsupervised learning method. The purpose of using autoencoder is to
reduce the dimensionality of the original input data, which is similar to the purpose of using
Principle Component Analysis (PCA). The only difference is that PCA reduces the dimension
using linear projection and autoencoder achieve the same goal in a non-linear way because of the
non-linear activation o(z) in each neuron. This is an advantage when the data is complicated
or high dimensional. And if we change the non-linear activation function to a linear one, e.g.
identity function f(x) = x, then after training the latent variable z is the same as the output

of PCA given new data.

4.2 Derivation of loss function in variational autoencoders

From a mathematical point of view, VAE has little to do with the autoencoder, although they
have a similar architecture, which is the bottleneck-shape in the middle hidden layer. VAE is

based on a probabilistic model. The latent variables are no more deterministic. The learned
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latent variables from VAE represent probability distributions, usually assumed to be Gaussian
distribution. This enables VAE to generate new data that doesn’t exist in the dataset by
sampling from the latent variable distribution. So VAE is a powerful model.

Before the detailed explanations of the VAE’s mechanism, some definitions and settings are

needed. Let us consider the data set X = {x! x2, .-

xN} consisting of N samples from variable
x. We assume that the x is generated from a latent variable z and z is generated from some
prior distribution pg«(z). We don’t know the true parameter 8* and the true latent variable z,
so we assume that the prior py«(z) and pg-(x|z) come from parametric families of distributions

po(z) and pp(x|z) [14]. The goal of VAE is to maximize the marginal likelihood pp(x), expressed
by equation ((4.4]).
po(x) = /pe(XIZ)pe(Z)dz (4.4)

To calculate this integral, one possible method is Monte Carlo. The integral is approxi-
mated by sampling as many as possible values from the prior distribution p(z) and calculate
corresponding pg(x|z), as equation (4.5 shows. The more we sample, the more accurate ap-

proximation we have.
1N
)=y 2 m(xlapola) (45)

where N is the number of samples.

However, if we use this method, then it is time-consuming and inefficient because of the
large search space of z. p(x) is intractable, so the posterior py(z|x) is also intractable. We
introduce g4 (z|x) to approximate the true posterior py(z|x).

gs(z|x) is the probability distribution of z given the data x, which is interpreted as an
probabilistic encoder in VAE. The parameters in this encoder are represented by ¢. And py(x|z)
is the likelihood function, usually assumed to be distributed as Gaussian N (x|#(z,0),0?). In
VAE it severs as a probabilistic decoder that outputs Z. The parameters in this decoder are
represented by 6.

To measure the performance of the approximation of the posterior, we introduce the K L-

divergence between the approximation of the posterior g4(z|x) and the true posterior ps(z|x),

as shown in equation (4.6]).

alro)
po(alx)

= /q¢(z|x) log ¢4 (z|x)dz — /q¢(z|x) log po(x,2z)dz + log p(x) (4.6)

Dicelao(al) || (i) = [ go(aix)log

Thus, we have
log p(x) — D 1.(q(2[x) || po(zlx)) = L(0, ¢,%) (4.7)
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where L(0,¢,x) = [ q4(z]x)logpg(x,2)dz — [ q4(z|x)log ¢4 (z|x)dz.

Since Dkr,(p(z) || ¢(x)) > 0, L(8, ¢, %) is smaller or equal to log p(x). It is the lower bound
of logp(x). We call it evidence lower bound (ELBO). If we optimize the right-hand side of
ELBO w.r.t § and ¢ using stochastic gradient descent (SGD) to find the maximum of ELBO,
then the left-hand side of equation also achieves its maximum. Dk, (q4(z|x) || pe(z|x))
is minimum. Assuming that g4(z|x) is a high capacity model that hopefully matches pg(z|x),
then the minimum of Dgr (ge(2|x) || pe(z|x)) is 0 [14]. Instead of using intractable pg(z|x)),
we have a tractable approximation ¢4 (z|x).

After a few steps, L(0, $,x) is rewritten as equation . It is also the loss function in
VAE.

£(0.6,%) = / 46 (zl) Jog[po (x|2)ps (z))dz — / 46(21x) log o (z]x) dz
= / 40 (zl) Jog[po (x|2)ps (z))dz — / 46 (2]) log g, (2]

= /q¢,(z|x) logpg(x|z)dz+/q¢(z|x) log pg(z)dz — /q¢(z|x) log ¢y (z|x)dz

N /q¢(z|x) log py (x|z)dz + /Q¢(Z|X) log (JZ(Z:))() dz

=By, (2 [log o (x|2)] — Dr1.(q4(2z[%) || po(2)) (4.8)

4.2.1 Closed-form KL divergence

Based on equation (4.8)), we know that the ELBO has two components. One is the KL
divergence of the posterior approximation from the prior. Another component is the expectation

of the likelihood. The KL term can often be integrated analytically.

In VAE, we assume that the prior distribution p(z) is a standard normal distribution N (0, )
and the posterior distribution ¢, (z|x) is another Gaussian distribution N (ug(x), £4(x)). The
mean fi4(x) and the covariance matrix X4(x) are the output of the encoder of VAE. The

covariance matrix X4(x) is assumed to be a k dimensional diagonal matrix.

In this case, the KL divergence term has a closed form solution [6], as shown in equation
(14.10]).

Drr(gs(2x) || p(2)) = Dr (N (1s(x), Xg(x)) || N(0,1)) (4.9)

= %(Tr(%(X)) + 16(x) " s (x) — k — log det(Z4(x))) (4.10)

where k is the dimensionality of latent variable z.
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4.2.2 Reformulation of the reconstruction loss

Since we assume that the likelihood function pg(x|z) is distributed as Gaussian N (x|%(z, 6), 02),

where o is fixed for simplicity. So we have

_ % 0)112
log pg(x|z) = —logo — % log(27) — W (4.11)
where m is the input dimension.
Based on equation (4.8]) and (4.11)), the ELBO is reformulated in equation (4.12)).
m X — X(z,0)]|?
L=yl logo — 2 log2r - XXEONy (02 | o)
1 -
~ 557 L (e [llx = X(2, )] = D 1(as(2x) || po(2)) + C (4.12)

where C' is constant.

We have constant C' in equation (4.12), because —logo and —7 log 27 are constants and
can be moved out of the expectation. Thus, we have another interpretation for the VAE loss L.
As shown in equation (4.12)), the mean-square-error measures the performance of the encoder
and the decoder in VAE. The KL divergence term is for the regularization of ¢, which in our

case is to encourage the approximation g4(z|x) to be similar to the prior pg(z).

4.3 Reparameterization trick in VAE

As shown in figure z is sampled from Gaussian distribution N (p4(x), X4(x)) and it is
the input for the decoder of VAE. The sampling operation is not differentiable. However, the
training of the VAE is based on the backward propagation and gradient descent. The parameter
¢ in the encoder cannot get updated. To avoid this situation, the reparameterization trick is

used.

The reparameterization trick is to represent a random variable z using samples € from a base
distribution p(e) with differentiable transformations, denoted by g¢(-). Equation (4.12)) shows
that to maximize the £, the calculation of expectation Eg, (/x) [[x — %X (2,0)||?] is required,

which means that sampling from g¢,(z|x) is necessary.

To represent z ~ N (ug (x), Xy (x)) using € ~ N(0,I), where 34(x) is the diagonal covari-
1

ance matrix, we define our differentiable transformation g(€) = pg(x) + X7 (x)e. Based on this
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Figure 4.2: VAE with and without reparameterization trick

definition, we have z = g(¢). We denote ||x — % (z,0)||? as f(z). Thus, we have

Eﬂw(z\x) “|X -X (Z, Q)Hz} = IEc;(¢(z|x) [f(z)}
- / 45(2]%) f (2) da

= /det(27r2)_%e_%(z_”)Tzfl(z_“)f(z) dz

:/det(27r2)_%e_%gef(g (e))det(%)de

:/det(m)—%e—%eTEf(g (6)) det(24) de
— [ente i) @

— [ 907 ) ae

=Epo [f (9 (€))]

=By [Ix =% (o) +25€,0) || (4.13)

where k is the dimensionality of the latent variable.

By using the chain rule based on equation we are able to calculate the gradient w.r.t 6

and ¢, because ¢(-) is differentiable and the randomness introduced by sampling now exists in
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e and doesn’t influence gradient calculation. Figure [£.2]illustrates the VAE without reparame-
terization and the VAE with reparameterization. In summary, by using the reparameterization
trick, the undifferentiable operation sampling is avoided. The gradient flows from the output
layer of VAE to the input layer of VAE.
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Squared-loss mutual information
based method

5.1 Mutual information and problem definition

Assume x € R? is one input data, y € {+1,—1} is the corresponding label and p(x,y) is joint
density. In machine learning task, we are usually given data x and want to predict corresponding
label y. In other words, we want to measure how much x tells us about y. One quantity used
to measure this is mutual information (MI). It is defined by equation .

MI := Z /p(x,y) log pp(x’y)dx (5.1)

o (x)p(y)

If MI is high, then given x, the uncertainty of y is largely reduced. If MI is low, then given
X, it is a small reduction of uncertainty of y. If MI is 0, then the random variable x and y are
independent, which means that knowing x doesn’t help us to know y.

Comparing with the definition of Kullback-Leibler divergence, shown in equation . It
is clear that MI is the Kullback-Leibler divergence from the joint density p(x,y) to the product
of p(x) and p(y).

Dict. = Dicn(PIQ) = [ Plog 7 (5.2)

Q0

Kullback-Leibler divergence measures the dissimilarity between distribution P and distri-
bution ). Based on Kullback-Leibler divergence, we have another perspective to understand
MI. MI measures how different it is between the joint density P(x,y) and the product of P(x)
and P(y).

23
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But empirically approximating MI from continuous data is not straightforward [25]. Squared-

loss MI (SMI) is proposed to solve this problem.

SMI := Zpgy) /(p’(’(x’y) —1)%p(x)dx (5.3)

2 ()

SMI is the Pearson divergence from the joint density p(x,y) to the product of the marginals
p(x)p(y). In paper [25], the authors mentioned that the Pearson divergence and the Kullback-
Leibler divergence belong to the class of f-divergences, which means that they share similar
properties. In summary, we use SM I to approximate M in practical uses for simplicity. By
this approximation, we evaluate the dependency between x and y.

As mentioned in chapter [2| the label we have shows the quality of the final product, steering
gear. The defect final product can be caused by the defect BNA, other defect components or
both. The relationship is shown in figure |5.1] From the probabilistic perspective, the defect

spectrogram x
label y

Defect BNA ( negative )

Defect final product unlabeled

Good BNA ( positive )

Good final product —>  Good BNA ( positive )

Figure 5.1: Relationship between BNA and final product

final product is a mixture of two probability distributions. One is a distribution of good BNA
and another distribution is defect BNA. Points that are sampled from this mixture have the
same label, representing the defect. In this scenario, the data is called Positive-Unlabel (PU)
data.

PU data is mathematically defined as:

{xI}rr ~ p(x|y = +1)
{xV}rv) ~ p(x) = Opp(xly = +1) + O p(x|y = —1)
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where 0p := p(y = +1) and Oy := p(y = —1) are the class-prior probabilities.
The positive data has a label of +1. The unlabel data is a mixture of positive data with
label 41 and negative data with label —1.

In ThyssenKrupp data situation, the defect final product corresponds to the unlabel data,
because it is a mixture of the good BNA (positive data) and the defect BNA (negative data).
The good final product corresponds to the positive data.

5.2 SMI derivation and approximation

Assuming we have PU data, then based on the law of total probability and the assumption
0p + 0y = 1, we have equation (5.4)).

Onp(xly = —1) L Opp(x|y = +1)
Opp(xly = +1) + Onp(x|y = —1) Opp(xly = +1) + Onp(x|y = —1)
p(xly =-1) p(xly = +1)
On(—————-1)=0p(1 - —F——=
Ve YT T e
plxly=-1) o 0p pxly=+1) .,
—— )= (— -1 5.4
( p(x) ) 912v( p(x) ) (54)
Thus we have
SMI :6713 /(ﬁpp(x|(y ): ) _ 1)2p(x)dx
X
i p( ‘ ) (5.5)
N NPX|Y = — 2
— [ (———————— —1)*p(x)dx
Based on equation , we reformulate equation and obtain equation
9P/ Opp(xly = +1) 2 On [ 07 p(xly=+1) 2
SMI=— | (————— - 1) p(x)dx+ — | 5 (———F — 1)*p(x)dx
s Potxja+ 5 [ G (PRI 1)
Op / pXly=+1)
=— [ (—F— —1)*p(x)dx 5.6
i | ) (56)
According to paper [23], there exists a lower bound of SMI for any function w(x)
1
SMI > Q—P(—J(w) - =), (5.7)
On 2

where
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the equality holds if and only if
=+1
w(x) = p(xly = +1)
p(x)

Function w(x) can be a complicated machine learning model, for example, a neural network,

(5.8)

or a simple model, a linear regression model. The approximation of J(w) is equation ([5.9)),

according to paper [23].

Jw)i= 5 > ut () - - > utd) (5.9)

Correspondingly, we have an approximation of SMI, namely SMT , as equation (5.10]) shows.
The 3—1’: is a proportional constant. The maximum of SMT only depends on J, not on the
proportion constant. This is an advantage, since we don’t need to have any assumption over

the mixing coeflicients.
— 0 -
SMT = £ (—J(w) —
(N

) (5.10)

M| —

5.3 Representation learning and classification using SMI

Dimension reduction is defined by a mapping v : R? — R™, where m < d. And if the mapping

v satisfies the condition
p(ylx) = p(ylv(x)) (5.11)

then the obtained result v(x) can be used instead of the original high-dimensional data x [23].
The function v that satisfies the condition is called sufficient dimension reduction. In
paper [23], the author claims that maximizing the SMI is finding sufficient representation for
the output y. So the goal is to maximize the SMI with respect to the parameters in mapping v
and function w and preserve the dependency between input x and output y. We consider v(x)

and w(x) as different layers in a neural network, then the loss function L of this neural network

is equation (|5.12]).

1 &, 1 &
L= g k;w (v(xy)) — np 2 w(v(x])) (5.12)

SMI not only gives us representation but also provides the classification based on the learned
representation. Equation gives us insights about how the output of our neural network
w(x) relates with the classification prediction p(y = +1|x) made by the neural network and the
unlabel data distribution p(x).
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By using Bayes’ theorem, we have

Mﬂy=+U=p@;;HTK@)ZMy:;y@M@ (5.13)

so we have another equation ([5.14)) based on equation ([5.8) and (5.13).

_ ply =+1x)
w(x) = T

(5.14)

Now we know that the output w(x) of the neural network is the classification prediction
p(y = +1|x) divided by 0p, which is the mixing coefficient for positive data in the unlabel data.
Based on this, a general overview of our neural network is shown in figure 5.2 The learned
representation v(x) is one hidden layer in the neural network. The activation function of these
neurons is Relu. The prediction p(y = +1|x) is made by one neuron with Sigmoid activation.
Then it is only multiplied by weight ¢ and without adding bias b. The result is given to the
output layer, which is one neuron with a linear activation function. The output w(x) of this
neural network is ¢ * p(y = +1|x). If the neural network is well trained, then the value of ¢
approximates the inverse of fp, according to equation .

Figure 5.2: An overview of the neural network for SMI method
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Experiments and evaluation

6.1 Experiments using standard datasets

We use NSynth dataset in our experiments for time-delayed embedding method. For VAE
method and SMI method, we use MNIST dataset. On the one hand, we use these datasets to
check whether our implementations are correct or not. On the other hand, the label of BNA is
not available. It is necessary to use the standard datasets to see our methods’ capabilities.

NSynth dataset is from [7]. The dataset contains musical notes generated from different
sources, including bass, string, and other instruments. For simplicity, we only choose musical
notes generated by bass and human. And to reduce the computation cost, we randomly sample
288 audios from all the audio files and form a new data set. There are 147 audios generated by
a bass. The rest 141 audios are vocal. Some examples and corresponding spectrogram after real
Fourier transform are shown in figure One remark is that each spectrogram is composed
of 64000 points representing frequencies and corresponding amplitudes. And the frequency
interval is between 0 Hz to 8000 Hz.

The MNIST dataset was firstly generated by Yann, Lecun [17]. Each image has 784 pixels
and contains one hand-written digit from 0 to 9. It has already been widely used for training
and testing of models in machine learning. Some example digits from MNIST dataset are shown

in figure [6.2

6.1.1 Time delayed embedding method

In this section, we illustrate the results based on time domain information using time delayed

embedding and the results based on frequency domain information, which is the spectrogram.

28
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Figure 6.1: Example time series and spectrogram of bass and vocal audio

0 1 2 3 4 5 6 7 8 9
Figure 6.2: Example digits from MNIST

Based on time domain

Firstly, we choose k = 2 in equation so that the time block is a set of 2-dimensional
points. We visualize some of these time blocks to see whether the parameters are properly
chosen. Figure [6.3] shows example time blocks of time series generated by a bass and by a
human. The result already shows the difference between the bass time series and the vocal time
series. The points in the time block generated from the bass time series are more clustered,

while the points in the time block generated from vocal time series are more scattered.

The learned representation based on time delayed embedding with k£ = 10,9 = 1000 is
shown in figure[6.4] The learned representations of the bass and the vocal audios are clearly in

a separable situation.
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Figure 6.3: Example time blocks generated from bass and vocal audio

Based on frequency domain

Since each spectrogram is composed of 64000 points, directly calculating the Wasserstein dis-
tance between measures is time-consuming and requires computation power. To reduce the
computation cost, we sample every 500th point from the spectrogram, which is the input for
our Wasserstein distance calculation. The examples of sampled spectrograms are shown in
figure

The learned representation based on Wasserstein distance and MDS is shown in figure
The learned representation clearly shows a cluster of black points, while the orange points are
distributed widely.

6.1.2 VAE method

We choose two latent variables z; and z3. These two latent variables form the latent space.
Theoretically, the number of latent variables can be any value. Here we make it 2 for a better
visualization. The encoder has two hidden layers. The first hidden layer has 512 neurons and
the second hidden layer has 128 neurons. There are also two hidden layers in the decoder. The
first hidden layer has 128 neurons and the second has 512 neurons. The activation function
of neurons in hidden layers is Relu. The output layer of the VAE uses a linear function as
activation function since the decoder generates reconstructed input, which is a regression task.

And we choose the learning rate equal to 0.005. For the optimizer, we use Adam optimization.
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Figure 6.4: Learned representation based on time domain using bass and vocal audio
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Figure 6.5: Example input from bass and vocal audio for Wasserstein distance calculation
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Figure 6.6: Learned representation based on frequency domain using bass and vocal audio

Data preprocessing

Each pixel value in the MNIST image is between 0 and 255. According to paper 7 convergence

is faster if each input has an average close to 0. So each pixel value is divided by 255 in our
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experiments.
The entire data is split into two sets. One is the training set for training the parameters in
the neural network. Another is the test set for checking the performance of the neural network

and tuning the hyperparameters in case of overfitting or underfitting situation.

Result visualization

The learned representation (z1,z2) of the test set is shown in figure From the learned

representation, based on the color bar on the right, it is clear to see the distributions of different

digits.
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Figure 6.7: Learned representation of test set using MNIST dataset
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Then we sample from the learned distribution p(z|x) and generate new images. Results are
shown in figure The first column shows the digits in the dataset. They are the input for
the VAE. The title is the corresponding label. The rest columns show the generated digits.
They are all generated by samples from the distribution p(z|x). The title of those images is the

sampled value (21, 22).

0 [-1.9 -0.85] [-2.05 -0.63] [-2.34 -0.76] [-2.15 -0.79] [-2.28 -0.96] [-2.06 -0.96]
O] 0] O] O]

1 (1280251  [13 0321  [153033]  [12105]  [105038]  [1150.31]
[ /]
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2]

3 [-0.04-13] [0.13-1.28] [-0.09 -1.38] [-0.07 -1.43] [0.02-1.47] [0.01-1.23]
4 [0.28 0.36] [0.35 0.26] [0.39 0.38] [0.27 04 ] [0.34 0.24] [0.350.33]
#

5 [05 -0.11] [062-0.1] [051-008] [0.46 0.01] [ 0.6 -0.09] [0.58 0.05]
5 3

6 [-1.21 0.28] [-1.3 0.38] [-1.2 0.3] [-1.18 03] [-1.22 0.28] [-1.15 0.36]
&

7 [1421.8] [1.21 1.61] [1.47 1.76] [1.351.36] [1.34 1.65] [1.08 1.64]
8 [0.9 -1.66] [1.16-1.37] [1.11-1.87] [1. -1.58] [0.92-1.92] [0.86-1.66]
3

9 [-0.44 0.75] [-0.3 0.81] [-0.41 0.87] [-0.3 0.79] [-0.31 0.8] [-0.4 0.79]

Figure 6.8: Generated digits using MNIST dataset

Based on these experiments using MNIST dataset, VAE gives us reasonable results. Firstly,
it proves the VAE’s capability of learning latent variables and generating new data using learned

distribution. Secondly, we are sure that our implementation of VAE is correct.
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6.1.3 SMI method

For checking our implementation of SMI method, we use MNIST dataset. Some preprocessing
steps are done because SMI requires positive data and unlabel data, which is different from the
data that VAE requires.

Firstly, based on the value of the digit, we reassign label to each digit. For the digit smaller
or equal to 4, it is considered as positive data. For the digit larger than 4, it is considered as
negative data. We generate unlabel data by sampling from positive data and negative data.
The proportion of the positive data in the unlabel dataset is the mixing coefficient 6p. By
choosing different mixing coefficient fp of positive data in the unlabel data, we have different

unlabel datasets. In our experiments 6p € {0.3,0.5,0.7}, so we have three unlabel datasets.

In summary, the data we use for training and testing is positive data and unlabel data.
To evaluate the performance of representation learning and classification, only unlabel data is
used. The representation dimensionality is chosen to be 2. It is for a better visualization. Any

dimensionality is theoretically workable here.

Experiments with p = 0.3

For fp = 0.3, we design our neural network with 2 hidden layers, which have 60 neurons and
20 neurons, respectively. The dropout rate is 0.3. We also use L2 regularization of 0.01. After
the layer that outputs the representation v(x), there is a hidden layer with 10 neurons. Then
it is the layer with Sigmoid activation function, which produces the prediction p(y = +1|x).
The prediction is given to a linear neuron and only multiplied with the weight ¢. The output
of the linear neuron is w(x). The learning rate A is 0.05 with a weight decay of 0.005. All the

neurons in hidden layers have an activation function of Relu.

The learned representation (21, 22) of unlabel data are plotted in a heatmap. The heatmap
for unlabel data from test set is figure The orange points are the learned representation of
positive data in the unlabel dataset. The black points are the learned representation of negative
data in the unlabel dataset. The deeper background color is, the higher value of p(y = +1|x)
is.

The inverse of the last layer’s weight ¢ is 0.363. It is designed to approximate the mixing
coefficient of positive data in the unlabel dataset. Our ground truth is §p = 0.3, which means
that 30 percent of unlabel data are digits smaller or equal to 4 and the rest are all larger than

4. So the approximation works. Other evaluations of performance are shown in table
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Figure 6.9: Learned representation of test set with p = 0.3 using MNIST dataset

Experiments with 6p = 0.5

Similar to experiments with §p = 0.3, now the fp = 0.5, which means that half data in the
unlabel data are sampled from positive data and half are from negative data. The neural
network remains the same architecture as the architecture in the experiment with 8p = 0.3.
Other hyperparameters also remain the same.

The heatmap of unlabel data in the test set is shown in figure The coloring scheme
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Type Num of data | Num of misclassification | Misclassification rate
Positive data x” 600 147 0.243
Negative data xv | 1400 76 0.054
Unlabel data x 2000 223 0.111

(a) Unlabel data in training set with 6p = 0.3

Type \ Num of data \ Num of misclassification \ Misclassification rate
Positive data x| 60 11 0.183
Negative data xV | 140 8 0.064
Unlabel data x 200 19 0.095

(b) Unlabel data in test set with 6p = 0.3
Table 6.1: Number and rate of misclassification with 8p = 0.3 using MNIST dataset

is the same. In this experiment, é = 0.413. Tt still approximates the ground truth, 6p = 0.5.

The number of misclassifications and misclassification rate are given in table

Type | Num of data | Num of misclassification | Misclassification rate
Positive data x| 1000 327 0.327
Negative data x¥ | 1000 60 0.060
Unlabel data x 2000 387 0.194

(a) Unlabel data in training set with 6p = 0.5

Type ‘ Num of data ‘ Num of misclassification ‘ Misclassification rate
Positive data x” | 100 29 0.290

Negative data xV | 100 6 0.06

Unlabel data x 200 35 0.175

(b) Unlabel data in test set with p = 0.5

Table 6.2: Number and rate of misclassification with 8p = 0.5 using MNIST dataset

Experiments with 0p = 0.7

In the third experiment, §p = 0.7. The positive data has a proportion of 0.7 in the unlabel
dataset. The difficulty of representation learning and classification increases, because the pro-
portion of negative data is only 0.3 in the unlabel dataset, which means that the unlabel dataset
is similar to the positive dataset. So we change the number of neurons in the first hidden layer

to 500. Other hyperparameters remain the same. The heatmap of unlabel data in the test set
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Figure 6.10: Learned representation of test set with 6p = 0.5 using MNIST dataset

is shown in figure [6.11] The number of misclassifications and misclassification rate are shown
in table [6.3]

The approximation % of Op now is 0.483, which varies from the ground truth 0.7. However,
the classification result shows that the classifier has a low misclassification rate for negative

data in the unlabel dataset, even though there are only 3% negative data in the training set.
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Figure 6.11: Learned representation of test set with §p = 0.7 using MNIST dataset

6.2 Experiments using ThyssenKrupp dataset

Based on the experiments of Nsynth dataset and MNIST dataset, we are sure that the imple-
mentations of the proposed methods are all correct. In this section, we analyze the dataset

from ThyssenKrupp.
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Type Num of data | Num of misclassification | Misclassification rate

Positive data x 1400 536 0.383

Negative data xV | 600 45 0.077

Unlabel data x 2000 578 0.291

(a) Unlabel data in training set with 6p = 0.7

Type \ Num of data \ Num of misclassification \ Misclassification rate
Positive data x¥ 140 32 0.229

Negative data xV | 60 3 0.05

Unlabel data x 200 20 0.175

(b) Unlabel data in test set with 6p = 0.7

Table 6.3: Number and rate of misclassification with 8p = 0.7 using MNIST dataset

6.2.1 General preprocessing of data

As discussed in chapter [2.1] each time series is generated by the rotation of one BNA. One
defect BNA can be caused by only some parts of itself but not every part. So when the ball
screw is rotated to some certain position, then the signal shows the features representing these
parts are the cause. So we split each time series into 5 equal parts. The figure [6.12] is the
original time series. The figure shows the split 5 parts.

L)
E 0.01
S 0.00
%—0.01
0 5000 10000 15000 20000 25000 30000
time

Figure 6.12: One original time series in ThyssenKrupp dataset

The number of original time series is 5616. And 172 of them are assembled into defect final
product. The rest BNAs are assembled into the good final products. Each split time series

have the same label as the original time series. So the proportion of the defect is 22 ~ 0.03

5616
for sub time series and original time series.

Another preprocessing we do is to use real Fourier transform on each sub time series. And
correspondingly, we obtain spectrogram after this preprocessing. Each spectrogram is large and
inefficient for further computation, so we do a 1-D convolution on the spectrogram using an
averaging kernel with a size of 50 and a stride of 50. The dimensionality of the spectrogram
is greatly reduced after the convolution. One example of the original spectrogram is shown in
figure The corresponding convoluted result is shown in figure

After previous preprocessing steps, it is possible that one split time series or its spectrogram
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Figure 6.13: Sub time series generated by splitting the original from ThyssenKrupp dataset
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Figure 6.14: Example of original and convoluted spectrogram based on ThyssenKrupp data

is from a good part of the BNA, while the corresponding final product is defect because other
parts of the same BNA are the defect. However, after the preprocessing the good part has
the same label as the defect parts, which seems to contradict its actual quality. One remark

is that the label in our ThyssenKrupp data represents the quality of the final product but not
the quality of the BNA.

6.2.2 Time-delay-embedding method

Similar to the experiments using standard dataset, we use two different inputs for Wasserstein

distance calculation. The first is based on the time domain and the second is based on the
frequency domain.

Based on time domain

We choose k& = 20 in this experiment. After obtaining the Wasserstein distance matrix, we
use Multidimensional scaling (MDS) with the desired dimension of 2. The result of learned

representation is shown in figure The orange points represent the good final product,
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which means that its corresponding BNA is also good. We call it positive data in PU data
scenario. The black points represent the defect final product. Its corresponding BNA quality

is unknow. We call it unlabel data in PU data scenario.

We also calculate the proportion of the black points among the points from the periphery
to the center of the cluster. During the preprocessing step, we split the original time series into
5 sub time series. It is possible that the points representing the sub time series coming from
the same original are located differently because each part of the BNA has different quality.
To handle this problem, we have two plots. One plot shows the proportion among the original

time series. We calculate the proportion based on the original time series using algorithm

Algorithm 1 Calculate proportion of black points among original time series

1: Inputs:

2: Lgup > indices of the sub time series from the periphery to the center
3: Initialize:

4: P =] > empty list for saving proportions
5: for n in range(1, 28080) do

6: S+ {} > Initialize set S for saving original time series indices
7 Z1,... Ty < Lewp[l], ..., Lsup[n] > Take from 1st to nth index from L,p.
8: S {%J e %J > Convert the sub time series indices back to indices of the

original and save them without repeats

9: Notal < the number of elements in S
10: Nplack < the number of elements in S that correspond to defect final product
11: P ¢ Dblack > Append proportion to list P

Ntotal

12: return P

Zi

5
step 8 might be the same because some sub time series can be from the same original. But set

One remark is that in algorithm |1} some of the original time series indices | % | obtained in
S only saves the unique indices. So the maximal number of points that can be included in S is
5616, which is the total number of the time series. And another shows the proportion among
the sub time series. In this case, we calculate the proportion based on the sub time series. So
the maximal number of counted points is 5616 * 5 = 28080. The two plots are shown in figure
0.10l

From figures in we see that the proportion of the black is high at the periphery of the
point cloud. As more and more points are counted, the proportion finally drops to the ground
truth proportion 0.03, which means that only a few orange points are at the periphery. So the
majority at the periphery are the black points. It is highly possible that the black points at
the periphery correspond to the defect part of BNA.
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Figure 6.15: Learned representation of ThyssenKrupp data based on time domain
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Figure 6.16: Proportion of black points from periphery to center based on time domain using
ThyssenKrupp dataset

Based on frequency domain

We use the convoluted spectrogram as the input and calculate the Wasserstein distance. The
representation is obtained by multidimensional scaling. The result is shown in figure The
coloring scheme remains the same as we do in experiments based on the time domain. The
orange stands for positive data, which means the final product is good. The black stands for

unlabel data, which means the final product is defect.

Similarly, we plot the proportion of the black points for the spectrogram based on the
original time series and based on the sub time series. They are shown in figure [6.18] The
changing tendency of the proportion is similar to the result based on time domain information,

shown in figure [6.16

Then we check the points from the periphery and from the center in the point cloud. The
points at the periphery have a large amplitude at certain frequency ranges in the corresponding
convoluted spectrogram comparing with the points at the center. Some examples are shown in

figure [6.19] The blue points in the point cloud represent the sampled points.

Another experiment we do is to use L2 distance instead of Wasserstein distance to measure
the dissimilarity between each spectrogram. The result based on Ly distance is shown in figure
0.20



45 6.2 Experiments using ThyssenKrupp dataset

10.0 good final product (positive)
. e defect final product (unlabeled)
7.5 °
° [ ]
5.0
[ ] L ]
2.5
N . .
0.0
=25 °
=50
L4 ®
-7.5 ° e
-10 -5 0 5
21

Figure 6.17: Learned representation of ThyssenKrupp data based on frequency domain

6.2.3 VAE method

Figure [6.21] is the representation learned by our VAE, which has the same architecture as we

use in MNIST dataset experiments in the previous section.

6.2.4 SMI method

We choose 2 hidden layers with 500 and 20 neurons for representation learning and 1 hidden
layer with 10 neurons for classification. The learned representations are shown in figure [6.22]
The generated point cloud shows that most of the black points representing defect final product,
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Figure 6.18: Proportion of black points from periphery to center based on frequency domain
using ThyssenKrupp dataset

namely the unlabel data, are located on axis zo = 0.

6.3 Consistency in different results

Based on the first method using frequency domain information, we see that the points at the
periphery correspond to the spectrograms with high amplitude jump at some certain frequency
interval. We take these points and check where they are located in the point cloud generated
by L2 distance, VAE, and SMI method. The result is shown in figure

The points from the periphery of the point cloud generated by Wasserstein distance are also
at the periphery of the point cloud by using L2 distance. In the point cloud generated by VAE,
these points are located at the tail of the two clusters. In the point cloud generated by SMI
method, these points are located at axis zo = 0. So different methods learn the same feature in

the input and present it differently. This consistency proves our methods capability of learning.
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Figure 6.19: Spectrograms of sampled points at center and at periphery using ThyssenKrupp
dataset
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Figure 6.20: Learned representation of ThyssenKrupp data based on frequency domain using
Lo distance
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Figure 6.21: Representation of convoluted frequency data from ThyssenKrupp using VAE
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Figure 6.22: Learned representation of convoluted frequency data from ThyssenKrupp using
SMI
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Chapter 7

Summary and further works

In this thesis, we propose three different types of methods to solve the task from ThyssenKrupp,
which is the representation learning of the signals generated by the rotation of BNA, a product
made by ThyssenKrupp in Germany. The learned representation z is supposed to reveal the
relationship between the quality of the final product steering gear, which is known label data
and the quality of the BNA, which is unknown.

The first method we propose is based on time delay embedding, Wasserstein distance and
multidimensional scaling (MDS). The idea of time delay embedding comes from dynamical
system analysis. One example of using this method is to reconstruct the attractor. Here we
interpret the result from time delay embedding to probability measure using delta function.
Then we measure the difference between each probability measure using Wasserstein distance
and find the representation with the desired dimension by MDS.

Time delayed embedding method is purely based on the time domain information. We also
use real Fourier transform to get the spectrogram from the time series. The measure is then
defined based on the spectrogram. The rest of the steps are the same.

We use NSynth dataset at first and then the dataset from ThyssenKrupp. The experiment
shows one certain area of learned representations, whose corresponding spectrograms have a
large amplitude in some certain interval of frequency.

The second method is variational autoencoder (VAE), which is based on advanced deep
learning. We firstly use MNIST dataset to see the VAE’s capability of finding representation in
greatly reduced dimension. We also use VAE to generate new hand-written digits, which don’t
exist in the training or test datasets. After making sure that the implementation is correct,
we used the spectrogram of the signal as input to train our VAE. The learned representation
from VAE shows certain consistency with the result from the previous method, which is that

the learned representation of spectrogram with huge jumps is located at the tail of the point

52
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cloud. So both methods extract the same feature of the input data and represent them in the
latent space differently.

The third method is the SMI method. It is a method based on information theory and
applied to the positive unlabel data situation. Positive unlabel data means that the training
set and the test set are composed of data with the positive data and unlabeled data, which
is a mixture of positive data and negative data. This scenario perfectly fits the dataset given
by ThyssenKrupp. In our case, the positive data is the good final product. We are sure that
every component of steering gear is good in this case. And so it is for the component BNA.
The unlabel data is the defect final product since we don’t know whether it is caused by the
BNA or not. It is composed of positive data (good BNA) and negative data (defect BNA). SMI
model learns the representation and makes the prediction based on the learned representation.

The experiments based on MNIST dataset show that the SMI method is able to learn
the representation of the unlabel data in the lower dimensional space efficiently and classify
whether the unlabel data is from the positive data or from the negative data. It also produces
the prediction of the mixing coefficient of the positive data among the unlabel data. The result
of the SMI method using ThyssenKrupp data shows two clusters. The learned representations
of defect final products are mostly located at axis zo = 0.

We find consistency in the results generated by these three methods. In experiments based
on the first two methods, the points of the spectrogram with high amplitude are located either
at the periphery of the only cluster or at the tails of the two clusters. In the point cloud
generated by the SMI method, those points are now mostly located horizontally.

Because of the limited computation power, we don’t try many tuning techniques for the
hyperparameters of the neural network. Further studies include trying different hyperparame-
ters to check the performance of the proposed methods. Another possible approach is to add a
classifier to the VAE model and use the joint loss to train the encoder, decoder, and classifier
simultaneously. This might improve the performance of the representation learning process
and also directly gives us the prediction about the quality of the BNA. In general, this task
from ThyssenKrupp is a combination of time series representation learning and semi-supervised
learning. Because only the given label data of good final product provides information for the
task. The label data of defect final products cannot provide as much information as the label
of the good ones. More semi-supervise learning techniques are another main focus in further

studies.
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