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Abstract
In ﬂuid dynamics, computer simulations have become an invaluable tool to
study the eﬀects of turbulence in ﬂuid motion. Especially direct numerical
simulations provide the means to observe turbulence in great detail. However,
the vast amounts of data produced make statistical analysis diﬃcult, if time
and manpower are scarce. To gather relevant information, automatic feature
extraction becomes a necessity.
This thesis presents an approach for automatic classiﬁcation of Lagrangian
tracer trajectories in 3D ﬂuid turbulence using discrete wavelet transform as a
basis for feature extraction. A typical phenomenon of turbulent ﬂuid motion is
the vortex, describing a swirling motion around a common axis of rotation. Its
oscillating movements become visible in the lateral acceleration of a particle
tracer, conceptually causing regions of increased energy in the coeﬃcients of a
discrete wavelet transform, which in conjunction with statistical considerations
build the basis for an automatic vortex detection.
Subsequently, an unsupervised cluster analysis built on diﬀerent measures of
similarity is performed, trying to uncover signiﬁcant structure and generative
processes within the data.
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1 Introduction
1.1 Motivation
Turbulence is part of our everyday life. We observe its eﬀects in the motion
of ﬂuids, the distributions of aerosols or in geological phenomena like lahars.
Despite its ubiquitous nature, turbulence is still not very well understood.
Seemingly simple problems like the dissipation rate of kinetic energy in a stirred
up ﬂuid are questions scientists still try to answer to a satisfactory degree.
Unfortunately, analytical solutions to turbulence are ”notoriously diﬃcult to
deal with” [1] and in many ﬁelds of study, like astrophysics, natural conditions
are diﬃcult to reproduce in a controlled environment. Especially, systems with
very strong turbulences are often of extraterrestrial nature, like solar winds or
Jupiter’s great red spot. It is therefore unsurprising that under these conditions
research still needs ground to cover in order to fully understand the processes
that drive turbulence.
But also under earthly conditions, turbulence eludes most of our understanding.
Unfortunately, it plays an important role in several areas that aﬀect social or
personal life. Engineers need to know the air ﬂow around an aircraft in order to
ensure safety, physicians need to understand the blood ﬂow in the human heart
to detect irregularities caused by certain diseases, and meteorologists need to
predict the development of tropical storms in order to issue warnings to the
public in case of danger. Since the ﬁrst experiments by Osborne Reynolds in
1883, physicists and mathematicians have been working on the understanding
of turbulence. Unfortunately, turbulence is highly chaotic motion that tends to
be unpredictable. Even the most minute changes in the setup of an experiment
will cause dramatic diﬀerences in the results. But most often, these changes are
inevitable in practice making it inherently diﬃcult to study turbulence under
reproducable conditions.
Already in the 19th century, Claude-Louis Navier and George Gabriel Stokes
laid the theoretical groundwork to describe viscous ﬂuid motion what would
later become known as Navier-Stokes equations. They describe a dissipative
system that proved invaluable for many ﬁelds of study, including but not limited
to ﬂuid dynamics, and allowed engineers to approximate the development of
chaotic systems suﬃciently enough for real-world applications. However, the
existence of solutions to the Navier-Stokes equations for every system working in
three dimensions is still unproven and deemed to be one of the most important
problems in physics and mathematics up to date (see [2]).
To deal with the ongoing diﬃculties and thanks to advances in computer
hardware in the last 30 years, computational ﬂuid dynamics have emerged as
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Figure 1: Lagrangian tracer trajectory taken from NVFOU512N3 describing a
vortex; colored by time steps from blue to red.
an independent ﬁeld of research simulating ﬂuid motion using mathematical
models in order to reveal new aspects of turbulence and allowing for studies
in controlled environments. Today, computers are powerful enough to provide
the means for numerical simulations in 3D with feasible runtimes allowing
researchers to study the eﬀects of turbulence in realistic scenarios. But such
capability comes at the cost of vast amounts of data which make it diﬃcult
to extract information by hand. Especially, in order to gather statistically
signiﬁcant ﬁndings, automated feature extraction and classiﬁcation is not only
of great interest but sometimes inevitable due to lack of time or manpower.

1.2 Problem statement and objective
The research group Plasma Astrophysics at Technische Universität Berlin concerns itself with nonlinear dynamics of plasmaphysical processes. In this context,
multiple 3D simulations have been carried out to study the behaviour of Lagrangian tracer trajectories in incompressible ﬂuid turbulence with conducting
and nonconducting materials. This thesis discusses the possibilities for automated trajectory classiﬁcation using feature extraction based on discrete wavelet

2
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transform for the nonconducting-material simulation NVFOU512N3.
The simulation encompasses particle trajectories that mostly describe relatively
linear movement but also exhibit chaotic and turbulent sections of sometimes
notable structure. Exactly these minute structures are particularly interesting
as they shed light on diﬀerent aspects of turbulence. One of these structures
is the vortex that describes a swirling motion around an axis of rotation (see
Fig. 1). As common phenomenon of turbulent motion in nonconducting ﬂuids,
it gives information about the dissipation processes that take place during
turbulence and thus describes a meaningful event in the course of a particle
trajectory.
Given such a trajectory in 3D space, the objective of this thesis is to detect
each vortex and classify it accordingly. Decisions will be based on a feature
extraction approach using the discrete wavelet transform of the particle’s
lateral acceleration A⊥ . Since a trajectory describes a motion in time, the
objective can be formulated as a classiﬁcation problem for multivariate time
series. To provide further information after classiﬁcation and possibly reveal
additional structure or even generative processes of the data, the detected
vortices are examined using unsupervised cluster analysis based on diﬀerent
kinds of similarity measures.

3
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2 Incompressible ﬂuid turbulence
2.1 What is turbulence?
Turbulence is a phenomenon observable in almost every aspect of nature.
Albeit its omnipresence, no universal theory of turbulence has emerged since
the ﬁrst experiments have been undertaken by Reynolds in 1883. Rather a
multitude of theories, each covering a diﬀerent aspect of turbulence, is all
that has followed more than ”a century of concerted eﬀort involving engineers,
physicists, and mathematicians” [3]. What seems worse is that there is no
consensus regarding a formal deﬁnition of turbulence and that a deﬁnition
might even be counterproductive because
”[t]urbulence is not a well-deﬁned problem awaiting solution but
is a state of motion with innumerable diﬀerent facets which depend
on the context in which it occurs.” [4]
Nonetheless, turbulence may loosely be described as ﬂow with chaotic behaviour
caused by sudden changes in pressure and ﬂow velocity. More speciﬁc, Davidson [3] characterizes two distinct similarities that turbulences share with one
another:
1. random ﬂuctuations of a highly disordered velocity ﬁeld with a wide range
of length scales in time, and
2. unpredictability with respect to the evolution of the velocity ﬁeld at slight
changes of initial conditions.
In 1883, Reynolds ﬁrst divided ﬂuid motion into two dominant ﬂow regimes,
laminar and turbulent ﬂow, and described the transition from one regime to the
other [5]. While the former exhibits an obvious sense of stability, the latter is
almost always inherently unstable as depicted in Fig. 2. At a speciﬁc point, the
ﬂow changes from laminar to turbulent and seems irreversably lost in chaotic
motion. The moment of this transition depends on the velocity of the ﬂow and
the material’s viscosity as well as the ﬂow conﬁguration, e. g. the geometry of
the exterior. In general, ﬂuid motion becomes turbulent above certain speeds
and at low viscosity. Consequently, laminar ﬂow is dominated by viscous forces,
while turbulence is mainly characterized by inertial forces.
A quantitive measure of this behaviour is given by the Reynolds number Re.
It is deﬁned as the ratio of inertial forces to viscous forces and gives insight
into the state of a ﬂow given a speciﬁc ﬂow conﬁguration. It also allows for
comparison between diﬀerent ﬂows or to characterize diﬀerent regimes in the
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Figure 2: Transition of a candle plume from laminar (left) to turbulent (right)
ﬂow. Author: Gary Settles.
same ﬂuid ﬂow. Formally, it is deﬁned by
Re =

vl
,
ν

(1)

where v is the velocity of the ﬂow, ν the ﬂuid’s kinematic viscosity, and l the
conﬁguration’s characteristic length. Consequently, low Reynolds numbers
correlate with low speeds and high viscosity, while high Reynolds numbers
reﬂect ﬂows of high speeds and low viscosity, respectively. Therefore, turbulence
is closely associated with high Reynolds numbers. In this respect, Davidson
notes that ”turbulence is the natural state of things” and that ”laminar ﬂow is
the exception and not the rule in nature and technology” because ”virtually all
ﬂuids have an extremely low viscosity” [3], which even applies to the molten
metal in the earth’s core.

2.2 Nonlinearity and the statistical nature of turbulence
The motion of viscous ﬂuid is commonly described by the Navier-Stokes equations, which for incompressible ﬂuids are given by
∂t v + (v · ∇)v = −

1
∇p + g + ν∇2 v,
ρ0

5
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Figure 3: Wind ﬂowing around an island causes turbulent motion with visible
eddies of alternating rotation. Author: Bob Calahan.
where v is the ﬂow velocity, ρ0 the material’s uniform density, p pressure,
ν viscosity, and g forces acting on the material, like gravity. Although the
Navier-Stokes equations can be applied to many physical phenomena of practical
relevance, they still pose a mathematical problem due to their nonlinearity
originating from the involvement of convective acceleration, i. e. change of
velocity over position in time. Unfortunately for research, the nonlinearity term
(v · ∇)v is the biggest contributor to turbulence within the equations.
As for most nonlinear problems, dealing with it can be notoriously diﬃcult. In
case of turbulence, this ﬁnds expression in the unpredictable development of
ﬂow velocity given two slightly diﬀerent starting conditions. However, if one
was to average the results, all of a sudden turbulence becomes reproducable.
Slight changes in initial conditions may lead to individual realizations that
are unpredictably diﬀerent, but they cause only slight diﬀerences in the time
averages of those signals. This important observation has paved the way for
the statistical analysis of a ﬁeld that has otherwise eluded most theories up
until that point and led to the impression that ”any theory of turbulence has
to be a statistical one.” [3]

2.3 Energy cascade
Although turbulence mostly consists of chaotic motion, vortices and vortex-like
structures, so-called eddies, are occasionally visible to the naked eye (see Fig.
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Figure 4: Kolmogorov’s 5/3 law.
3). Considering a ﬂuid streaming around a ﬁxed object with high velocity,
i.e. Re is suﬃciently large, an instant moment might reveal little structure,
but when time-averaged eddies of diﬀerent scales form in the object’s wake
indicating a process ﬁrst pointed out by Lewis Richardson in 1922 [6], the
so-called energy cascade. During this process, eddies of larger scale fall apart
into eddies of smaller scale, which after a short period of time will in turn
break-up themselves into even smaller scaled eddies and so on until all energy
has dissipated into thermal energy. At this point, Re has become so small
that viscous forces begin to dominate over inertial forces and kinematic energy
transforms into thermal energy [3].
In 1941, Andrey Kolmogorov ﬁrst gave a successful quantitive description about
the processes present during the energy cascade at Reynolds numbers high
enough that for a speciﬁc range of scales was independent of parameters speciﬁc
to ﬂow conﬁgurations, like exterior or energy supply. According to Kolmogorov,
eddies of the biggest scale LE still are subject to those. But from a certain
scale length `  LE down to scale lengths η  `, which cause dissipation,
properties of turbulence are shown to be statistically isotropic and of universal
nature depending only on the energy dissipation rate1 [7]. This is known as
1

LE and η can be estimated using the energy spectrum E, the viscosity ν and the energy

7
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Kolmogorov’s 5/3-law (see Fig. 4) and one of the few notable breakthroughs
in turbulence theory that has been conﬁrmed by several empircal studies ever
since [7].

2.4 Turbulence simulations
Because of its sensitivity to initial conditions, chaotic behaviour, and unpredictable nature in general, ﬂuid turbulence is especially diﬃcult to handle
inside of laboratory experiments. Therefore, computational ﬂuid dynamics
have established themselves early on as separate discipline contributing to
turbulence research since the 1970’s. Constant progress in computer hardware
and algorithms, most notably the Fast Fourier Transform (FFT) by Cooley
and Tukey in 1965 [8], led to the possibility to simulate more complex and
higher dimensional ﬂow conﬁgurations, especially in areas where experimental
setups are infeasible, like conducting gas plasmas of extremely high Reynolds
numbers, which usually only occur in extraterrestrial environments.
Until today, numerical simulations have become an important tool for turbulence research. Fröhlich [9] characterizes three main approaches to turbulence
simulation:
1. Reynolds-averaged Navier-Stokes equations (RANS),
2. large eddy simulations (LES), and
3. direct numerical simulations (DNS).
RANS simulations decompose an instantaneous ﬂow quantity, e. g. velocity v,
into its time average v and perturbation part v 0
v(x, t) = v(x, t) + v 0 (x, t)

(3)

such that only stationary equations need to be solved. Thus, the mean ﬂow
velocity is a direct result which makes averaging of individual realizations over a
period of time unnecessary. However, this also means that turbulent ﬂuctuations
are not computed directly but rather approximated using turbulence models,
which is an inherent weakness since in most cases these models need manual
reﬁnement and therefore do not generalize well. One way how LES overcome
this weakness is by computing the biggest scales directly and to model only the
smaller ones. Understandably, this comes at the cost of increased computational
demands and can be regarded as a trade-oﬀ between accuracy and performance
since for a variety of problems it proves suﬃcient to only compute larger
scales.
dissipation rate [7].
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However, since every scale length aﬀects the ﬂow, it is of natural interest to
look at the contributions of all scales. DNS simulate vector ﬁelds ﬁne enough
to directly compute every scale length down to the smallest possible vortices
before energy dissipates due to viscosity. Naturally, this method produces more
information than others. But it is also the most expensive method which is why
it has long been deemed infeasible for complex simulations. Especially in case
of high Reynolds numbers, scale lengths get increasingly small and therefore
require grids of high resolution [9].

2.5 Simulation NVFOU512N3
Today, modern computer hardware is powerful enough to provide the means
for DNS in 3D with feasible runtimes, one of which being the direct numerical
simulation NVFOU512N3. It encompasses trajectories of Lagrangian particle
tracers whose movements have been simulated using Eulerian vector ﬁelds which
represent numerical solutions to the incompressible Navier-Stokes equations
(see Fig. 5). In total, the movements of 500’000 particle tracers have been
simulated for 3125 iterations in a volume with a side length of 512 units. For
each iteration (or time step) t, the trajectories’ relevant information includes
position in cartesian coordinates X(t), velocity V (t), and acceleration A(t).
Due to memory issues, the vector ﬁelds have not been stored after computation
and are therefore not available for analysis.
2.5.1 Solutions to the Navier-Stokes equations: pseudo-spectral
methods
Incompressibility has an interesting implication with respect to the implementation of the Navier-Stokes equations. An incompressible ﬂow is given when
the material density is constant within an inﬁnitesimal volume of the ﬂow and
is formally described by
∇ · v = 0.

(4)

Thus, the pressure component within the Navier-Stokes equations becomes a
passive variable and solely determinable using Poisson’s equation. Therefore, it
does not need to be solved numerically. As a consequence, the vorticity equation
becomes an alternative representation of the incompressible Navier-Stokes
equations since it fully determines the velocity when the pressure component is
already known:
∂t ω = ∇ × (v × ∇) + ν∆ω,

9
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Figure 5: Tracer trajectory taken from NVFOU512N3; colored by time steps
from blue to red.
where the vorticity ω is given by
ω = ∇ × v.

(6)

By exploiting Fourier space, one can directly solve the velocity’s Fourier transform v̂ using the Fourier transform of the vorticity ω̂. That is, given the
velocity as a ﬁnite Fourier series
v(x, t) =

X

eikx v̂(k, t),

(7)

k

with wave vector k, its Fourier transform is given by
v̂(k, t) = i

k × ω̂(k, t)
|k|2

(8)



(9)

with


∂t ω̂ = ik × v^
× ω − νk2 ω̂,

which yields a solution with high accuracy since gradients reduce to simple
multiplications with the wave vectors. Eventually, a second-order leapfrog
integration is used to integrate over time [7].
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2.5.2 From vector ﬁelds to tracer trajectories
After obtaining the velocity ﬁeld as equally spaced grid for each time step t,
a tracer’s trajectory is computed by interpolation since its position will most
likely not align with any grid points. Trigonometric interpolation methods
are usually the most accurate for the given case, but they lack computational
eﬃciency which is the reason they have not been considered for NVFOU512N3
[7]. Instead, tricubic interpolation has been chosen as a reasonable compromise
between accuracy and performance giving the following interpolation scheme
for cartesian coordinates
X 0 (t + ∆t) = X(t) + ∆tv(X, t)
X(t + 2∆t) = X(t) + ∆t (v(X, t) + v(X 0 , t + ∆t))

(10)

and acceleration
A(t) =

d
1
V (t) ≈
(V (t + 2∆t) − V (t − 2∆t)).
dt
4∆t

11
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3 Vortex detection in 3D ﬂuid turbulence
3.1 Related work
Despite new potential discoveries, the blessing of increased computational power
also has a downside: big data. The amount of data created over weeks of
computation is far too vast for being processed manually. Therefore, automatic
feature extraction is a necessity, if time and manpower are scarce. A particular
hindrance in case of vortices is the lack of a generally accepted deﬁnition as
traditional vortex deﬁnitions have shown to be ambiguous [10, 11]. Despite this
seemingly diﬃcult discussion, several methods have been proposed with respect
to 3D vortex detection in the past, all of which are based on velocity or vorticity
ﬁelds (see for example [11–14]). Unfortunately, these have not been stored as
part of NVFOU512N3, which renders the aforementioned methods useless. In
fact, there seems to be no method in the literature solely based on Lagrangian
tracer trajectories that works entirely without Eulerian quantities.
Obviously, in cases like NVFOU512N3 there is need for vortex detection methods
that work exclusively on Lagrangian tracer trajectories. However, the absence
of a general vortex deﬁnition still retains making a clear understanding of the
requirements diﬃcult. Although George Haller did propose a Galilean-invariant
and ”objective deﬁnition of a vortex” [15] in 2005, it is based on Eulerian
quantities and thus does not help much. In context of this thesis and with
respect to Lagrangian tracer trajectories, a vortex will therefore be deﬁned
as a distinct spiraling motion exhibiting strong similarity with a helix, not
necessarily straight in motion, but potentially bent and twisted, following the
notions of Hans Lugt and Stephen Robinson:
”A vortex is the rotating motion of a multidude of material
particles around a common center.” [16]
”A vortex exists when instantaneous streamlines mapped onto a
plane normal to the vortex core exhibit a roughly circular or spiral
pattern, when viewed from a reference frame moving with the center
of the vortex core.” [17]
An important thing to note is that this expertise refers to trajectory positions
X(t).
Naturally, an instant impulse is to follow the geometric approach pointed out
by Robinson, i. e. trying to conﬁrm a helical motion by projecting back the
direction vector onto the normal plane of the rotation axis (see also [18]).
However, these methods usually rely on a bent helix model that is far too
smooth and simplistic to cope with actually shaped vortices as depicted in Fig.
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Figure 6: Vortex trajectory with a heavily bent axis of rotation; colored by
time steps from blue to red.
6 for which it can be notoriously diﬃcult to reliably ﬁt the rotation axis.
Instead of focusing on motions in cartesian coordinates, this thesis will propose
an alternative approach based on the discrete wavelet transform of a trajectory’s
lateral acceleration A⊥ .

3.2 Towards a DWT-based approach
3.2.1 Fourier transform
In 1822, Jean-Baptiste Joseph Fourier introduced the idea of decomposing
periodic functions into a linear combination of sine and cosine waves, called
Fourier series [19]. Based on the idea by Fourier, every signal in time f (x) can
thus be described by an inﬁnite sum of sines and cosines of varying frequencies
(see Fig. 7), called Fourier transform (FT) F (k):
F (k) =

Z

∞

−∞

f (x) e−i2πkx dx, k ∈ R,

13
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√

−1. Using Euler’s formula

eix = cos(x) + isin(x),

(13)

one can see that the complex exponential corresponds to a complex number
with sinusoids as both real and imaginary parts. Since complex exponentials
are orthogonal, the Fourier transform can represent any piecewise continuous
function while minimizing the least-squares error between signal and transform
[20]. To phrase it diﬀerently, the Fourier transform exploits the complex
number’s magnitude and angle in order to capture both the signal’s amplitude
A and phase φ, respectively. This way, a signal can be transformed from its
representation as time series into the frequency domain giving information
about individual frequency components present in the signal, as well as their
overall contribution.

Figure 7: Illustration of splitting a periodic function into its frequency components using the Fourier transform. The original signal in time domain
(red) can thus be represented by the sum of sine waves of diﬀerent
frequencies (blue) weighted by their amplitudes, depicted as blue
bars on the right side describing each frequency’s amplitude. Author:
Lucas V. Barbosa.
Lastly, the inverse of the Fourier transform is given by
f (x) =

Z

∞

−∞

F (k) ei2πkx dk, x ∈ R.

(14)

3.2.2 Discrete Fourier transform
The FT ”converts a time-domain signal of iniﬁnite duration into a continuous
spectrum composed of an inﬁnite number of sinusoids” [21]. In computational
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sciences, such spectra cannot be computed since every computer works with
limited precision and therefore discrete values. For these cases, the discrete
Fourier transform (DFT) computes a frequency representation of a discrete
signal x = {x1 , x2 , . . . , xn } using a ﬁnite number of sinusoids. It is given
by
Xk =

n
X

xj · e−2πikj/n , k ∈ Z

(15)

j=1

with its inverse
xj =

n
1X
Xk · e2πikj/n , j ∈ Z.
n j=1

(16)

It returns a frequency spectrum of length n with frequencies k ranging from
−(n/2 − 1) to n/2. In case of real-valued input, this reduces to n/2 since the
result becomes hermitian and negative frequencies are therefore of redundant
information.
Since the formulation of the FFT in the 1960s, DFTs have become a popular tool
in engineering due to the reduced complexity of O(N log2 (N )). In particular,
using FFT and its inverse it is possible to compute the convolution of two
functions f (x) and g(x) in O(N log2 (N )) since it equals piecewise multiplication
of their Fourier transforms:
g(x) ∗ f (x) = G(k)F (k).

(17)

3.2.3 Wavelet transform
Using DFT, a signal can be decomposed into its frequency components giving
information about the amount each frequency contributes to the overall signal.
While this might be suﬃcient for certain applications, it may not be enough in
cases where it is also of interest when or where certain frequencies are present.
Unfortunately, Fourier transform falls short in this respect giving rise to the
question how to create a representation that covers both time and frequency
information.
Short-time Fourier transform oﬀers a solution by taking the Fourier transform
of small, ﬁxed-sized, consecutive windows [22]. Thus, each window gives
information about the frequencies contained in it and their moment in time.
It feels tempting to just set the window size to 1, thus giving perfect time
information. However, this eﬀectively equals a Dirac pulse δ, also called Delta
function, for which the Fourier transform is known to be
F (δ) = e−2πikt , k ∈ R,
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scaled by the signal value at time t. Obviously, this doesn’t provide any useful
information since the DC component (k = 0) will always be the dominant part.
The question then is how to set an appropriate window size?
Unfortunately, following Heisenberg’s uncertainty principle there cannot be
a satisfactory answer since time and frequency cannot be sharply localized
simultaneously. Widening the window increases frequency resolution at the cost
of decreased time resolution. Tightening the window increases time resolution
at the cost of decreased frequency resolution. The way wavelet transforms can
help to mitigate this dilemma is by shifting windows of varying size repeatedly
along the signal creating a multiresolution analysis of the signal such that
for varying window scalings the result is a time-frequency representation of
diﬀerent resolution.
3.2.4 Continuous wavelet transform
Given a signal f (t) in time domain, a scale factor s ∈ R, and a translation
τ ∈ R, the continuous wavelet transform Fw (CWT) is written as
Fw (s, τ ) =

∞

Z

−∞

f (t) ψ̄s,τ (t) dt.

(19)

Here, s correlates to the notion of window size, where a low scale factor relates
to high frequency and vice versa, and τ correlates to the shifting size. Similar
to the Fourier transform, the signal is decomposed into a set of basis functions
ψ̄s,τ (t), called wavelets, where ψ̄ denotes the complex conjugation. Wavelets
themselves are composed from a so-called mother wavelet ψ(t):
1
t−τ
ψs,τ (t) = √ ψ
.
s
s




(20)

The name wavelet originates from the wavelet’s main porperties: admissibility
and regularity [23]. Admissibility requires the zero-frequency or DC component
of the wavelet’s Fourier transform to be 0, i. e. it acts like some sort of
band-pass ﬁlter. From this it follows that the wavelet integrates to zero and
must consequently be a wave since it has to oscillate due to its zero DC
component [23]. The notion of regularity is best described by the so-called
vanishing moments of the wavelet. The p-th moment mp of a wavelet, p ∈ Z, is
deﬁned by
mp =

Z

∞

tp ψ(t) dt.

−∞

(21)

If mp = 0, it is a vanishing moment. The number of vanishing moments
can be used to characterize the wavelet’s ability to accurately represent the
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signal. Wavelets with more vanishing moments can represent signals with
higher complexity more accurately than wavelets with less vanishing moments.
As a downside, this comes at the cost of a longer support, i. e. more scale and
thus less time resolution. Also, a wavelet with vanishing moments of order p
cannot capture any information regarding polynomials of order up to p − 1.
Ultimately, wavelets with more vanishing moments have higher regularity than
wavelets with less vanishing moments.
3.2.5 Scaling function φ
It is known from Fourier analysis, that reducing the window size by a factor
of c results in a frequency spectrum stretched and shifted by that same factor.
Much like time resolution is guaranteed by shifting along a window over a signal
of possibly inﬁnite length (translated wavelets), the frequency spectrum can
be covered by dilating wavelets. However, doubling the window size eﬀectively
cuts the spectrum’s bandwidth in half, which is why every dilation by a factor
of 2 covers only half of the remaining spectrum. Following Zeno’s famous
paradox of Achilles and the tortoise [24], this will lead to an iniﬁnite number
of scalings.
To solve this problem, the concept of the wavelet’s scaling function φ has been
introduced by Mallat in 1989 [25], which can be formulated as
φ(t) =

X

Fw (j, k) ψj,k (t).

(22)

j,k

For some scale j, it essentially serves as a ﬁnal low-pass ﬁlter eventually setting
an end to the potentially inﬁnite scaling process.
3.2.6 Discrete wavelet transform
Until now, wavelets more or less describe a conceptual framework that decomposes a signal into its time-frequency representation by the means of continuous
functions. Apart from this, wavelets take no speciﬁc form other than what is
required by their properties. In fact, there exist an inﬁnite number of potential
wavelets and the choice of wavelet depends heavily on the application. But so
far, nothing has been said about how to actually implement them.
Since the 1970s and 1980s, there has been increased interest in wavelet analysis
due to the work of Jean Morlet, Ingrid Daubechies, and others, leading to the
ﬁrst formalization of the CWT based on modiﬁcations of the Gabor transform
by Morlet in 1984. In 1988, Ingrid Daubechies laid the groundwork for wavelets
with ﬁnite processing time (Daubechies waveletes), making wavelets practical for
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Figure 8: Illustration of the ﬁlter bank used as implementation basis for the
discrete wavelet transform. Author: Johnteslade.
real-world applications [26]. However, there are generally no analytical solutions
to wavelets. Thus, the question becomes how to solve them numerically.
Recalling the scaling function φ, the wavelet transform can be regarded as
a ﬁlter bank with the wavelet as band-pass and φ as low-pass ﬁlter. Then,
both ﬁlters produce a set of approximation and detail coeﬃcients that for each
scale represent the signal in the time-frequency domain (see Fig. 8). This
is known as the fast wavelet transform algorithm, building on insights from
multiresolution analysis: Given the approximation coeﬃcients s(j) for scale j,
s(j−1) is obtained recursively by convolving s(j) with a low-pass ﬁlter g:
1
s(j−1) = √ (↓ 2)(g ∗ s(j) ),
2

(23)

where (↓ 2) denotes the downsampling operation. s(j) itself is given by taking
the scalar product of the signal f (t) and the wavelet’s scaling function:
(j)
(j)
s(j)
n = 2 hf (t), φ(2 t − n)i.

(24)

Similar, the detail coeﬃcients of scale j − 1 are given by convolving s(j) with a
high-pass ﬁlter b instead of a low-pass ﬁlter:
1
d(j−1) = √ (↓ 2)(b ∗ s(j) ).
2

(25)

Both sets of coeﬃcients have diﬀerent semantics. Approximation coeﬃcients
are useful in order to reconstruct the signal. In fact, given the set of detail
coeﬃcients, only the approximation coeﬃcients of the last scale are necessary
to reconstruct the signal. This makes DWT especially interesting for data
compression since almost all approximation coeﬃcients can be discarded. Consequently, most of the information is described by the detail coeﬃcients, which
are therefore also called energy coeﬃcients. However, a diﬃculty remains: since
φ still involves inﬁnite integrals, s(j)
n cannot be computed directly using 24.
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Algorithm 1 Implementation of DWT for the Haar wavelet
1: procedure Haar(fn )
2:
s ← fn
3:
d←∅
4:
while |s| > 1 do
5:
d ∪ { √12 (si − si+1 ) | i = 0, 2, . . . , |s| − 1}
6:
s ← { √12 (si + si+1 ) | i = 0, 2, . . . , |s| − 1}
7:

return {s, d}

To solve this problem intuitively, the signal f (t) itself can be interpreted as
the approximation coeﬃcients for the highest scale. This simple trick also
determines the number of total scalings since the algorithm will come to an
automatic halt when the input size is reduced to one. On the other hand, the
input size is usually required to be a power of two. This way, DWT can be
implemented using a ﬁlter bank with a low- and high-pass ﬁlter, recursively
splitting the signal into two sets of coeﬃcients at each scale (see Fig. 8).
Interestingly enough, in this scenario, explicit speciﬁcation of both wavelet
and scaling function becomes superﬂuous, as they are replaced by ﬁlters. The
oldest and simplest wavelet transform is probably the Haar transform (see Alg.
1), whose wavelet has been introduced by Alfréd Haar in 1909 [27], long before
the term wavelet has been coined. As compactly supported wavelet with one
vanishing moment, it represents a special case of the Daubechies wavelets.

3.3 Vortex detection using discrete wavelet transform
3.3.1 Preliminary considerations
As mentioned earlier, conventional vortex detection methods found in the
literature work on Eulerian vector ﬁelds and are therefore able to determine
the entire area of a vortex. In case of passive drift motions of Lagrangian
particle tracers, a trajectory can only serve as a vortex’s scattered footprint
and thus seldomly covers the entire ﬁeld of inﬂuence. Rather, numerous kinds
of encounters are possible, ranging from an ideal traversal of the entire vortex
to short visits of a few revolutions. In the worst case, the particle hits the
vortex head-on, leaving only a short burst in curvature, before leaving the
vortex again. Since there is no chance to reliably distinguish such minimal
contact from random chaotic changes in direction, the notion of a minimal
vortex length needs to be considered.
In context of this thesis, a particle tracer’s trajectory is then said to exhibit a
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(a) Corkscrew vortex in water. Author:
Robert D. Anderson.
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(b) Wingtip vortex forming in the wake of an
aircraft. Author: NASA.

vortex, if it shows clear signs of consistent oscillatory motion around a straight,
bent or twisted, but otherwise imaginary axis of rotation. Looking at the Haar
transform (Alg. 1), strong detail coeﬃcients, or energies, are caused by strong
diﬀerences in the signal. Due to the signal’s prolonged oscillation in case of a
vortex, DWT should produce signiﬁcantly higher energies for the duration of
the vortex than usual, which is the key idea of the proposed approach.
3.3.2 Feature selection
Due to the diﬃculties regarding spatial information in turbulent environment
(see section 3.1), alternative features and types of information need to be
considered. E. g., the Frenet-Serret formulas are particularly well suited to
represent helical motion. Given a curve in cartesian coordinates r(t), its
curvature K and torsion τ are given by
K=

||r 0 (t) × r 00 (t)||
||r 0 (t)3 ||

(26)

τ=

r 0 (t) · (r 00 (t) × r 000 (t))
,
||r 0 (t) × r 00 (t)||2

(27)

providing a natural parameterization for helical motion in particle trajectories.
Unfortunately, computation of torsion requires taking the third derivative of
r(t) in 27, which in case of NVFOU512N3 could have not been done with
satisfactory precision. Torsion is therefore not available. Curvature, however,
should theoretically form an even shaped plateau in case of a vortex and might
thus give good insights with respect to vortex detection. But, as can be seen
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Figure 9: A⊥ of a particle trajectory with a vortex pattern showing around
timestep 2000.
in Fig. 6, vortices in turbulent ﬂow are seldomly smooth but induce rather
rippled signatures, leading to relatively peaked curvature proﬁles, which reveal
only little detail about the underlying phenomena.
Since acceleration A(t) is inseparably connected to velocity V (t), it also needs to
reﬂect the eﬀects induced by vortices. In fact, considering the acceleration with
respect to rotations around a common axis, it is to be expected that oscillating
patterns become observable in the lateral components of the acceleration since
centripetal forces need to act in vertical direction to the direction of motion
in order for particle tracers to rotate around an axis. Furthermore, a vortex
should involve all three cartesian axes – with the rare exception that an axis
coincides with the axis of rotation – and therefore cause clear and structured
patterns of oscillation while leaving only small room for random deviations.
In other words, the lateral acceleration should reﬂect the particle’s state of
captivity within the vortex’s ﬁeld of inﬂuence.
Due to the consistent oscillations expected in the lateral acceleration, DWT
should produce detail coeﬃcients of high energies. Thus, lateral acceleration
represents a feature in which the formulation of expected behaviour with respect
to vortices seems comprehensible and whose wavelet transform may only show
dense regions of high energy when the particle is aﬀected by a vortex for which
the assumption that a vortex inevitably involves all axes of motion is key.
Therefore, it will be considered a suitable feature for vortex detection using
DWT.
Given A(t) and the normalized velocity vector Vn (t) of a particle trajectory,
the parallel and lateral components of the acceleration, Ak and A⊥ respectively,
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(b) Trajectory of vortex signature in Fig. 9, colored by A⊥ accumulated along the axes.

are calculated by
Ak (t) = hA(t), Vn (t)i · Vn (t)

(28)

A⊥ (t) = A(t) − Ak (t).

(29)

Fig. 9 shows A⊥ of a particle with a vortex signature visible at around t = 2000.
Zooming into this region (see Fig. 10a) exhibits increased motion at roughly
the same frequency and period for all axes. Fig. 10b shows the vortex in
cartesian space.
Remarks It needs to be noted that the proposed approach solely relies on
the assumption that vortices exert signiﬁcant forces on the lateral acceleration
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of by-passing particle tracers. There is no aﬃrmative geometric or otherwise
appropriate conclusion that could conﬁrm the suggested outcome of the algorithm. Also, vortices that fall short of exerting enough energy will consequently
be hidden to the approach. While this in turn does not necessarily mean that
there have not been other particles with more obvious signatures caused by the
same vortex, it nevertheless describes a lower bound on the sensitivity with
regard to the formation of smaller vortices.
3.3.3 Detection algorithm
The outline for the detection algorithm is given by the following steps. For
each tracer trajectory,
1. compute A⊥ ,
2. transform A⊥ using DWT and
3. extract vortices from resulting detail coeﬃcients.
Choice of wavelet As mentioned before, DWT is a general framework with
the ability to utilize diﬀerent wavelets. Commonly, wavelets are grouped in
so-called families, such as Daubechies, Biorthogonal, or Symlets, describing
diﬀerent properties for each family. Depending on the application, certain
wavelets are more appropriate than others. If the wavelet transform needs to
be orthogonal, one may choose orthogonal wavelets. Biorthogonal wavelets
have proven useful in case of signal reconstruction and are primarily used in
compression techniques, such as JPEG-2000 [28]. Furthermore, symmetric
wavelets exhibit beniﬁcial characteristics with respect to the analysis of ﬁnite
signals, if for example a ﬁlter needs to have linear phase.
In context of this thesis, good reconstruction capability or orthogonality are not
necessarily properties the wavelet needs to have. Rather, good time localization
is desired. Therefore, the wavelet should have as few vanishing moments as
possible. Thanks to its one vanishing moment, the already introduced Haar
wavelet has superior time resolution but is also conceptually simplistic and
has advantageous performance characteristics (fast, memory eﬃcient). It will
therefore be the wavelet of choice.
Extraction strategy Following the wavelet transform, the algorithm has to
decide which part of the transformed signal might represent a vortex signature.
In terms of DWT, a vortex has been described as a region in time of signiﬁcant
energy and length along at least two axes. Note that in the given setting no

23

PDF

3.3

Vortex detection using discrete wavelet transform

Malte Detlefsen

0.1
0
−50

−40

−30

−20

−10
0
10
Detail coeﬃcients

20

30

40

50

Figure 10: Distribution of detail coeﬃcients obtained from the Haar transform
of A⊥ for all particles in NVFOU512N3.
prior information about the distributions of the variables of interest exist, i. e.
there is no knowledge about what constitutes a signiﬁcant length or energy.
Furthermore, manual determination of parameters based on data subsets can
only be reasonable, if they are guaranteed to meaningfully represent the entire
data. Such assumptions cannot be made in this case, because there simply
exists no experience in this regard. To keep the semantics of signiﬁcant as
objective as possible, it should therefore be deﬁned on the basis of statistical
considerations.
Looking at the Haar transform (Alg. 1), one can see that high energies result
from sudden changes in the signal. Due to the spiraling motion within a vortex,
it is to be expected that A⊥ oscillates stronger and with increased frequency
than usual, ultimately creating a dense region of high energy coeﬃcients for
the duration of the vortex. In this sense, high can be considered a synonym for
signiﬁcant and should express a value some degrees above average. Assuming
a Gaussian distribution of energies – seemingly conﬁrmed by Fig. 10 –, the
standard deviation σ scaled by a factor sσ is a commonly used statistic that in
the absence of more ﬁtting criteria will serve as a threshold parameter, thus
determining high energies.
Since the detail coeﬃcients are computed for each axis separately, the question
becomes how to merge, i. e. combine, the energies of all axes to allow for a
decision based on a uniﬁed set of energies. Again statistically, the element-wise
sum, average, or maximum could be taken, but since the assumption has
been made that at least two axes need to be involved, the most natural way
to look at it would be to take the element-wise median, which in addition
avoids side-eﬀects associated with arithmetic operations, e.g. outlier sensitivity,
unwanted smoothing, or similar. It also guarantees that the second-least
expressive axis (seen element-wise) becomes the decision criterion since the
least ”energetic” axis can be discarded due to the possibility of it being the
direction of motion.
The notion of signiﬁcant with regard to length depends heavily on the minimum
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Figure 11: Determination of the number of revolutions. In the given example,
a total number of 5 revolutions is proposed.
length of an observable vortex signature and therefore can not be decided
satisfyingly by statistics, because there are no statistics to work with, i. e. there
is no information on the lengths of smallest vortex signatures.2 In light of the
multitude of potential ways a particle tracer may interact with a vortex, a
minimum number of visible revolutions seems to be an intuitive measure that
will therefore be considered for vortex detection. Since a single revolution might
be a little too vague, a minimum number of two revolutions will be proposed
as a requirement.
To determine the number of revolutions of a potential vortex candidate, the
notion of zero crossings with regard to A⊥ will be considered. For this, the
signal’s axis with highest variance is picked, smoothed using convolution with
an averaging ﬁlter of length 10, normalized into range [−1, 1], and eventually
discretized into values [−1, 0, 1] according to a threshold value of 0.25 (see Fig.
11). The number of revolutions is then set to the number of zero crossings
divided by 2.
Finally, Fig. 12 depicts the detection process. For each particle and every
scale, the detail coeﬃcients are computed and normalized by sσ σ. Then, every
region that satisﬁes an energy sum equal to the number of its time steps
multiplied by the number of scales is regarded as dense and ultimately picked
as a vortex candidate. If its number of revolutions is ≥ 2, it is pronounced a
2

Note that in this respect length refers to a duration in iterations or time steps respectively,
and is to be distinguished from the notion of scale length.
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Figure 12: Vortex detection pipeline: After computing A⊥ , the median energies are normalized by sσ σ (2nd row) and discarded if < 1 (3rd
row). If the remaining regions are dense, they are considered vortex
candidates, depicted as yellow regions in the bottom row. Detail
coeﬃcients are colored from purple to yellow in the range of [0, 1].
vortex signature.
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4 Unsupervised data analysis
After extracting vortex signatures using the approach described in the previous
section, it is particularly interesting to see if the data displays some kind of
structure that may lead to the notion of diﬀerent types or classes of vortices.
Recall that labeled information is not available. Thus, the question becomes
how to retrieve structurally relevant information without having any indications
about the true nature of the data. Such a scenario is commonly known as
unsupervised data analysis. Unsupervised methods try to retrieve information
without having external knowledge to rely on. Conceptually, they uncover
hidden structure by infering a function solely based on the observations, i. e.
data points, of the data. Ideally, this function can give insight into the generative
model of the data or represent a transformation mapping the data into another
space that suppresses noisy phenomena, which contribute only little to the true
generative processes but otherwise tend to overshadow them.
Regarding classiﬁcation, cluster analysis is one of the standard procedures
in case of unlabeled data. Based on some notion of distance, it dissects the
data into separate groups, which act as individual classes. Here, distance can
be regarded as a measure of similarity, decreasing with increased similarity,
i. e. two data points are closer to one another the more similarity they share.
Deﬁned in a metric space, a distance d is called a metric, if for all data points
x, y, z it satisﬁes the following conditions:
1. Positive-deﬁnite: d(x, y) ≥ 0 and d(x, y) = 0 ⇔ x = y
2. Symmetry: d(x, y) = d(y, x)
3. Triangle inequality: d(x, z) ≤ d(x, y) + d(y, z)
However, the right choice of distance function is not always easy, especially
when only little is known about the data. There exists a whole plethora of
diﬀerent distance functions and often representing the data diﬀerently will yield
much better results given the same distance measure.
For this thesis, several diﬀerent approaches will be used as analysis methods
in order to discover potential structure within the data. In particular, the
following two main approaches will form the basis for a subsequent cluster
analysis:
1. Shape-based distance functions
• Dynamic time warping
• Longest common subsequence
2. Similarity based on data transformation
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Algorithm 2 Dynamic time warping.
1: procedure DTW(x, y)
2:
n ← |x|, m ← |y|
3:
M [1..n, 1..m] ← ∞
4:
M [1, 1] ← 0
5:
for i = 2 to n do
6:
for j = 2 to m do
7:
d ← dist(xi , yj )
8:
M [i, j] ← d + min{M [i − 1, j], M [i, j − 1], M [i − 1, j − 1]}
9:
return M [n, m]
• Frequency domain: Fourier transform, (stationary) wavelet transform
• Convolutional sparse autoencoder

4.1 Shape-based distance functions
4.1.1 Dynamic time warping
Dynamic time warping (DTW) is a distance measure originally developed for
speech recognition by Sakoe and Chiba in 1978 [29]. In contrast to measuring
the distance between two time series x = {x1 , x2 , . . . , xn }, y = {y1 , y2 , . . . , ym }
per time step, like Lp -norms
!1

L (x, y) =
p

p

X

p

|xi − yi |

,

(30)

i

DTW compares two time series by a one-to-many relationship, allowing an
elastic mapping between two data points. Thus, it is able to ﬁnd an optimal
match between two time series representing a minimum distance and making
DTW shift-invariant (see Fig. 13). As a convenient consequence, DTW is able
to handle time series of diﬀerent lengths since the series are warped nonlinearly
in time. Despite its age, DTW is said to be very competitive still and sometimes
even outperforms other state-of-the-art methods with respect to time series
data mining applications [30].
DTW makes use of the notion of a local distance function dist(x, y), e. g.
Euclidean or Mahalanobis distance, which allows for more elaborate comparison
of multivariate data. As optimization problem, DTW can be implemented
using dynamic programming (see Alg. 2), yielding a quadratic runtime. This
might seem bad in comparison with the linear Lp -norm but is signiﬁcantly faster
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Figure 13: Alignment of individual data points (black lines) and distance matrix
for DTW and LCSS ( = 10). The optimal path is marked in black
(bottom row).
than the naive approach testing every combination, which runs in exponential
time.
DTW ﬁnds a nonlinear warping path P = {p1 , p2 , . . . , pl } with minimal cost by
matching every data point from one time series to its closest data point of the
other time series (see Fig. 13), satisfying the following conditions: [31]
(i) Boundary condition: p1 = (i1 , j1 ) and pl = (il , jl )
(ii) Monotonicity: i1 ≤ i2 ≤ · · · ≤ il and j1 ≤ j2 ≤ · · · ≤ jl
(iii) Step size condition: pl+1 − pl ∈ {(1, 0), (0, 1), (1, 1)}
To avoid extreme matchings that map all points in x to a single point yj , a
locality constraint can be introduced such that xi can only be aligned with yj ,
if |i − j| ≤ w, where w is a locality parameter. Two popular choices for such a
locality constraint are the so-called Itakura parallelogram and the Sakoe-Chiba
band.
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The overall cost cp (x, y) of the warping path is given by
cp (x, y) =

l
X

dist(xit , yjt ).

(31)

t=1

Although it is tempting to regard DTW as a metric, it is in general not
positive-deﬁnite, even if this holds for dist(x, y). Also, it does not guarantee
the triangle-inequality, i. e.
dtw(x, z) ≤ dtw(x, y) + dtw(y, z),

(32)

for time series x, y, z [31]. This might be acceptable in cases that only need
some rough measure of similarity but is inappropriate with respect to cluster
analysis, where data needs to be separated reliably. However, it can be shown
that when using a locality constraint w, DTW satisﬁes a weak triangle inequality
[32]:
dtw(x, y) + dtw(y, z) ≥

dtw(x, z)
,
min{2w + 1, n}1/p

(33)

where n is the length of the time series and p designates the Lp -norm used as
local distance function.
4.1.2 Longest common subsequence
Longest common subsequence (LCSS) is a similarity measure describing the
longest subsequence common to both time series. It is based on the edit distance
and conceptually similar to DTW. It allows elastic mapping, deals with signals
of diﬀerent lengths, and can be implemented using dynamic programming (Alg.
3). However, since LCSS describes a sequence, it is technically no distance
metric by itself. But one can deﬁne a metric in the mathemetical sense based
on LCSS quite easily [33]:
lcss(x, y) = 1 −

|lcss(x, y)|
,
max{|x|, |y|}

(34)

where lcss(x, y) is the longest common subsequence of x and y. Intuitively,
it measures to what degree the shorter signal diﬀers from the longer. The
metric is shown to be symmetric, positive-deﬁnite and guaranteeing the triangle
inequality [33].
Furthermore, LCSS not only allows one-to-many-mappings but also one-to-none,
meaning that the longest subsequence does not necessarily need to be contiguous
but can be composed from multiple scattered matching sequences. This is
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Algorithm 3 Longest common subsequence
1: procedure LCSS(x, y)
2:
n ← |x|, m ← |y|
3:
M [0..n, 0..m] ← 0
4:
for i = 1 to n do
5:
for j = 1 to m do
6:
if xi = yj then
7:
M [i, j] = M [i − 1, j − 1] + 1
8:
else
9:
M [i, j] = max{M [i, j − 1], M [i − 1, j]}
10:
return M [n, m]
especially interesting with respect to signals that miss data, like incomplete
reconstructions from fossils or DNA strings.
The longest common subsequence lcss(x, y) can be deﬁned recursively in an
intuitive fashion:



∅,

lcss(xi , yj ) = lcss(xi−1 , yj−1 ) ∪ xi ,


longest(lcss(xi , yj−1 ), lcss(xi−1 , yj )),

if i = 0 or j = 0
(35)
if xi = yj
if xi 6= yj

Originally, LCSS was designed for discrete data, like character or DNA strings.
Therefore, the condition xi = yj in line 6 of Alg. 3 will only seldomly be true
for real-valued signals. Instead, a threshold parameter  needs to be speciﬁed
in this case, yielding the adjusted condition
dist(xi , yj ) ≤ .

(36)

4.2 Similarity based on data transformation
4.2.1 Frequency domain
Due to its oscillations, it should be a reasonable assumption that a vortex’s
frequency spectrum yields information helping in the clustering process. The
idea is to exploit the frequency domain as an intuitive feature space, allowing
to extract the data’s most signiﬁcant constituents. Since the Fourier transform
is an orthogonal change of basis, no information is lost during the process. Also,
it is shift- and rotation-invariant, making for a promising representation that is
robust against known issues related to time series similarity.
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Figure 14: A fully-connected artiﬁcial neural network with one hidden layer,
three input neurons, and two output neurons.
As discussed in section 3.2.3, wavelet transforms provide another access to
the frequency domain. Therefore, detail coeﬃcients represent another possible
feature space that can be used as a basis for similarity measures. Unfortunately,
time localization now becomes a burden since it prevents the coeﬃcients to be
shift-invariant. To overcome this weakness, the highly-redundant stationary
wavelet transform (SWT) has been proposed, guaranteeing shift-invariance by
substituting the down-sampling process for the up-sampling of detail coeﬃcients
instead [34].

4.3 Convolutional sparse autoencoders
4.3.1 Feature learning using artiﬁcial neural networks
In artiﬁcial intelligence, a common tool to ﬁnd novel solutions to certain
problems is to imitate strategies known from nature. Machine learning is one
of the most prominent examples in recent history, building on knowledge about
the way the human brain is learning. In particular, the artiﬁcial neural network
(ANN) is an algorithm trying to mimic a net of interconnected neurons by
forming a directed graph of artiﬁcial neurons that are grouped in layers capable
of learning diﬀerent activation patterns.
In order to learn the output for a given input, ANNs use speciﬁc loss or error
functions building the basis for a gradient descent, called backpropagation,
that iteratively updates the ANNs’ parameters to converge to a minimum.
The parameters of ANNs are represented by weighted connections between
individual neurons of diﬀerent layers, which carry an additional bias. Typically,
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Figure 15: Sigmoid function and rectiﬁed linear unit.
ANNs are built from an input layer, one or multiple hidden layers, and an output
layer (see Fig. 14). Each layer is composed of a diﬀerent number of neurons,
whose output is passed to the next layer, called a forward-pass. Although layers
are connected with each other, there are no connections between neurons of
the same layer. Normally, layers are fully-connected, meaning that the output
of each neuron of one layer is passed to each neuron in the next layer.
Artiﬁcial neurons can be regarded as computational units, whose output o is
given by a weighted sum of the input x = {x1 , x2 , . . . , xn } passed through a
(usually nonlinear) activation function λ:
o=λ b+

n
X

!

w i xi ,

(37)

i=1

where b is the bias and wi the i-th weight corresponding to xi . Depending on
the application, diﬀerent choices for λ may be reasonable. Popular choices are
the sigmoid function or rectiﬁed linear units (see Fig. 15).
The neural network’s overall output is computed by performing a full forwardpass on all layers. Using matrix-notation, each layer l is associated with a
weight matrix W (l) and its bias b(l) . The output of the l-th layer a(l) , also called
activation, is then given by
z (l) = b(l) + W (l) a(l−1)
a(l) = λ(z (l) ),

(38)

where λ is extended to accept vectorial input. Then, the network’s output is
the activation of the output layer, denoted hW,b (x).
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4.3.2 Supervised learning
As it can be seen, the output of an ANN depends on the parameters of the
network (W, b). Thus, the question becomes how to set the parameters such
that given a speciﬁc input the network produces the desired output, which is
also known as the learning problem. In case of classiﬁcation, the output should
be a correct class estimate or in case of a regression problem the approximation
of a function. As mentioned earlier, the idea to solve the learning problem is to
formulate a loss function and minimize it with respect to (W, b). In order for the
network to know what it is supposed to learn, it must be provided with a labeled
training set S = {(x1 , y1 ), (x2 , y2 ), . . . , (xm , ym )}, correlating the desired output
yi , also called target, with its associated input xi . Then, the loss function
E(hW,b (x), y) is minimized with respect to the network’s parameters:
arg min E(hW,b (x), y), (x, y) ∈ S.

(39)

W,b

This procedure is called supervised learning since the network is provided
with manually labeled information it can rely on to ﬁt its parameters. The
actual deﬁnition of the loss function depends primarily on the application. For
classiﬁcation problems, cross entropy is a popular choice, whereas squared error
functions are oftentimes used for regression problems [35].
Backpropagation In most cases, analytically minimizing the loss function
is only feasible for special network topologies [35]. In general, it is solved
numerically using a gradient descent algorithm called backpropagation. It
propagates back the error through the network while simultaneously updating
the layers’ parameters using gradient descent. For this purpose, both loss and
activation functions need to be diﬀerentiable. Then, the parameters of the l-th
layer are updated by subtracting their partial derivatives:
∂E
(l)
(l)
Wij = Wij − α
(40)
(l)
∂Wij
∂E
(l)
(l)
bi = bi − α (l) ,
(41)
∂bi
where α is a small learning rate, e. g. 0.01.
In order to determine the partial derivatives, one needs to know the amount
(l)
δi each i-th neuron of layer l has contributed to the output’s overall error.
(l)
But since each layer’s output is based on the former layer’s output, δi needs
to be retrieved recursively:
(l)
δi

=


λ0 (z (l) )(y
i
i
 0 (l) P

λ (zi )

− oi ),
(l) (l+1)
,
j Wji δ
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The partial derivatives are then given by [35]
∂E
(l)
∂Wij

∂E
(l)
∂bi

(l)

(l) (l+1)

(43)

(l+1)

(44)

= ∇Wij = aj δi
(l)

= ∇bi

= δi

.

Backpropagation is an iterative approach to minimize the loss function. Therefore, multiple strategies to train a neural network have emerged, most notably
batch training and mini-batch training. Using batch training, the parameters are updated after the gradients for the entire training set have been
accumulated. In contrast, mini-batch training does a parameter update after
repeatedly forward-passing small subsets of the training data. Alg. 4 shows
the backpropagation algorithm using batch training.
Algorithm 4 Backpropagation algorithm for a given training set S.
1: procedure BatchBackpropagation(S)
2:
Initialize W (l) , b(l) randomly for all l
3:
∆W (l) ← 0, ∆b(l) ← 0 for all l
4:
for (x, y) in S do
5:
Compute ∇W (l) , ∇b(l) using backpropagation
6:
∆W (l) ← ∆W (l) + ∇W (l)
7:
∆b(l) ← ∆b(l) + ∇b(l)
1
8:
W (l) ← W (l) − α |S|
∆W (l)
9:

b(l) ← b(l) − α



1
∆b(l)
|S|



4.3.3 Unsupervised learning using autoencoders
In the past it has been shown that supervised learning can be a powerful tool
capable of solving problems with high complexity[36]. However, the necessity of
a labeled training set is something that cannot always be fulﬁlled. Fortunately,
even in cases of unlabeled data, neural networks can be of considerate help
thanks to a process ﬁttingly called unsupervised learning. One such example is
the autoencoder, which can be considered as a function f : Rn → Rn with
f (x) = x,

(45)

i. e. it is trying to learn its input. Now, this might seem unintuitive at ﬁrst,
but in case of autoencoders one is usually not interested in the output so much
as in the encoding since it can reﬂect the generative processes describing the
input.

35

4.3

Convolutional sparse autoencoders
Input layer

Encoding
layer

Malte Detlefsen
Output
layer

x1

o1

x2

o2

x3

o3

x4

o4

x5

o5

Figure 16: Typical autoencoder. After training, the output layer is usually no
longer needed, since the encoding layer represents a transformation
that ideally condenses all important constitutional properties of the
data.
Typically, autoencoders are fully-connected neural networks with equally-sized
input and output. The hidden layer(s) are called encoding layer(s) and decoding
layer(s), respectively. In order to train autoencoders using backpropagation,
the loss function becomes
E(hW,b (x), x), x ∈ S,

(46)

where S is usually not a subset anymore but rather the entire data. This way,
an autoencoder is able to learn diﬀerent features embedded within the data
that would have otherwise been hidden to the observer. In this context, the
autoencoder can be regarded as a transformation from one basis into another,
leading to a representation that might reveal information about the generative
model of the data.
In order for the encoding layer to be meaningful, it usually contains fewer
neurons than the input, eﬀectively resembling a dimensionality reduction (see
Fig. 16). In contrast to PCA, which assumes a linear model, autoencoders are
however able to represent nonlinear mappings. But, if the encoding layer is
designed unappropriately with respect to the true complexity of the data, the
autoencoder will nevertheless fail to learn anything useful [36], a phenomenon
not exclusively known to autoencoder but to all neural networks.
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4.3.4 Over- and underﬁtting
Unfortunately, there is no formal rule to the design or architecture of an ANN.
Especially, number of layers and neurons are often subject to experimentation.
Due to the multitude of possibilities, it is inherently diﬃcult to decide on
an adequate design, speciﬁcally if the data exhibits a complexity that eludes
analytical approaches. Unfortunately, these are the cases which are most
prominent to machine learning.
Nevertheless, one of the main reasons ANNs have enjoyed increasing success
in recent years is their ability to approximate, i.e. learn, any function that
maps from a ﬁnite discrete space to another, also known as the universal
approximation theorem [37]. However, in practice, much of the success depends
not only on the correct design choice but also the quality of the training set.
A neural network supposed to learn addition in N will fail miserably, if it is
only shown results for numbers ∈ [1, 10]. Ideally, the network’s design, as well
as the selectiveness of the training set should reﬂect the complexity of the
data’s generative model with perfect accuracy. In practice, this is oftentimes
infeasible, which is why ANNs are prone to two statistical phenomena called
underﬁtting and overﬁtting.
Underﬁtting describes the inability of a model being too simple to express the
data’s true complexity. On the other hand, overﬁtting describes a model being
too complex, which therefore represents random noise rather than underlying
structure. A relatively easy way to detect either phenomenon is to evaluate
the error of the training set and a separate evaluation set not used for training
purposes. In case of underﬁtting, both training and evaluation error will perform
poorly. Overﬁtting mainly shows very good performance on the training set
accompanied by a poor performance on the evaluation set.
In order to avoid underﬁtting, one can simply increase the expressiveness of
the network, i. e. add more layers and/or neurons, and observe the eﬀects
on the training error. Since overﬁtting occurs mostly when the model is too
complex, e. g. the network has too many layers or neurons, the naive idea
to avoid overﬁtting is to decrease the complexity. However, regularization is
a concept capable of dealing with overﬁtting in a way that helps preserving
the complexity of the model despite it possibly being too complex while still
learning useful and meaningful features. One such method is sparsity.
On a side note: the quality of the training set also aﬀects the convexity of
the loss function. If the training set does not cover the entire spectrum of the
data’s structure, the loss function may become non-convex leading to local
minima, which the ANN may converge to. In contrast to under- and overﬁtting,
convexity must be ensured by the training set and cannot be helped by the
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ANN itself.
4.3.5 Sparse autoencoders
Sparsity can be considered as an approximation to the maximum likelihood
training of a generative model having visible variables x and latent variables l.
Here, l corresponds to the potentially hidden features, which explain the output.
One can then maximize the log-likelihood of the model’s joint probability p(x, l)
given by
log p(x, l) = log p(l) + log p(x | l).

(47)

During training, sparsity is implemented by applying a penalty Ω(l) on the encoding layer. As usual, there are multiple ways to formalize Ω(l). Conceptually,
one tries to keep the average activation of neurons near zero, i.e. only a small
subset of neurons should activate during a forward-pass, thus the term sparsity.
A popular choice for Ω(l) is the Kullback-Leibler (KL) divergence, which is a
standard distance function for probability distributions and given by
Ω(l) =

n
X
j=1

ρ log

ρ
1−ρ
+ (1 − ρ) log
,
ρ̂j
1 − ρ̂j

(48)

where n is the number of the encoding layer’s neurons, ρ a user-speciﬁed sparsity
parameter, and ρ̂ the average activation of the j-th neuron constrained to be
ρ̂ = ρ. Lastly, the minimizing objective for sparse autoencoders becomes
arg min E(hW,b (x), x) + Ω(l).

(49)

W,b

By constraining most of the neurons to have zero-activation, the autoencoder
is required to learn parameters that represent the statistically most generative
constituents of the data. Furthermore, the sparsity term can be regarded as ”a
consequence of the model’s distribution over its latent variables” [36], which
is why sparse autoencoders learn meaningful features by theory since they
describe the latent variables that make up the output.
4.3.6 Convolutional neural networks
Convolutional neural networks (CNNs) expand the traditional ANN-paradigm
by two concepts called local connectivity and parameter sharing. Local connectivity restricts neurons to be connected to only a local region of the input
instead of the entire input vector, i. e. the neuron’s activation is based solely on
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a (contiguous) subset of the input. Parameter sharing makes the assumption
that a feature that meaningfully describes a local region of the input is also
meaningful with respect to another region, e. g. stationary points in periodic
signals or edges in images. Traditionally, CNNs have been designed for 2D
inputs like images but can be applied to 1D input as well. The following
descriptions are therefore carried out with respect to 1D inputs.
Convolutional layer A particular strength of CNNs is to cope with high
dimensional input since individual features are obtained locally and can in turn
be reused in case of occurences within other input regions. CNNs implement
this behaviour by introducing convolutional layers, which work diﬀerently from
fully-connected layers. In particular, the output is computed by convolving the
input with so-called ﬁlters, hence the term convolutional layer. These ﬁlters
can be considered as direct manifestations of the extracted features since they
eﬀectively replace the weight matrices W (l) as parameters of the layer and are
subject to the backpropagation training.
The ﬁlters are of ﬁxed length k, usually k  n, where n is the length of input
(g)
x = {x1 , x2 , . . . , xn }. For each ﬁlter g, the i-th output oi is computed by
convolving the ﬁlter with a portion of the input,
(g)

oi = (g ∗ x)[i] =

k
X

(50)

g(j)x(is + j),

j=1

then shifted along by a so-called stride parameter s to compute oi+1 until
the entire input has been traversed. Thus, each ﬁlter output o(g) , also called
ﬁlter map, contains (n − k)/s + 1 elements. Depending on s and k, the ﬁlters
might be convolved with overlapping input portions. As example, consider
a convolutional layer with 5 ﬁlters of length 3, input size of 7, and a stride
of 1, then the output will be a 5 × 5-matrix, while a stride of 3 would lead
to a 5 × 2-matrix. 3 Similar to the number of neurons in a traditional layer,
the number of ﬁlters of a convolutional layer is user-deﬁned and application
dependent.
(g)

As seen, convolutional layers implement the concept of neurons by shifting
multiple ﬁlters along the input combining both local connectivity and parameter
sharing and gradually producing the output. Similar to traditional ANNs,
the ﬁlters are initialized randomly and updated using backpropagation for
training.
3

However, with a stride of 2, the ﬁlters could not be shifted along the input properly since
they would overlap with the input at the last window. There are several techniques to
avoid these problems like zero-padding, where the input is padded to comply with the
parameters.
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Architecture and design of CNNs Besides convolutional layers, CNNs are
most notably composed of activation and pooling layers. Activation layers take
over the role of nonlinearity similar to the activation function in traditional
ANNs. They take the input and pass it element-wise through an activation
function, such as ReLUs or sigmoid. Thus, the output size is equal to the input
size. The purpose of pooling layers is mainly to reduce the input size while it is
passed forward through the network. They work on non-overlapping regions of
the input and pool the values based on diﬀerent criteria like the maximum or
mean value. Consider max-pooling with a size of 2, then the output contains
the maximum of each neihgboring pair of values:
[1 4 5 7 3 2 8 9] → [4 7 3 9].
Thus, depending on the pooling size, the input is considerably reduced in
resolution, while maintaining most of the structure embedded within the
input.
Typically, convolutional layers are followed by an activation and a pooling layer.
But again, there is no formal rule to the design of CNNs. A convolutional layer
may as well directly follow another convolutional layer, or an activation layer
may be skipped inbetween a combination of two convolutional and pooling
layers. However, CNNs always end in a traditional fully-connected ANN. To
convert the output of a convolutional layer into the input for a fully-connected
layer, one simply ﬂattens the ﬁlter maps into a vector. The output of the ANN
then is the overall output of the CNN.
4.3.7 Convolutional autoencoders
The same way autoencoders resemble mirrored ANNs, convolutional autoencoders can be constructed from mirroring a standard CNN (see Fig. 17). Unlike
ANNs, operations like pooling or convolution considerably alter the form of the
input. In order to mirror a CNN, question becomes how to reverse these steps
appropriately, also called deconvolution and unpooling. Commonly, unpooling
is implemented by simply upsampling the input to the desired dimensions.
Surprisingly as simple, deconvolution is nothing other than another convolution, which is why deconvolution layers can be implemented using normal
convolutional layers.

5 Cluster analysis
In unsupervised settings, where labeled information is not available, cluster
analysis is one of the standard approaches for ﬁnding seemingly inaccessible
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Figure 17: 2D convolutional autoencoder [38].
structure. Given a data set X of multivariate data points x = {x1 , x2 , . . . , xn },
clustering algorithms subdivide X into groups (clusters) of individual points
based on speciﬁc criteria, often a pair-wise distance measure, i. e. points in
close proximity to each other are grouped together, whereas points far away
are separated by diﬀerent clusters. As indicated before, in this respect distance
is a way to express (dis)similarity, not just necessarily in a metric sense. Points
sharing certain similarities, e. g. a generative model, should exhibit close
proximity and unsimilar points, of course, a rather large distance to each other.
The nature of the distance measure therefore determines as to what aspects
the data is looked upon.
Cluster analysis has its tradition in the long history of scientiﬁc classiﬁcation,
be it taxonomy of biological organisms or descriptions of diﬀerent types of art.
In most cases, however, scientiﬁc data is too complex and rich in features to
manually group them into clusters. Therefore, a wealth of clustering algorithms
has been developed to aid this need of statistical analysis. In general, two main
approaches exist: ﬂat clustering and hierarchical clustering.

5.1 Flat clustering
Flat clustering describes methods that assign clusters with a ﬂat hierarchy and
no ”explicit structure that would relate clusters to each other” [39]. Intuitively,
every cluster represents an equally valid group within the data’s distribution.
Due to its simplicity and eﬃciency, k-means is one of the most popular ﬂat
clustering algorithm (see Fig. 18). Each x is assigned its nearest mean
measurement mi , 1 ≤ i ≤ k, which is usually ∈
/ X but a randomly initiated point
representing one of the centroids of the k clusters. Points are assigned based on
their Euclidean distance, which mathematically equals a Voronoi-partitioning
and informally assumes clusters of roughly the same size. This way, k-means can
be formulated as optimization problem with respect to the set of clusters C =
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Figure 18: Estimation-maximization steps of the k-means algorithm. k initial
means are seeded randomly (left). During estimation, each data
point is assigned its nearest mean based on euclidean distance
(mid-left). During maximization, each mean is updated to be the
centroid of the respective cluster (mid-right). Each data point is then
re-assigned (right). The last two steps are iterated until convergence.
Author: Weston.pace.
{C1 , C2 , . . . , Ck } minimizing the squared distances within each cluster:
arg min

k X
X

C

(51)

||x − mi ||2 .

i=1 x∈Ci

To avoid exponential runtime by enumerating all possible clusterings, k-means
is usually implemented using an iterative algorithm organized in two steps:
estimation and maximization. During the t-th estimation step, each cluster
(t)
(t)
Ci with mean mi , 1 ≤ i ≤ k, is determined the following way:
(t)

(t)

(t)

Ci = {x | ||x − mi ||2 ≤ ||x − mj ||2 , 1 ≤ j ≤ k}, x ∈ X.
Afterwards, each mi is updated with the centroid of Ci
(t)

(t)

(t+1)

mi

=

1

X

(t)

|Ci | x∈C (t)

x.

(52)

deﬁned by
(53)

i

Initially, all mi are set randomly. k-means then runs the expectation-maximization
steps repeatedly either until convergence, i. e. all points are assigned the same
centroid, or for a ﬁxed number of iterations. Consequently, k-means is nondeterministic.
Unfortunately, k-means suﬀers from known weaknesses. In general, the correct
number of clusters k is unknown, giving rise to a whole branch of research
trying to address this problem (see [40] [39]). Often enough, one can only
guess from experience about an adequate number of clusters. Furthermore,
the iterative approach does not guarantee a global minimum, especially if X
contains many outliers, i. e. points that do not ﬁt well into any cluster, because
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they are inherently diﬀerent from other data points. In practice, one therefore
runs the algorithm multiple times with diﬀerent starting conﬁgurations and
then picks the clustering with minimum cost.

5.2 Hierarchical clustering
In contrast to k-means, hierarchical clustering algorithms do not require a
predeﬁned number of clusters and are generally deterministic. In addition,
they provide a hierarchically organized set of clusters as output, which can be
signiﬁcantly more informative. The idea behind hierarchical clustering is to
gradually merge the closest clusters on each hierarchy step until all clusters
have been merged. Initially, each data point is its own cluster. Then, the two
closest data points/clusters are merged into one cluster with the rest remaining.
In the next step, the two closest clusters again are merged and so on until only
one cluster remains. During this process, each merge represents a new level in
hierarchy. This strategy is called bottom-up.
Mainly, there are three ways to determine the distance between clusters:
1. single-linkage,
2. complete-linkage, and
3. average-linkage.
Single-linkage is based on the most similar pair of data points from two clusters,
whereas complete-linkage uses the most dissimilar pair of all data points from
two clusters. Lastly, average-linkage considers the average distance of every
pair. If interpreted geometrically, single-linkage factors in only local aspects
of the closest proximity between two clusters while neglecting aspects from
other areas. This can favor clusters, which span very long, over more compact
clusters. In contrast, complete-linkage considers the overall structure of both
clusters, taking into account global information, which leads to relatively
compact clusters since the pair with smallest diameter is merged. However,
this makes complete-linkage sensitive to outliers. Finally, average-linkage is a
compromise between single- and complete-linkage that tries to dampen both
weaknesses.
Besides bottom-up strategies, hierarchical clustering can also be performed
using a top-down approach. The idea behind it is to use a ﬂat clustering
algorithm as a subroutine to split each cluster at each hierarchy level recursively,
starting with all data points as single cluster at the top. This makes top-down
hierarchical clustering conceptually more complex than bottom-up approaches
but can ironically yield performance advantages when used in combination
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with an eﬃcient algorithm. Although ﬂat clustering is exponential in runtime,
expectation-maximization methods are widely more eﬃcient since often only
few iterations are suﬃcient to give good results. If run for a ﬁxed number of
hierarchy levels, the top-down approach runs linearly in the number of data
points and clusters using k-means, whereas bottom-up methods have at least
quadratic runtime [39].
Furthermore, top-down approaches take into account the data’s global distribution when making top-level partitioning decisions, whereas bottom-up
approaches cannot undo early decisions based solely on local criteria. There is
evidence, that top-down hierarchies beneﬁt the accuracy of results [39]. However, top-down approaches usually inherit the weaknesses of their ﬂat clustering
algorithms.

5.3 Hierarchical density based clustering: HDBSCAN*
The aforementioned methods all share the underlying principle of minimum
variance by miminizing some measure of variance within clusters. One of
the biggest problems these approaches have in common is the inability to
ﬁnd clusters of arbitrary shapes [41]. Density-based clustering provides a
very intuitive solution to this problem by regarding data points as samples
drawn from an unknown probability density function in which multiple modes
correspond to diﬀerent clusters. In 1975, Hartigan formalized this idea by
describing the concept of density-contour clusters, which for given data points
X and some density-threshold ε are maximal subsets C such that p(x) ≥ ε
holds for every x ∈ C with p(x) being a continuous density function deﬁned on
all points. This way, clusters of arbitrary shape are nothing other than several
Cs connected by a continuous density level ≥ ε.
Besides arbitrarily shaped clusters, Hartigan’s model also entails the notion of
noise deﬁned as objects lying in regions with a density < ε. This prevents the
rather unrealistic assumption that each data point must belong to a distinct
cluster, incorporating the idea of extreme observations that do not necessarily
contribute to the structure of the data. This is of special interest with respect
to modeling unknown phenomena (or anomalies) since the results are less biased
by noise.
HDBSCAN* [41] is a density-based clustering algorithm that combines merits
both from hierarchical and density-based clustering methods. Based on a single
parameter mmin , describing the minimum number of data points constituting
a cluster, it returns a hierarchical clustering structured as dendrogram based
on two notions called
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1. core distance, and
2. mutual reachability.
The core distance dc of a data point x with respect to mmin is deﬁned as its
mmin -nearest neighbor, including x itself. Formally, it deﬁnes the minimum
radius for which x satisﬁes the core condition with respect to mmin , i. e. for
which x is not a noise object anymore. The mutual reachability distance dmr
between two data points x1 and x2 is deﬁned as
dmr (x1 , x2 ) = max{dc (x1 ), dc (x2 ), d(x1 , x2 )},

(54)

where d(x1 , x2 ) is a local distance function, and serves as basis for the so-called
mutual reachability graph Gmr , which is an undirected complete weighted graph
with the data points as nodes and dmr (x1 , x2 ) as edge weight between nodes x1
and x2 . Intuitively, Gmr describes a proximity graph of X with respect to the
notion of core distance. From Gmr , a minimal spanning tree is extracted and
expanded by ”self edges” leading from every data point to itself weighted by
its core distance. After this, a dendrogram can be built in top-down fashion by
iteratively removing all edges from the expanded minimum spanning tree in
decreasing order of weights. At each removal, the weight of the removed edge
becomes the scale value for the current hierarchy level. The scale value describes
the height of the dendrogram, interpreted as tree structure, at which a cluster
is subdivided into multiple clusters when traversed from top to bottom.
To extract a ﬂat clustering from the dendrogram, one can cut it at a given
scale value v. The separate branches are considered clusters, if the number
of their children ≥ mmin . The data points contained in a cluster are then
called core objects with respect to v, whereas data points outside of clusters
are interpreted to be noise objects (see Fig. 19).

5.4 Evaluation of hierarchical density-based clustering
The particular strengths of HDBSCAN* are its ability to automatically determine the number of clusters, ﬁnd clusters of arbitrary shape and provide
a full hierarchy of the clustering from which diﬀerent ﬂat clusterings can be
extracted. However, this bears a new problem: how to cut the dendrogram to
obtain a representative clustering? For this purpose, Campello et al. introduce
the notion of cluster stability [43].
When traversing a dendrogram from top to bottom, a cluster C’s lifetime is
determined by the scale value vs , where the cluster splits oﬀ from its parent
branch, and the value ve , where it is split into smaller clusters. Additionally,
each point x in that cluster is assigned the scale value vx , ve ≤ vx < vs ,
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Figure 19: HDBSCAN* custering pipeline for a data set with three true clusters
[42].
describing the moment x falls out of the cluster. The cluster’s stability sC is
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then deﬁned as
sC =

X
x∈C

1
1
−
.
vx vs


(55)

To determine the most stable clusters of every branch, each data point is
initially considered a cluster. Moving bottom up, if the cluster’s stability is
smaller than the sum of its childrens’ stabilities schildren , set sC = schildren . Else,
pick the cluster as the current most stable cluster of the branch. At the root,
return each current cluster as ﬂat clustering result (see Fig. 19).
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6 Evaluation
6.1 DWT-based vortex detection
To evaluate the eﬀectiveness of the proposed algorithm based on discrete wavelet
transform, a subset of 200 particle trajectories has been manually labeled –
dubbed ground truth – with a total outcome of 70 vortices spanning 14530 steps
in time. Recall that particle trajectories might only cover small portions of a
vortex before leaving the vortex’s ﬁeld of inﬂuence. It is therefore important to
deﬁne the notion of a minimal vortex signature, which in context of this thesis
is required to contain at least two revolutions (see Fig. 20).
Ground truth
Algorithm
Evaluation

Time steps
0 0 1 1
0 0 0 1
tn tn fn tp

1
1
tp

1
1
tp

0
1
fp

0
0
tn

0
1
fp

1
1
tp

1
0
fn

0
0
tn

0
0
tn

Table 1: Evaluation scheme, where 1 denotes a vortex time step, 0 a non-vortex
time step, tn a true negative, tp a true positive, fp a false positive, and
fn a false negative.
As parameters, the proposed algorithm expects a scaling factor sσ governing the
energy threshold for the detail coeﬃcients and the vortex’s minimum number
of revolutions r. To measure the accuracy of the algorithm with respect to the
label span, the trajectories have been labeled per time step (see Table 1). For
statistical interpretation, the true positive rate T P R and true negative rate
T N R are deﬁned as
ntp
TPR =
(56)
nlp
ntn
T NR =
,
(57)
nln
where ntp /ntn are the number of true positives/negatives, i. e. correctly classiﬁed
time steps labeled as vortex/non-vortex, and nlp /nln the number of time steps
labeled as vortex/non-vortex. Furthermore, since non-vortex labels dominate
the data by more than 97%, their statistics will be strongly biased. Focus will
therefore be directed on statistics with respect to vortex labels, which promise
more expressive results. In particular, the positive predictive value P P V and
its counterpart, the false discovery rate F DR are deﬁned as
ntp
PPV =
(58)
ntp + nf p
nf p
F DR =
,
(59)
ntp + nf p
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Figure 20: Example of a particle trajectory satisfying a minimum requirement
of two revolutions; colored by time steps from blue to red.
where nf p is the number of false positives.
Evaluation results are given in Table 2. Unsurprisingly, T N R is exceptionally
good for all parameters since it is heavily biased by a ratio of 97.62% non-vortex
labels. This would make it easy to simply reject every time step as non-vortex
and still score extremely well. On the other hand, results for T P R are almost
disappointing. Only parameters (sσ = 2, r = 2) score above 50%, which at
the same time comes at the cost of highest F DR. One reason for this is most
likely sensitivity to label borders, which even for the trained eye are not easy
to select, because a vortex signature’s beginning and ending are rather fuzzy
concepts (see Fig. 21). In fact, if one was to label only the vortex signatures as
simple occurences, i. e. without paying attention to actual time steps, results
for T P R universally improve (see Table 3). However, T P Rs of 60% at best are
still rather unsatisfactory.
Question then becomes where the algorithm struggles the most. Looking at
Fig. 21, the increased false detection rates for sσ = 2 seem to be caused mainly
by short bursts of lightly increased A⊥ , which to a smaller degree also holds
for sσ = 3. Again, this is understandable since the lower threshold will allow
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(sσ , r)
(2, 2)
(2, 3)
(2, 4)
(3, 2)
(3, 3)
(3, 4)
(4, 2)
(4, 3)
(4, 4)

TPR
0.5282
0.3624
0.1297
0.4316
0.2343
0.0991
0.3530
0.1758
0.0991

T NR
0.9865
0.9948
0.9995
0.9959
0.9984
0.9998
0.9978
0.9997
0.9998

PPV
0.3976
0.5404
0.8053
0.6413
0.7168
0.8707
0.7310
0.9008
0.9110

F DR
0.6024
0.4596
0.1947
0.3587
0.2832
0.1293
0.2690
0.0992
0.0890

Table 2: Evaluation results for the proposed vortex detection algorithm based
on DWT.
(sσ , r)
(2, 2)
(2, 3)
(2, 4)
(3, 2)
(3, 3)
(3, 4)
(4, 2)
(4, 3)
(4, 4)

TPR
0.6571
0.3714
0.0857
0.6000
0.2571
0.0857
0.4571
0.1714
0.0857

PPV
0.5000
0.7222
1.0000
0.8077
0.9000
1.0000
0.8000
1.0000
1.0000

F DR
0.5000
0.2778
0.0000
0.1923
0.1000
0.0000
0.2000
0.0000
0.0000

Table 3: Evaluation results, if one was to neglect time step accuracy. Since in
this case the notion of non-vortices is not applicable, T N R is omitted.
more positives. However, the vortex label in Fig. 21 (red box) indicates that
the assumption of the detection algorithm does not always hold. The subtle
and almost unremarkable region for A⊥ shows a distinct vortex signature when
plotted for X (see Fig. 22). This creates a problem because such cases are
essentially hidden to the algorithm. In cases, where A⊥ exhibits a clear and
distinct vortex pattern, almost all parameters perform reasonably well.

6.2 Cluster analysis
Since parameters (sσ = 3, r = 2) describe the most reasonable compromise
between T P R and F DR, all 500’000 particles have been processed with (sσ = 3,
r = 2) as parameters, leading to a total of 127’815 vortex candidates with
an average and maximum length of 124 and 360 time steps, respectively. A
histogram of diﬀerent numbers of revolutions is shown in Fig. 24. Fig. 23

50

6.2

Cluster analysis

A⊥

20

Malte Detlefsen

x
y
z

0
−20
0

A⊥

20

500

1,000

1,500
t

2,000

2,500

3,000

500

1,000

1,500
t

2,000

2,500

3,000

500

1,000

1,500
t

2,000

2,500

3,000

500

1,000

1,500
t

2,000

2,500

3,000

x
y
z

0
−20
0

A⊥

20

x
y
z

0
−20
0

A⊥

20

x
y
z

0
−20
0

Figure 21: A⊥ for multiple tracer trajectories. Labels are marked in black,
vortex detection estimates in magenta (sσ = 2), cyan (sσ = 3), and
yellow (sσ = 4) with r = 2. The red box depicts the undetected
vortex signature shown in Fig. 22.
shows the spatial distribution of 300 detected vortex signatures within the time
span t ∈ [1000, 1500].
Due to limitations in RAM, a subset of 10’000 vortices has been chosen as data
basis for the following analysis aiming at uncovering unknown structure using
unsupervised methods. Based on the results in Table 3, it should be noted
that approximately 20% of the data are supposably no vortices. Therefore, it
is interesting to see if this will reﬂect in the clustering results.
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Figure 22: Vortex signature with unremarkable lateral acceleration, depicted
as red square in top row of Fig. 21; colored by time steps from blue
to red.
Clustering parameterization A great advantage of HDBSCAN* over other
clustering methods is its single parameter – minimum cluster size mmin –, which
is relatively intuitive to handle. For data sets with several thousand samples, a
cluster size of several hundred samples should be reasonable. However, since
in an unsupervised setting one has simply not enough information to be sure,
the possibility of clusters with signiﬁcantly smaller sizes cannot be ruled out
completely. For this evaluation, all clusterings will therefore be parameterized
with mmin = 100.
6.2.1 Prerequisites
Curse of dimensionality One of the most prominent problems for multivariate
time series is the curse of dimensionality describing the statistical phenomenon
of increasing sparsity for high-dimensional data.4 Interpreted geometrically,
4

In this respect, sparsity is diﬀerent from the notion of sparsity in terms of regularization
methods.
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Figure 23: 300 vortex signatures for t ∈ [1000, 1500] showing a relatively smooth
distribution throughout the simulation volume.

Number of vortices

100000

80000

60000

40000

20000

0

2

4

6

r

8

10

12

Figure 24: Histogram of revolutions per detected vortex signature.
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the feature space’s volume increases with every dimension such that the data
ultimately becomes sparse [44]. Unfortunately, this poses a problem for methods
requiring statistical signiﬁcance, such as distance measures and – consequently
– cluster analysis, since the amount of data needed for statistically sound
results often increases exponentially. Since time series ”are essentially high
dimensional data” [30], one needs to account for this problem. Unfortunately,
there is little consensus about the number of features for which data becomes
high-dimensional. Aggarwal et al. suggest a number of 20 features and greater
[44].
Principal component analysis (PCA) is a standard approach for dimensionality
reduction and thus mitigates the eﬀects of high-dimensionality. Unfortunately,
it assumes a linear model, which might not always be appropriate. For nonlinear models, kernel-PCA is a parameterized extension. However, the choice
of a kernel and its parameters is not an easy task and requires a sound understanding of the mechanics in the kernel space. It will therefore not be
considered. Fortunately, autoencoders represent an alternative to kernel-PCA
by constraining the encoding layer to be smaller than the input layer.
Dimensionality reduction is most commonly accompanied by loss of information.
To preserve important data components, it is necessary to monitor how much
information is lossed during the process. The coeﬃcient of determination R2
indicates how much of the data’s variance can be explained by the reduced
model and is commonly deﬁned as
P

(xi − fi )2
,
2
i (xi − µ)

R = 1 − Pi
2

(60)

where fi are the model’s predictions and µ is the mean of the data points xi .
Then, one can stop dimensionality reduction when R2 falls below a speciﬁed
threshold.
Another solution to the curse of dimensionality are (local) distance functions
that take into account variance distributions, like weighted Euclidean or Mahalanobis distance. Interestingly, Lp -norms with p ≤ 1 have shown to work
signiﬁcantly better for high-dimensional data than p > 1 [44].
Rotation and shift variance In case of 3D vortices, the rotation axes may
naturally have diﬀerent orientations, altering the patterns of the lateral acceleration while potentially representing the same model (see Fig. 25). Also,
the detected beginning of a vortex may not always be exact, making the data
prone to shift variance. Fortunately, most of the proposed analysis methods
and transformations are already shift-invariant. However, DWT is not. Instead,
the stationary wavelet transform (SWT) will be used to obtain shift-invariant
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Figure 25: Lateral acceleration patterns of a 3D-helix with the rotation axis
centered at the z-axis (top) and then rotated by 45° around each
axis (bottom). Although the helix is unaltered with respect to its
shape in spatial dimensions, its orientation has a strong impact on
the acceleration signal.
detail coeﬃcients. To defend against rotation variance, the data is rotated
using singular value decomposition (SVD) before analysis. Since SVD is an
orthogonal change of basis, all information is preserved.
Diﬀerent input lengths Recall that particle trajectories may cover only
portions of a vortex. Consequently, the detected vortex signatures diﬀer in
length, which is problematic for methods that assume uniform input sizes,
e. g. neural networks or Fourier transform. Padding is a common way to
circumvent this problem by padding the input with additional values like zeros
(zero-padding) or other reasonable data. For certain methods, like Fourier
transform, SWT or PCA, zero-padding is of no consquence. In case of neural
networks, however, every type of padding will inﬂuence the parameters. It is
therefore important to monitor its eﬀects on the output.
6.2.2 DTW and LCSS
Dynamic time warping Since DTW satisﬁes a weak triangle inequality when
using a locality constraint, it has been used in conjunction with the Sakoe-Chiba
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Figure 26: Dendrogram for clustering using LCSS with  = 15 and mmin = 2.
band and L1 -norm as local distance function. Although DTW accepts diﬀerentsized input, length has an eﬀect on the comparability of the results. Consider
input pairs (x1 , y1 ), (x2 , y2 ) with x1 and y1 being considerably longer than x2
and y2 . Let both pairs be equally dissimilar with an average local distance c.
Since the warping path for (x2 , y2 ) will be shorter, it holds that
dtw(x1 , y1 ) > dtw(x2 , y2 ).

(61)

Conceptually, both pairs are equally dissimilar, meaning that x1 should be
equally distant from y1 than x2 is from y2 , but this is not the case. To ensure
comparability, each distance has therefore been normalized with the length of
the optimal warping path.
Longest common subsequence Recall that LCSS has been devoloped for
discrete data and therefore expects a distance threshold  for real-valued
input. As any parameter, it is not easy to estimate an appropriate value for .
Furthermore, the data is multivariate, making an intuition even more unlikely.
Therefore,  has been tested for values 10, 15 and 20.
For both DTW and LCSS, the evaluation comprised of the following steps:
1. Rotate each vortex signature using SVD.
2. Build distance matrix D using DTW with Sakoe-Chiba band or LCSS
with  ∈ {10, 15, 20}, respectively, and L1 -norm as local distance function.
3. Use D as input to HDBSCAN* with mmin = 100.
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DTW
LCSS ( =
LCSS ( =
LCSS ( =
DTW
LCSS ( =
LCSS ( =
LCSS ( =
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10)
15)
20)
10)
15)
20)

mmin
100
100
100
100
20
20
20
20

Found clusters
noise
0
1
10000
10000
10000
10000
10000
4617 5241 142
3833 5933 234
8920 504 576

Table 4: Clustering results for DTW and LCSS.
Unfortunately, neither case led to signiﬁcant results since every sample has
throughout been classiﬁed as outlier. Gradually decreasing mmin to 20 reveales
a few clusters for LCSS. But the notion of a single dominant cluster with the
rest being mostly outliers poses no real improvement over the former clusterings,
which seems to be conﬁrmed by the dendrogram for LCSS with  = 15 that
suggests no real clusters (see Fig. 26 and Table 4).
6.2.3 Frequency-based similarity measures
In contrast to DTW and LCSS, the frequency domain oﬀers a representation
that abstracts from the actual signal and can therefore give more insight into
what constitutes the data from a generative point of view without suﬀering
from rotation or shift variance.
Fourier transform For each sample, the frequency spectrum has been computed independently along all 3 axes. Since FFT expects as input size a power
of two, each sample has been zero-padded to 512 time steps. Although the
FT does not suﬀer from shift or rotation variance, it is only ideal for signals
with full periodicity, meaning that the sudden jumps at the end points of the
signal cause artiﬁcial discontinuities that may exceed the Nyquist frequency
and thus aﬀect the spectrum negatively, called aliasing. To mitigate this eﬀect,
it is common practice to pass the signal through a window function weighting
the signal such that the end points become continuous. For this thesis, the
Hanning window has been chosen (see Fig. 27).
For similarity, the Fourier spectrums have been compared using the L1 -norm.
In addition, the fractional L0.5 -norm has been used. Since an input size of
512 results in a spectrum with 257 values and thus 3 × 257 = 771 values in

57

6.2

Cluster analysis

Malte Detlefsen

A⊥

20

20

0
−20
−40

0

50

t

800
Amplitude

0

x
y
z
100

−20
0

150

50

t

800

100

150

600

600
400

400

x
y
z

200
0

x
y
z

0

5

10

Hz

15

20

x
y
z

200
25

0

0

5

10

Hz

15

20

25

Figure 27: Anti-aliasing: enforcing periodicity on a signal using the Hanning
window function. The original signal and frequency spectrum are
on the left.
total, the spectrums are very high-dimensional and have therefore been passed
through a PCA before clustering. Constraining the PCA with R2 ≥ 0.90 led
to a dimensionality of 12 features that in total explained R2 = 0.91 of the
variance. This seems surprisingly few but can most likely be explained by the
rather large amount of frequencies that do not contain much information (see.
Fig. 27).
Stationary wavelet transform As mentioned earlier, DWT is not shiftinvariant. In order to use energy coeﬃcients as basis for similarity, the stationary
wavelet transform (SWT) will be used instead. It tries to handle shift variance by eliminating decimation steps during the ﬁlter bank-process and use
upsampling of energy coeﬃcients instead (see [34] and Fig. 28). As downside,
the energy coeﬃcients become highly redundant and will therefore be passed
through a PCA ﬁrst before measuring similarity with L1 - and L0.5 -norm.
Because 1D wavelet transform works for 1D signals only, the energies of each
axis are summed up to give a single set of energy coeﬃcients. Again, PCA is
used with an information preservation of at least 90% leading to 25 dimensions
with R2 = 0.90. This increased number of dimensions is due to an increased
input size of 9 × 512 = 4608 values.
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Figure 28: Detail coeﬃcients of a vortex sample using SWT.
Similarity L / L
FT
L1
SWT
L1
FT
L0.5
SWT
L0.5
FT
L1
SWT
L1
FT
L0.5
SWT
L0.5
1

0.5

mmin
100
100
100
100
4
4
4
4

Found
noise
10000
10000
10000
10000
110
3419
114
5539

clusters
0
1

9881 9
6569 12
9878 8
4450 8

Table 5: Clustering results for Fourier and stationary wavelet transforms.
However, both clustering results look identical to the previous outcome (see
Table 5). In case of a very low mmin = 4, FT exhibits a very dominant cluster
with almost no outliers, which nevertheless should be regarded as no cluster at
all. On the other hand, SWT shows very similar results to LCSS. Either way,
these clusterings are more or less not to be taken seriously.
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Figure 29: Reconstruction (bottom row) of a vortex signature (top row) using
the convolutional sparse autoencoder.
6.2.4 Convolutional sparse autoencoder
The ability to learn a generative model of the data is a great advantage of
sparse autoencoders and especially interesting for unsupervised data analysis
since it delivers a description of the processes that explain the data. As a
convenient side eﬀect, it also allows for data compression along the way, thus
mitigating the eﬀects of the curse of dimensionality. For this to be eﬀective,
an appropriate design is important. However, as with most neural networks,
design choices are mostly subject to experimentation. Fortunately, the task at
hand already gives certain design directives that help with the decision process.
For instance, it is important to ﬁnd a model that is low in dimension, i. e. has
as few neurons as possible, but at the same time is as expressive as possible.
Unfortunately, it is diﬃcult to have both, making a trade-oﬀ inevitable. In
other words, the design objective is to reduce the size of the encoding layer
until R2 falls below a certain threshold.
The ﬁnal architecture of the network used for this thesis is comprised of an
encoding step consisting of two pairings of a 1D-convolutional layer with 32
ﬁlters of size 7 followed by a max-pooling layer with pooling size 2, i. e. the
input size is halved after each convolutional layer. It follows with a rather
deep fully-connected network consisting of a total of 5 dense layers and an
encoding layer with 32 neurons. The network is then mirrored for the decoding
step. To ensure sparsity, the activations (hyperbolic tangent) are penalized
with the KL-divergence of the encoding step. Since training did not show any
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Figure 30: Visualization of the top convolutional layer’s weights, normalized
into range [0, 255].
signs of overﬁtting (see Fig. ??), other regularization methods have not been
considered.
For training, each sample is zero-padded to a size of 360 time steps and
normalized to [−1, 1] to comply with tanh-activations. At an encoding size of
32 neurons, this corresponds to a compression of around 97% since each input
consists of 3 × 360 = 1080 values. All the more surprising, after training the
network for 400 epochs with a mini-batch-size of 100 samples, roughly 89% of
the information has been preserved by the encoding layer. Visual inspection
shows a reasonable reconstruction with some smoothing eﬀects at the borders,
which are most likely artefacts from zero-padding (see Fig. 29). Fig. 30 depicts
all 32 ﬁlters of the top convolutional layer.
For cluster analysis, the data is transformed using the encoding layer’s output.
As distance measure, the L1 -norm is used. Since 32 neurons are still fairly
high-dimensional, the fractional L0.5 -norm is applied as well. Albeit promising
training results, clustering again does not show signiﬁcant structures for both
distance metrics, as depicted in Table 6.
As an alternative to the convolutional approach, a traditional fully-connected
sparse autoencoder has been used as well to see if signiﬁcant diﬀerences might
show in the results despite theoretical considerations. Since fully-connected
layers do not support multivariate data, an autoencoder for each spatial axis
has been used with 7 layers for encoding and 6 layers for decoding. Each
encoding layer has 16 neurons, which gives 48 neurons in total for all 3 axes.
As before, sparsity is ensured by KL-divergence as penalty enforced on the
activations during the encoding step. Thanks to the reduction in axis and
extra capacity, information has been preserved by up to 93%. However, the
increase in accuracy has no consquences for the cluster analysis since results
look identical (see Table 6).
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(a) Training error of the training set.

Similarity L / L
CSAE
L1
AE
L1
CSAE
L0.5
AE
L0.5
CSAE
L1
AE
L1
CSAE
L0.5
AE
L0.5
1

0.5

(b) Training error of the validation set.

mmin
100
100
100
100
10
10
10
10

Found clusters
noise
0
1
10000
10000
10000
10000
9893 578 29
8893 1063 44
9507 469 24
9264
33 681

2

22

Table 6: Clustering results for (convolutional) sparse autoencoders.
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7 Conclusion and discussion
Considering the true negative rate, the proposed detection algorithm based
on discrete wavelet transform seems to work remarkably ﬁne with rates of
more than 99% regarding the manually labeled test set. Unfortunately, the
algorithm performs considerably worse with respect to true positive and false
detection rates. This notion is particularly important for this thesis since
non-vortex labels make up more than 97% of the test data. With T P Rs below
50%, results are but unsatisfactory. This does not automatically mean one
was better oﬀ guessing since the algorithm still does well with respect to the
true negative rate. But it clearly points out that the approach has distinct
weaknesses. As mentioned before, border sensitivity does play a small role since
results improve to more desirable F DRs around 20% and T P Rs of 60% and
the approach works best for strong and relatively high-frequency signals that
span a certain amount in time. However, if the signals are very subtle or rather
low in frequency, the algorithm more or less fails reliably. Furthermore, the
algorithm struggles with short bursts that do not show themselves as vortices
in spatial data but are often misclassiﬁed as such.
Only in cases for which the theoretical assumptions hold that have been laid-out
with respect to the anticipated acceleration patterns does the algorithm manage
to perform well. The main problem seems to remain that it does not concern
itself with the trajectory’s true geometry but rather relies on assumptions which
do not seem to generalize well. This way, small vortices with subtle acceleration
patterns are mostly hidden to the algorithm.
Looking at the clustering results, a similar situation presents itself. None of
the proposed methods were able to reveal signiﬁcant structure within the data,
which can mean two things: either there truly is no distinct structure to be
revealed since the examined data does already describe a single phenomenon,
or the methods fail to capture meaningful characteristics and thus prove inappropriate. However, given the estimate that roughly 20% of the classiﬁcations
are expected to be true positives one may have legitemately hoped for at least
a clear distinction between clusters and outliers. Since this did consistently not
show in the results, it is to be assumed that in conjunction with the proposed
normalization the methods lack the necessary expressiveness with respect to
vortex data.
All in all, a key problem seems to be the abstraction from geometrical space,
i. e. the attempt to describe a phenomenon observable mainly in geometrical
space by looking at theoretically anticipated patterns in another representation.
Evidently, this attempt only succeeds in situations favoured by the theoretical
assumptions themselves but signiﬁcantly lacks the ability to generalize to other
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situations. There is simply no mathematically sound, i. e. geometrical way to
verify if a vortex has truly been observed. In other words, the hypothesis does
not make its decision based on the criterion used by the expert to distinctly
describe the phenomenon itself.

7.1 Future work
Given the results, it seems obvious that in order to reliably detect structures
of signiﬁcant interest in 3D ﬂuid turbulence other means seem to be necessary.
One possibility to tackle the problem could be to use conventional supervised
methods to train classiﬁers based on labeled training data. Naturally, this
involves painstakingly labeling a subset of the data by hand, which can be
lengthy and tedious. But given the rich pool of supervised classiﬁcation
algorithms, e. g. support vector machines, neural networks, and others it
could be well worth the eﬀort, especially in consideration of the broad success
supervised methods have had in the past decade. Another possibility could
be to go back to geometrical space and test novel solutions with respect to
robustly ﬁtting the axis of rotation using e. g. splines.
On the other hand, maybe there is justiﬁed reason to why the proposed
methods did not produce the results one was tempted to hope for. There
exists a plethora of diﬀerent techniques and algorithms dedicated to signal
processing and pattern recognition and only few have been considered for this
thesis. Therefore, the possibility cannot be ruled out that other methods will
perform much better.
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