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Abstract

This Bachelor’s thesis introduces the EwaldBlock, a component for Neu-
ral Networks to efficiently extract local and global features from images.
Inspired by the Ewald Summation, a method for efficient computation of
long-range interactions in particle systems, EwaldBlocks split their input
into high and low frequency components and process them separately. The
high frequency part contains local features that can be captured well with
standard convolutional layers. Global features remain in the low frequency
part of the image. Convolutional layers are unsuited to capture them, as
they can only process features as large as their kernel size. EwaldBlocks
therefore do pointwise multiplication of the lowest frequency components
with learned kernels in the Fourier space. By the circular convolution the-
orem, this is an approximated convolution with global kernel size. Ewald-
Blocks are designed to be able to replace convolutional layers in existing
Convolutional Neural Networks (CNN) architectures. Experiments show,
that the EwaldBlock can improve performance of shallow architectures
and that computation in the spectral space could lead to models that are
robust against noise perturbations and less biased towards local textures
compared to CNNs.
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1 Introduction and Motivation

Convolutional Neural Networks (CNNs) proved to be effective for learning
features from images and inputs with spatial structure. While convolutional
layers are highly efficient at extracting local features, they require great net-
work depth to achieve sufficiently large receptive fields for detecting global
features. This resulted in the trend for deeper network architectures contain-
ing millions of parameters.

Most CNNs architectures follow the same design principle: a high resolu-
tion input is processed by many convolutional layers with small kernel sizes,
with increasing depth the feature map size is reduced by pooling and the num-
ber of output channels of the layer is increased.

While this design scheme achieves outstanding performance, the optimal-
ity of it remains questionable:

1. There is no inherent reason why early layers should solely have access to
highly local features and later layers only on the global features.

2. Going from details to global shapes is the opposite of the intuitive ap-
proach to feature extraction, which would be: first grasp global shapes.
Then, if necessary, take a closer look at the details.

3. Recent work suggests that the narrative of CNNs learning global features
in deep layers may be wishful thinking. Even deep CNNs that theoret-
ically have a large receptive field in late layers, still only use relatively
local information of the input image [4] and remain more sensitive to lo-
cal textures of an image for classification, compared to humans who more
strongly rely on global shapes [12].

4. Early layers of standard CNNs only process a small patch of the input
an thus can only process high frequency features of it. This makes their
learned features fragile against noise and susceptible to adversarial at-
tacks, where small changes to the input image, unnoticeable to the hu-
man eye, can drastically change the models prediction [14].

Finding a way to efficiently learning robust global features in parallel with local
features extracted by CNNs could alleviate some of those problems.

Ewald Summation (ES) is a method for efficiently computing interactions
in particle systems. It computes short-ranged interactions in the real space and
long-ranged or global interactions in the Fourier space. Applying its concept to
Neural Networks could be a way to build networks that can efficiently extract
global as well as local features. While also resulting in less deep and more
parameter efficient network architectures. Inspired by ES, the EwaldBlock is
proposed in this thesis. Its key idea is to split the input signal into high and
low frequency parts and processes each separately:

1. High frequency components contain local features and can be effectively
processed in real space by standard convolutions.



2. Low frequency components are the rough shapes of the input and can be
interpreted as global features. Subsection 4.2 explains how these can be
efficiently processed by pointwise multiplication with learned kernels in
the Fourier domain.

Further, the EwaldBlock allows intercommunication between the two compu-
tational paths. This results in larger receptive fields at less depth when using
the EwaldBlock. First experiments show, that the use of EwaldBlocks increases
performance of shallow architectures.

2 Background

2.1 Supervised Learning and the Image Classification Task

In machine learning there are two types of problem settings: unsupervised and
supervised. In the former, only data is given and the goal is to find underlying
structure in it (e.g. by clustering). In the latter, a ground truth label y is known
for each datapoint x and the task is to find a function that maps datapoints
to their respective label. Tasks where some but incomplete supervision of the
data exists, are referred to as semi-supervised.

Image classification is in most cases a supervised machine learning task.
Training data (Xyain, Yirein) is given, where X are images of different classes
and Y their corresponding labels. In the multi-class image classification each
image is assigned to exactly one class, whereas in multi-label classification one
image can be of multiple classes. The labels Y are considered to be one-hot
encoded vectors, i.e.

(1)

1 ify;isof class n
Yin =
0 else

This thesis only considers the multi-class setting, however most concepts will
be directly applicable to the multi-label setting.

The task is to learn a function fy : X — Y with parameters ¢ that accurately
predicts the correct label y for an input x. This function is called “model” or
“classifier” and both terms are used interchangeably. The prediction of the
model will be denoted as:

7= fp(x) and Y= fo(X) (2)

The goal is that the learned model generalizes to unseen data, i.e. data that is
not in the training data but is of similar nature and comes from the same data
distribution. Otherwise, a simple lookup table would suffice to solve the task.
To assess the generalization power, the accuracy of the model is evaluated on
a separate dataset, the test data (Xiest, Yiest). In mathematic terms, we want to
find parameters ¢ of fj s.t. the mean accuracy on the test data is maximal:

R 1
¢ = argmax Accuracy(Yiest, Yiest) = arg max X » b O
p | test| (%) € (Xtest, Yeest)



where

T yi=71i

Tyi=s, {0 else @
is the indicator function. However, the Accuracy(-,-) metric is discontinuous
making it hard to work with. To avoid this, a differentiable loss function £ can
be used as a proxy to the model’s performance. £ is designed to be small when
the accuracy of the model is high and large if not. Using £, one can rephrase
the goal to finding parameters ¢ for the model f, that minimize the loss £ of
the models prediction i to the ground truth labels y of the training set:

¢ = argmin Z E(ytest/ }/test) = argmin E(Ytestr Ytest) )
X € Xtest ¢
Common loss functions are the mean squared error (MSE) or the cross entropy
loss.

The best performing model is the one with the smallest loss on the test set.
If a model is performing well on the training set but is not generalizing well to
unseen data, the model is overfitting.

To solve eq. (5), different optimization techniques can be used, as solving
for ¢ directly is often unfeasible. The process of finding good parameters is
called learning or training. In section 2.2.2, Stochastic Gradient Descent, the
go-to optimization algorithm for Neural Networks, will be explained.

2.2 Neural Networks for Image Classification
2.2.1 Introduction to Neural Networks

A Neural Network (NN) is a non-linear parameterized function fy : X — Y.
It consists of N > 2 interconnected layers Ly, ..., Ly. The first layer L; and last
layer Ly are the input and output layers. The layers in between (Ly, ..., Lny_1)
are hidden layers. The number of layers N is the depth of the network. A NN
is deep, if it contains multiple hidden layers, otherwise it is shallow.

Each layer L; consists of H; > 1 neurons, which are connected to neurons
of other layers: a neuron # is connected to neuron m if the output of neuron
n depends on the output of neuron m. The output of the n* neuron of the it
layer will be denoted as of,. The output of the input layer L; is just the input to
the NN, i.e. 0} := x,,. Similarly, the output of the output layer Ly is the output
of the NN, so onN = Jn.

In a fully connected or dense layer L;, every neuron is connected to all neu-
rons of the previous layer L;_;. A schematic of a dense NN with one hidden
layer can be seen in Figure 1.

For a dense layer the output of a neuron # is a linear combination over all
its inputs, i.e. the outputs of the neurons from the previous layer:

o Hiaoo .
W= Y Wh 00 4 b, (6)

m=1



Input layer Hidden layer Ouput layer
Ly Ly Ls

Figure 1: Drawing of a dense Neural Network with one hidden layer

The coefficients of this linear combination are the weights w;,m and the bias
b,. In the notation, the superscript i refers to the layer and the subscript to
the n'" neuron with the input being the m'h neuron of the previous layer. The
weights and biases are the parameters ¢ of the NN and are learned from the
data.

i

0
1
Given eq. (6) one can conveniently rewrite the output vector o' =
O,
of all neurons of layer /; using matrix notation in the following way:
ol = Wioli=1 4 pi (7)
with ) )
1 1 i
Woo 1t WoH; b}
W= andb' = [ ®)
i i i
Who v WhH, bH]_

where W' is the weight matrix and b’ the bias vector of layer L;.
So far, the NN only applies a linear transformations in each layer. No matter
how complex is is, it remains a linear model. So, to enable the model to repre-



sent nonlinear functions one adds a non-linearity ¢ - the activation function -
to the output of each layer, redefining it to:

x' = o;(Wol=V) 4 b

In theory, every differentiable nonlinear function could be used as an activation
function, however in practice in the multi-class classification task the following
is usually done: In all but the last layer a Rectified Linear Unit (ReLU)

ReLU(x); = max(0, x;) 9)

is used as the activation function. To the output of the last layer a Softmax
function

evi
==
yjel
is applied to conveniently convert the predictions to a (pseudo) probability
distribution.

Softmax(x); = (10)

2.2.2 Optimization of Neural Networks

The power behind NNss is their remarkable ability to learn highly nonlinear
functions. In this section I will introduce Stochastic Gradient Descent, the
most common optimization method for Neural Networks and then go on about
other important methods for improving learning and reducing the risk of over-
fitting that are more or less specific to Neural Networks.

Gradient Descent Recall from eq. (5) that the goal is to find a set of parame-
ters ¢ that minimize the loss £(7,y) of the models prediction 7 to the ground
truth y of the training set. In NNs solving for ¢ directly is generally unfeasible.
But if all computations of the NN and the loss function are differentiable, iter-
ative gradient methods can be used. This optimization process is often called
learning or training.

In each iteration, gradient descent computes the gradient of the loss with
respect to each parameter and then updates the weights for the next iteration
by moving them a small step in the opposite direction of their gradient:

SLi(Y,Y)
oy
where « is the learning rate or step size hyperparameter and ¢; are the param-

eters at iteration ¢.

Intuitively, gradient descent tries to go downhill in the loss landscape by
repeatedly evaluating the local slope and taking a small step downwards. If the
learning rate « is chosen small enough, the loss of our model on the training
set converges to a minimum. But, if our loss function is not convex - which
usually is the case - one is not guaranteed to find a global minimum. Further,
if a is too big, the parameter update step could change the weights too much,

Pr1 =1 — (11)



overshooting the minimum and possibly increasing instead of decreasing the
loss. In practice, gradient decent with carefully chosen learning rates performs
very well.

Stochastic Gradient Descent Gradient descent needs to compute Y = f(X)
for each weight update step. However, evaluating the model on the whole
training set can be computationally expensive. To speed up the computation,
Stochastic Gradient Descent (SGD) is generally used when training Neural
Networks [3]. In every step or iteration, SGD only computes the gradient for
a randomly chosen mini-batch of datapoints (usually 32 to 512) and uses it as
an approximation to the real gradient for a weight update step in eq. (11). The
training passes over the whole dataset multiple times (each pass is called an
epoch). Against first intuition, using small mini-batches does not only speed
up convergence in the training process, but also helps to find better minima
[23]. A simple method to reduce noise in the mini-batch gradients is to use an
additional momentum parameter to keep a moving average over recent gradi-
ents and use this instead of the real gradient in each parameter update step.
This is called SGD with momentum.

Adaptive Learning Rates In eq. (11) the learning rate « is a hyperparameter
which remains fixed during the whole training process and is set equally for
every weight.

However, it often makes sense to adjust « over the course of training. A
standard procedure is to reduce the learning rate over time: A large learning
rate in the beginning can help SGD to not get stuck in a poor local minima,
while a small learning rate in the end ensures that the parameters reach the
bottom of the minimum around which the parameter have wound up over the
course of training.

More complicated but again often used are adaptive methods that utilize
gradient information from previous iterations to adapt the step size for each
parameter individually. Adaptive methods can speed up the convergence of
SGD and make its success less dependent on a good initial learning rate. One
example is the often used Adam optimizer [24]. With its name originating
from ADAptive Momentum, Adam keeps a moving average of the mean and
second moment (i.e. the uncentered variance) of the gradients. The mean is
used as in SGD with momentum. Additionally, Adam increases the step size
in dimensions where small second moments have been observed in the past
and vice versa reduces it when observed second moments were large.

Regularization Overfitting is common when using Neural Networks, espe-
cially when the size of the dataset is much smaller than the number of network
parameters. There are several techniques to improve generalization, some
common ones are:

1. Weight decay: add a term to the loss to penalize large weights



2. Dropout: during training set output of neurons of a layer in the forward
pass to zero with a specified probability

3. Input augmentation: apply sensible random transformations (shift, ro-
tate, flip, ...) to the input images to encode invariances that can then be
learned directly from the data

4. Early Stopping: stop training when the loss on the test set increases to
avoid overfitting

Batch Normalization Another recently proposed and widely used technique
to improve the training process of NN is Batch Normalization (BN) [21]. The
idea of BN is to normalize the output of the previous layer to a learned mean
and variance. BN improves training speed, makes it possible to train deeper
networks and even has a regularization effect. While there is a debate on where
to place the batch normalization layer, it is most often applied before the acti-
vation function of the layer [30].

Residual Connections When training deep NNs, weights in the early lay-
ers of a network become less influential on the total outcome. This results in
small gradients for those weights and makes training slow. To mitigate this so
called problem of vanishing gradients, Residual Neural Networks (ResNets)
have been introduced [15, 17]. These add skip connections or short-cuts that
forward a layer’s output not only to the next but also to later layers and thereby
improve the gradient flow. Skip connections are widely used in many different
variations (e.g. [34, 20]) and enable the training of networks with hundreds of
layers.

2.2.3 Convolutional Neural Networks

In recent years convolutional Neural Networks (CNNs) have been applied
with great success to many different tasks in computer vision. Unlike dense
NNs, CNNs make use of spatial information in their input. The typical CNN
architecture is designed as follows:

input — ((conv x N) — pooling) x M — flatten — dense — sigmoid

where conv (pooling) are convolutional (pooling) layers and dense are one (or
multiple) densely connected layers. In the following paragraphs I will first ex-
plain the mentioned building blocks and then give insight on other important
concepts of CNNS.

Convolutional Layer A convolutional layer has an input shape of H;, x W;,, X
Cin, where Hj, is the width, W, is the height and C;;, the number of input chan-
nels. If the input to the convolutional layer is a greyscale image, C;;, = 1. If itis

10
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Figure 2: A filter (blue) is convolved over the 3D input feature map (left) com-
puting its 2D activation map (right)

a RGB color image, C;;, = 3. A convolutional layer contains C,; filters or ker-
nels each of shape K x K x Cy,. K is usually uneven and in most architectures
between 3 and 7. The values of the filters are the parameters of the layer and
are learned.

The convolutional layer computes, as its name suggests, a discrete convo-
lution of the input and its kernels. This can be imagined as sliding the filter
over the input and computing their inner product at each location. For each
filter, this gives a 2D output called “activation map”. A schematic of the com-
putation of single activation map is shown in Figure 2. A convolutional layer
also has a stride s that determines how many pixels the filter is shifted each
time. Generally, s = 1 but larger strides can be used to obtain smaller activa-
tion maps. Often, zero padding (pre-/appending Os to the borders of the input)
is used, s.t. the convolution can be computed at the edges of the input to yield
an output shape equal to the input shape. This is also called “same padding”.
Finally, the activation maps of all filters are depth-wise concatenated, giving a
final output of shape Hyur X Wour X Cout. Wour and Hyyt are dependent on in-
put size, the stride and the padding used, and the number of output channels
Cout. Analogous to dense layers a (ReLU) non-linearity is usually applied to
the output.

The spatial filters enable convolutional layers to extract learned local fea-
tures of the input. Further, re-using the same filter multiple times at different
locations results in two key advantages over dense layers:

1. Translational invariance: By shifting the filter, features are detected without
regard to their location. This is integral to the success of CNNSs, as in
many vision tasks shifting the input does not change its content.

2. Parameter sharing: The same parameters are used at different locations,
making convolutional layers very parameter efficient and less prone to
overfit compared to dense layers.

11



Another cornerstone for the success of convolutional layers are their efficient
implementations on graphics processing units (GPUs). These make convolu-
tional layers fast during training and inference, and thus enable it to train very
deep CNNSs.

Pooling Pooling layers are used to reduce the spatial size of a feature map.
These have a stride s and a pooling window of size K x K. The pooling oper-
ation works similar to a convolution, but instead of computing a dot product
with a kernel, the channel-wise maximum (Max Pooling) or average (Average
Pooling) value in the pooling window is used. Often s = K = 2 is chosen, re-
ducing both height and width of the input by a factor of 2. Many recent CNN
architectures apply Global Average Pooling (GAP) [26] after the last convolu-
tional layer. GAP compresses each feature map to its average.

Receptive Field The receptive field of a neuron is the area in which the net-
work’s inputs can influence its output value. The receptive field of a layer
refers to the usual size of the receptive fields of its neurons. For dense lay-
ers the receptive field is trivially equal to the size of the networks input, as
each neuron of the dense layer is connected to all neurons from the previous
layer and for any input value there exists a previous layer neuron to which it
is connected to.! However, as convolutional layers only use local information,
the notion of the receptive field becomes interesting. An output neuron of a
convolutional layer is only connected to the neurons of the previous layer that
are within the layers filter size. So the convolutional layer only has a slightly
larger receptive field than the previous convolutional layer. Consider the fol-
lowing example: a network with multiple convolutional layers Ly, L3, ... in the
beginning. For simplicity let each layer have stride s = 1 and some kernel size
K x K with K being uneven, then the receptive field can be calculated with the
following recursion:

receptive_field(Lp) = K
receptive_field(L;) = K + (receptive_field(L; 1) —1) Vi >2

i.e. the receptive field increases the deeper in the network a convolutional
layer is. So, for a CNN to be able to extract non local features from the in-
put it has to be deep enough to provide a large enough receptive field in the
convolutional networks.

2.3 Discrete Fourier Transform

In this subsection, the Discrete Fourier Transform is introduced and relevant
properties of it will be explained. Much of the following content and its nota-

Ifor highly unusual network architectures this may not hold, but generally it does

12



input signal magnitudes in Fourier space decomposed signal
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Figure 3: Example of how an input signal can be decomposed into its underly-
ing frequencies with the Fourier transformation: (left) the input signal; (middle)
the magnitudes of the Fourier transformed signal, note the symmetry of the
spectral components; (right) the decomposed signal received applying the in-
verse Fourier transform on single magnitudes and their complex conjugate (the
symmetric counterpart)

tion is adopted from Osgood, 2013 [32].

2.3.1 The Fourier Transform and its Inverse

The Fourier transform F : C — C is a linear transformation that can decom-
pose a signal f into its underlying frequency components (see Figure 3). For
a continuous function f : R — C and any real number y € R the Fourier
transformation can be written as:

—+o0
F(y) = / f(x)e 2T Yy 12)

where i is the imaginary unit, - the scalar product and dx can be any finite
dimensional vector space. Note, that the resulting frequency components are
(usually) complex, even if the input signal is strictly real. The magnitude of a
frequency component obtained by the Fourier transform is the absolute value
of its complex coefficient and its phase the coefficients argument.

The Fourier transform is invertible and with its inverse 7 ! being:

—+o0

FHFfW] = fly) = / [Ff(y)] 2™y (13)

—00

The Fourier transform is often used to analyze signals over time, but it can
also be used in other signal spaces (e.g. spatial signals such as images).

13

4.712

6.283



2.3.2 The Discrete Fourier Transform (DFT)

In signal processing one usually does not have access to the underlying contin-
uous function f of a signal. Rather, one uses measurements, sampled from the
underlying function at discrete but equidistant points in its signal space (e.g.
temporal or spatial). Most signals are captured this way in the real world, for
example a sensor measuring some value every millisecond or an image sensor
measuring the incoming light intensity at equally spaced pixels. For simplic-
ity, consider the case where the signal f is one dimensional and a sequence
X=X0, X1, ..., XN—1 of N measurements of f is available. Then one can use the
discrete Fourier transformation (DFT) F as an approximation to the continu-
ous counterpart:

N-1 .
270 g,
Xi = F(x)x = F(x0,X1, ) XN—1)k = Y, Xpe~ N 7 (14)
n=0

Applying the DFT on x now returns a sequence X = Xy, X, ..., Xny_1 of the
complex valued spectral (or frequency or Fourier) coefficients (or components).
Analogous to the continuous case the DFT is invertible:

N-1 .
_ 27 g,
X =F (X0, Xp, o X )k = ), Xpe N 57 (15)
n=0

2.3.3 Fast Fourier Transform (FFT)

For a sequence of N values, the naive DFT implementation computes N sums
each containing N summands which gives a runtime complexity of O(N?).
However, by using a divide and conquer approach and exploiting the period-
icity of the complex exponential, it is possible to drastically reduce the compu-
tation of the DFT and its inverse to O(nlog n) time. This algorithm is known as
the Cooley—Tukey fast Fourier Transform (FFT) algorithm [9], however its de-
tails will be omitted here as they are beyond the scope of this thesis. The FFT
algorithm is also applicable to the inverse DFT, abbreviated as IFFT for Inverse
Fast Fourier Transform.

2.3.4 Multidimensional DFT

The DFT can easily be expanded to multiple dimensions. This is where the
Fourier transform gets interesting for image processing. Consider discrete
measurements of a two dimensional signal x (e.g. pixel values of an image)
of size M x N

X0 cr XoN-1

XM-10 - XM-1,N-1

Then its 2D spectral representation X is:

14



Xoo - XonN-1

X = . . .
Xm-10 - XmM-1,N-1
with
M-1N-1 i)
Xy = F(x)k,l = 2 2 Xmue (16)
m=0 n=0

2.3.5 Natural Images in the Spectral Domain

It has been shown that the expected magnitudes of frequency components from
natural images deceases by the inverse power law as the frequency increases.
Thus, for natural images information is concentrated in the low frequencies,
whereas high frequencies encode mostly noise [35]. In Figure 4 a example im-
age and its corresponding frequency spectrum is shown in normal and log-
arithmic scale. One can see, that the magnitudes in the frequency domain
decreases rapidly with increasing frequency. Removing the high frequencies
slowly blurs an image while retaining most of its information. At a compres-
sion rate of 64 the image in Figure 4 still remains clearly recognizable. Athigher
compression rates only global shapes remain.

2.3.6 Conjugate Symmetry from Real Inputs

The magnitudes of the spectral representations shown in Figures 3 and 4 are
point symmetric. This stems from the input being real which results in con-
jugate symmetry of the spectral coefficients. Precisely, an input sequence x =
Xo, ..., XN—1 is purely real, if and only if its Fourier transformed signal F(x) =
X = Xo, ..., XN—1 is even symmetric i.e:

where X* is the complex conjugate of X. Thus when doing computation in the
Fourier space of a real signal, it is sufficient just to keep the L%J + 1 first spec-
tral components as the others can be inferred. Further, from eq. (17) follows

that X and in the case of an even N also X N have to be real valued as:

eq.(17) = Xo =X} (moan) — X0 €R (18)

eq. (17) Neven(N) = X% = X"

_y¥
N moany =Xy = Xy R (19)

If the output of an inverse Fourier transform is expected to be real, the spectral
space signal has to be constrained to adhere to eq. (17) so one has to be careful
with computation in the spectral domain. An equivalent of eq. (17) exists for
two dimensional real inputs of size N x M:

15



4x compressed  16x compressed 64x compressed 256x comiressed 1024x comiresse%

1x compressed

U

Fourier space

Fourier log-scale

Real space

Figure 4: (first column) A two dimensional DFT is applied channel-wise to a
RGB image of size 320x320 pixels. In the spectral representation is shifted s.t.
the 0" frequency component Xy is in the center of the image. (subsequent
columns) the spectral coefficient matrix is truncated to % the size of the pre-
vious column by removing the highest frequency components. The resulting
matrix transformed back to the real space yielding a compressed (but blurred)

versions of the original image (shown in the last row)
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Vk, L2y € R? <= Vi, j: Xij = X* (mod N),—j (mod M) (20)

and for even N and M implies that Xoo, Xn ,, X, m, Xy m have to be real [33].
27 ) 272

2.3.7 Circular Convolution Theorem

Another interesting property of the Fourier transform is the Circular Convo-
lution Theorem. It states that a circular convolution of two signals is equal
to a pointwise multiplication of their spectral representations followed by an
inverse Fourier transform i.e:

frg=F '[Ff-Fg] (21)

where f x g is the circular convolution, which for the one dimensional and
discrete case is defined as:

M-1

(f*g)n = Z fe&n—k (mod N) (22)

k=0

for a kernel f of length M and an input g of length N. However, to compute a
convolution by pointwise multiplication, it has to be to ensured that the kernel
is of the same shape as the input. If this is not the case, one can simply add
zero padding to the borders of the shorter sequence.

The circular convolution only differs to a standard convolution by the ad-
ditional (mod N) in the subscript of g. Intuitively one can picture a convo-
lution, where the kernel wraps around the borders of the input as if the input
was cylindrical. For image processing this “wrapping-around” is usually un-
wanted and one either discards the values at the borders or zero pads the input
in all dimensions by half the kernel size.

2.3.8 Fast Convolution Algorithm

By combining the Circular Convolution Theorem with the FFT algorithm one
can easily speed up convolutions. For the one dimensional case, the naive cir-
cular convolution implementation consists of N sums each with M summands
and has a runtime of O(NM). Applying the FFT algorithm on the input and
the (padded) kernel, pointwise multiplying and then applying an inverse FFT
(IFFT) on the result, gives a faster asymptotic runtime of O(3 * (Nlog N) +
N) = O(nlogn). For the two dimensional case, the same is applicable and the
speedup is from O(N?M?) to O(N?log?N).

The fast convolution algorithm has been used for convolutional layers of
NNs and has been shown to give a significant speedup for large inputs [29].
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2.4 Ewald Summation

Ewald Summation (ES) is a method to efficiently compute particle interactions
in cases where long-ranged interactions cannot be efficiently cut off, such as

electrostatic charge interactions in periodic systems. ES has a runtime of O(n% )
- a significant speedup compared to the O(n?) runtime of direct computation
[11]. By mapping charges onto a periodic lattice, Particle Mesh Ewald (PME)
further speeds up the runtime to O(nlogn) [10]. While the idea of ES does
not directly translate to general machine learning, the core concept seems to be
well suited for Neural Networks with spatial feature spaces. In the following,
I briefly explain the computation steps of ES and propose analogue procedures
applicable for NNs. For references on ES, Frankel and Smit, 2001[11] and Noe,
2018 [31] was used.

2.4.1 Signal Split

ES splits the computation of interaction potentials in two parts, one consider-
ing short and one considering long-ranged interactions:

x(r) = Xsr (1) + x1, (1) (23)
short-ranged long-ranged

In ES this is done by adding and subtracting a smeared charge distribution
Gy (r) to the initial input :

self-interaction

correction
x(r) = x(r) — Go(r) + Gy (1) — € (24)
=: Xr(r) =: xp,(1)
real space Fourier space

and thereby splitting the signal. In standard ES, G, (r) consists of gaussian
distributions placed on the point particles, however other choices are possible.

G (r) is chosen such that it is smooth and explained by few low frequencies
components of the Fourier space. On the other hand, subtracting G, (r) from
the input isolates the particles from global interactions making the signal x;, :=
x(r) — Gy (r) short-ranged in real space. In terms of signal processing, x;, is a
low-pass filtered input signal and xs,(r) are the residual high frequencies. The
short-ranged or high frequency part x,.(r) of the signal is then processed in
real space, while the long-ranged or low frequency part x;,(r) of the signal is
further processed in Fourier space.

As convolutions can act as low-pass filters, a convolutional layer with a
parameterized kernel «gp;(r, ) could be used to learn an optimal signal split
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in a NN:

(1‘) * Ksplit(rr 0) (25)
Xor(r) = x(x) — xp,(r) (26)

Further, some properties of low-pass filter kernels can be easily enforced on the
convolutional kernel xgpyi¢ (1, 0). For example it can be restricted to be symmet-
ric, non-negative or to have a L1 norm equal to 1. For even tighter correspon-
dence to standard ES, the kernel can be gaussian with a learned variance.

2.4.2 Short-Ranged Interactions

The short ranged interactions xs, can be calculated by a simple sum over the
particles. As short range interactions decay rapidly with distance, the sum can
be efficiently truncated to only consider local neighboring particles.

For NNs, we propose to use a single convolutional layer with a small kernel
size, as they have proved incredibly effective for extracting local features from
their input.

2.4.3 Long-Ranged Interactions

ES Fourier transforms the smeared charge distribution Gy (1) =~ xp, computes
the long-ranged interaction energies in Fourier space and then inverses the
transformation. As G,(r) is periodic and smooth (by choice), it can be rep-
resented as a rapidly convergent Fourier series, which in return can be effi-
ciently approximated by few low frequency components of the series. This,
and the fact that solving the poisson equation is simple in Fourier space, make
it possible to efficiently compute G, (r). Lastly, as G, (r) unwantedly takes the
self-interaction energy € of the particle r into account, is has to be subtracted
afterwards to yield the correct long-range interaction energy x;,.
NN can process the the low-passed input in a similar fashion:

1. Fourier transform the input

2. Truncate the resulting matrix to only retain the low frequency compo-
nents prominent in the low-passed signal

3. Process the truncated signal in Fourier space
4. Apply an inverse Fourier transform

Steps (1.), (2.) and (4.) are straight forward, but it remains unclear how (3.) can
be done effectively. We propose to pointwise multiply the lowest frequency
components of the input with learned kernels. By the Cyclic Convolution The-
orem, this is an approximated convolution where only low frequency compo-
nents of input and kernel are considered. This approximation is beneficial as
global features then become more invariant towards local changes. Further
details on the proposed computation in Fourier space will be covered in 4.2.
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2.4.4 Combining the Branches

ES is calculating a specific value and simply adds the two branches in order to
compute the total interaction energies and forces. In machine learning, one is
more interested in learning a projection into a multi-dimensional latent space
where the task is well separated. Several methods how local and global fea-
tures can be combined in NNs will be proposed in 4.

3 Related Work

In this chapter, other works on CNNs that make use of the spectral domain or
try to learn global features are reviewed.

Rippel et. al [33] show that parameterizing kernels of convolutional ker-
nels in the Fourier space and then transforming them back to spatial space to
use them as usual in the computation of a convolution, results in faster conver-
gence during model training. Notably, one can remove the spectral parameteri-
zation after the model is trained and simply save the spatial equivalency as the
normal kernel weights of the convolutional layers. The authors attribute the
speedup to the phenomenon that convolutional kernels are sparse in the spec-
tral domain and state of the art adaptive optimization algorithms like Adam
can exploit this to converge faster.

Ballé et. al [2] used spectral parameterization in their end-to-end image
compression network and noted that applying a Discrete Cosine Transforma-
tion (DCT) instead of a DFT further increased convergence speed. This could
also be a very interesting approach to be tried in the future, as efficient symmet-
ric convolutions can be implemented using DCT [28]. Symmetric convolutions
could be better suited for non-periodic data as it may reduce the amount of
padding needed to counteract the wrapping around of the cyclic convolution.

Further, Rippel et. al [33] introduced Spectral Pooling: A FFT is applied to
the feature map, the resulting frequency matrix is then truncated to a desired
output shape by removing the highest frequency components and then trans-
formed back to spatial space. This makes it possible to slowly reduce feature
maps in their size, compared to conventional pooling that have a minimum
reduction factor of 4. In order to avoid complex arithmetic and conjugate sym-
metry constraints Zhang et. al [40] proposed to use the Hartley transform for
Spectral Pooling. The concept of Spectral Pooling is used in this work, however
with a different use: we truncate the frequency component matrix to efficiently
extract global features from the low frequencies.

Trabelsi et. al [36] introduce complex parameterized Neural Networks, an
adaption of Batch Normalization and common weight initialization techniques
for the complex domain. They further review existing complex valued activa-
tion functions and show that their complex parameterized ResNet achieves
comparable results to the real counterpart on different datasets.

Other work [38, 6] also exploited the fact that convolutional kernels are
highly sparse in their spectral representation to drastically distill and compress
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Figure 5: High level concept of Ewald Summation and the proposed Ewald-
Block

CNNe.

Multi-scale Representation Learning with multiple computational paths, as
it is done in EwaldBlocks, has been explored with CNNs that process feature
maps at different spatial sizes in parallel [7, 22, 5, 19, 27, 41, 37]. However,
these do not focus on learning global features and none of the works explicitly
split the input signal to the frequencies that can actually be captured at the
respective scale and kernel size. Chen et al. [7] use an efficient information
sharing mechanism between feature maps of different sizes that implicitly up-
and downscale between feature maps of different sizes. This could be adapted
in further work on the EwaldBlock.

4 EwaldBlock

In this section the EwaldBlock, a component translating the concept of Ewald
Summation to NNs for image classification tasks, is introduced. The Ewald-
Block applies the ideas from 2.4 to effectively extract local and global features
of its input. A schematic of its computation can be seen in Figures 5 and 6.
Further, the EwaldBlock is designed to be able to simply replace convolutional
layers in existing CNN architectures.

4.1 Signal split

To split the signal into its high and low frequencies, the EwaldBlock uses a
channel-wise convolution with a gaussian kernel that has a standard deviation
o and size K x K. The resulting blurred signal of the convolution, containing
mainly the input’s low frequency components, is passed to the spectral path.
Further, it is subtracted from the original input. This difference contains the
high frequency components of the input and is used as input to the real path
of the EwaldBlock.

To find a well suited split in each EwaldBlock, ¢ is kept as a learnable pa-
rameter. The size K x K of the kernel is then set dynamically to be the smallest
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Figure 6: Architecture of the proposed EwaldBlock

uneven integer larger than 2kc where k is a hyperparameter. In all experiments
k = 2, giving the learned gaussian kernels a support of at least 95%. After the
size is determined, the kernel is normalized to sum to 1.

4.2 Spectral Path

Figure 7 and 8 outline the computation done in the spectral path. At first a Fast
Fourier Transformation (FFT) is applied. The resulting matrix containing the
complex valued frequency components is then truncated at a set cutoff c re-
taining only the most long ranged frequencies. Due to conjugate symmetry as
introduced in eq. (20), half of the matrix is redundant and can be disregarded.
This leaves a matrix of shape C;;, x (2¢ — 1) x c. In this matrix, 2¢ — 1 values?
remain redundant (the imaginary part of 0 component and the ¢ — 1 complex
numbers in the first column, where the bottom half is symmetric to the top
half) and can also be disregarded in the computation. This gives

2% (2c—1)*%c—(2c—1) = (4% —2¢) + 1 = (2c — 1)? (27)

unique values for each of input channel.

2complex numbers are counted as two values or parameters due to them being stored as two

floats
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This truncated frequency matrix is then pointwise multiplied and channel-
wise aggregated with C,,; learnable kernels of equal size. Resulting in

Cout * Ciy % (2¢ —1)? (28)

unique learnable parameters for the spectral path of the EwaldBlock. For ref-
erence, the number of unique learnable parameters at a cutoff c is equal to the
number of parameters of a convolutional layer with a kernel size (2c — 1) x
(2c —1). The computation of the pointwise multiplication is independent of
the initial input size N x N. Thus only

Cout * Cip * (2c —1)? (29)

multiplications are needed for a pointwise multiplication kernel with cutoff
c. Compared to a convolution that needs

N? % Coyt % Cjpy % K> (30)

multiplications for a convolutional kernel of size K. Thus increasing the
cutoff ¢ and thereby the number of parameters, has less impact on the total
runtime, compared to increasing the kernel size of a convolutional layer.

After pointwise multiplying, we zero pad the output to match the desired
output shape Hyyt X Wour and use an IFFT to convert the feature map back to
the spatial space. Before back transforming, one has to ensure that the matrix
adheres to the conjugate symmetry constrains explained in eq. (18) and eq.
(19).

By the circular convolution theorem eq. (21), the computation proposed
in the spectral path is equal to a circular convolution with an approximated
input and kernel (as only their low frequency components are used) with a
kernel size equal to the size of the input. To mitigate the wrapping-around
behavior of the circular convolution, additional zero padding of half the input
size has to be added to the borders of the input before the whole computation
of the spectral path and then be removed in the end. In the following, this
padding will be referred to as spectral padding. Spectral padding increases the
total number of frequency components and thereby reduces the expressivity of
each. Thus, the cutoff frequency c has to be increased by half to retain the same
amount of information as without padding. Unfortunately, a larger c results in
a significant increase in the number of parameters of the spectral kernel, as its
size depends quadratically on c.

4.3 Real Path

The real path is simply a convolutional layer with a small kernel size, as those
have been shown to be exceptionally well suited for local feature extraction.
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4.4 Merging paths

The last question that arises is how the two paths can be joined in a sensible
way. There are multiple ways that come to mind:

1. simply add the outputs of both paths
2. only concatenate the outputs

3. concatenate the outputs and then apply a 1x1 convolution to linearly
combine the learned features and compress (or even expand) the num-
ber of channels of the output as desired

For simplicity the EwaldBlock just concatenates the computational paths. How-
ever, more sophisticated techniques that allow information exchange without
having to upsample the spectral path, similar to the way Chen et al. [7] have
used, could be of interest in the future.

5 Implementation Details

In this section, details of my implementation will be mentioned. Everything
was implemented using Keras [8] and TensorFlow [1]. Models were trained on
the NVIDIA GTX 980 GPUs of the allegro cluster or on the free GPUs available
on Google Colab® and Kaggle*.

Signal split: For the gaussian kernel convolutions we initialize ¢ = 1. Fur-
ther, we add symmetric padding to reduce vignetting at the borders of the
output. Due to the symmetry of the gaussian kernel we also use a separated
convolution for efficiency i.e. we apply two 1D convolutions instead of one 2D
convolution.

Spectral Path: The weights of the pointwise multiplication kernels are ini-
tialized in the following way: Real valued kernels, with height and width equal
to the output shape of the EwaldBlock, are initialized by some weight initial-
ization scheme. We then apply a FFT to the kernel and truncate the output at
the cutoff frequency c of the EwaldBlock and use those as the initial weights
during training. So the kernels are initialized with the low frequency approxi-
mation of an initialized convolutional kernel with a size equal to the size of the
output.

6 Experiments

6.1 Benchmark Datasets

MNIST contains black and white images of handwritten digits from 0 to 9.
Images are greyscale and have a size of 28 x 28 pixels. The dataset is split into
train and test set of size 50k and 10k respectively.

Shttps:/ / colab.research.google.com/
4ht’fps: / /www.kaggle.com/
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Figure 9: Architecture of the EwaldNet3 network

CIFAR10 [25] contains 60k real world RGB images of 10 different classes
with 6000 images per class. Images are sized 32 x 32 x 3 and split into a train-
ing set of size 50k and a test set of size 10k.

6.2 Training Scheme

The Adam optimizer [24] with hyperparameters f; = 0.9,and B, = 0.999 and a
batch size of 32 was used for all experiments. The initial learning rate of Adam
was set to 0.001 and was decreased by a factor of 10 after 10 epochs of stagna-
tion (i.e. when the loss on the test set did not improve). A weight decay with
« = 0.0001 was used on all convolutional and pointwise multiplication kernel
weights. Spectral padding was always used in the spectral path of the Ewald-
Block. The mean of all datasets was removed and for CIFAR10 simple data
augmentation techniques (horizontal flips and random shifts) were applied.

6.3 Benchmark Architectures

EwaldNet3 As a basic check, we built the small EwaldNet3, a network of 3
stacked EwaldBlocks followed by a Global Average Pooling layer as shown in
Figure 9. Convolutions with a kernel size 3 x 3 and same padding are used in
the real path of each EwaldBlock. Further, each EwaldBlock is followed by a

0.3x if 0
batch normalization layer and a LeakyReLU(x) = { * ll s activation
x else

function.

EwaldNet3 is designed to evaluate the feature extraction capabilities of pro-
posed spectral path and the interplay between the local and global features
extracted. If the spectral path is deactivated, the last convolutional layer only
has a receptive field of size 9 x 9 making the real path intentionally limited to
extracting local features. Further, the global pooling in the end makes sure no
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Figure 10: Architecture of the EwaldLeNet network

location information is propagated to the dense layer. Glorot uniform initial-
ization [13] was used for weight initialization.

EwaldLeNet In addition we introduce the EwaldLeNet. Its architecture is
identical to EwaldNet3 but additional Max Pooling is added after the first and
second EwaldBlocks (see Figure 10). Analogous to the EwaldNet3, the layer
order is EwaldBlock->BatchNorm->LeakyReLU->Pooling. With the pooling
layers, the last convolution of the real path has an effective receptive field of
18 x 18 (if the spectral path is disabled).

EwaldResNet We further evaluate EwaldBlocks in the EwaldResNet. For
this the ResNetv2 architecture [17] is adapted by replacing all 3 x 3 convo-
lutions with EwaldBlocks. The EwaldResNet has a width multiplier w. For
w = 1 the number of channels after concatenation is equal to the number of
channels in the original ResNet architecture, i.e. the convolutions real path in
the EwaldBlocks in the EwaldResNet use half the channels of the original. For
w = 2 the same 3x3 convolution in the real path is applied and the spectral path
uses an equal amount of output channels. Everything else is kept equal to the
ResNetv2 implementation from Keras at keras.io/examples/CIFARIO_
resnet/. He normal initialization [16] was used for all kernel weights.

6.4 Performance of EwaldBlocks in Shallow Architectures

To test if EwaldBlocks can improve feature extraction, we train the EwaldNet3
and the EwaldLeNet in several different variants. To indicate what parts of the
EwaldBlocks were activated, the following labeling is used:

real real path is used
spectral (¢ = x) spectral path with cutoff ¢ = x is used
gaussian split gaussian split with learnable ¢ is used

For a fair comparison, if both paths are enabled, the output channels of each
path are halved to keep the number of output channels after the concatenation
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of the paths equal to the networks using only one path. Training occurred as
described in Section 6.2 on MNIST and CIFAR10 for 10 epochs. Results are
averaged over 5 runs and are reported in Table 1. Plots of the training progres-
sion of the EwaldNet3 are shown in Figures 11 and 12 and of the EwaldLeNet
in Figures 13 and 14.

EwaldNet3 with both paths of the EwaldBlock enabled, achieves signif-
icantly better performance on CIFAR10 and MNIST. This indicates that the
model is able to exploit global features and is less limited by the small recep-
tive field size of the real path. The EwaldLeNet with both paths achieves the
best performance on CIFAR10, but remains slightly worse on MNIST than the
"real + gaussian split’ model.

Using cutoff of ¢ = 4 in the spectral path generally showed an increase in
performance over ¢ = 3. Initial tests with ¢ = 2 showed no significant perfor-
mance gains. This is expected as with spectral padding very little information
remains at ¢ = 2. However, this also means that the spectral path needs more
parameters to be effective compared to the convolution of the real path. But,
as discussed in Subsection 4.2, an increase in parameters in the pointwise mul-
tiplication only has a small impact on runtime.

Further, models using the spectral path, converged faster as they attain
higher performance after fewer epochs in the experiments. However, the cur-
rent implementation of the EwaldBlocks makes the models still significantly
slower to train. Much of the overhead stems from the gaussian kernel convo-
lution of the split, such that more efficient alternatives have to be considered in
the future to split the signal.

Models using only the spectral path still learn discriminative features. How-
ever, their performance remains poor.

Surprisingly, the "real + gaussian split’ model outperforms the ‘real’ model in
all experiments. As shown in Table 3, a "real + gaussian split’ model trained on
CIFAR10 learned to keep o relatively small in its first EwaldBlock and thereby
removes low frequencies from the input image. Why this improves perfor-
mance is unclear and remains an open question.

6.5 Performance of the EwaldBlock in the ResNet Architecture

The models were trained for 200 epochs on CIFAR10 as described in Section
6.2. Results are reported in Table 2 and training progression is shown is Figure
15. However, results have to be treated with caution, as only one run was
done for this experiment. Accuracy and loss to converge faster on both train
and test set when EwaldBlocks are used, especially with w = 2. However,
EwaldResNets overfit more to the training set and their final performance on
the test set remains worse compared to the normal ResNet.

6.6 Robustness Against Noise

Relying on global features for image classification should improve the robust-
ness against noise in the input data. To test this, the EwaldNet3s and EwaldLeNets

28



| real spectral ¢ gaussiansplit | #params s/epoch |  MNIST CIFARIO |

o v v 3 v 91k 44 98.65(+0.2) 72.95(£1.1)
ol v v 4 v 152k 44 98.68(+0.2) 72.32(£1.6)
"ZG - v 3 v 140k 43 94.44(+0.1) 52.99(£0.3)
< - v 4 v 261k 43 96.85(+0.1) 56.54(+0.3)
5 v - - v 43k 41 97.22(+0.1) 57.78(£1.5)

v - - - 43k 6 73.60(£9.5) 55.59(£1.8)
= v v 3 v 91k 16 98.51(+0.2) 73.37(+0.9)
A% VR 7 152K 17 | 98.69(£0.1) 7408(£1.6)
e 7 3 7 T40K 16 | 93.95(£02) 53.34(£0.6)
% - v 4 v 261k 17 96.56(+0.2) 57.31(£0.4)
7 - - 7 13K 12 [ 98.99(£0.0) 69.67(£0.5)

7 - - - 3K 7} 9737(102) 63.03(L14)

Table 1: EwaldNet3 and EwaldLeNet results on CIFAR10 and MNIST. Re-
ported value is the mean best accuracy on the test set of 5 models. The number
of parameters and time per epoch is for the models on MNIST, and time per
epoch is on a Nvida Tesla P100 GPU as provided by Kaggle

EwaldNet3 Training Accuracy on MNIST

EwaldNet3 Test Accuracy on MNIST

EwaldNet3 Test Accuracy on MNIST

A

EwaldNet3 Training Loss on MNIST

%= real
real

Figure 11: EwaldNet3: Training progression on MNIST. For clarity, metrics on
the test data are shown twice in the middle and last column, with the later
skipping the results of poor performing ‘real” EwaldNet3
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Figure 13: EwaldLeNet: Training progression on MNIST
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EwaldLeNet Training Accuracy on CIFAR10

EwaldLeNet Test Accuracy on CIFAR10
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Figure 14: EwaldLeNet:

Training progression on CIFAR10

EwaldResNet20v2: Test Accuracy on CIFAR10
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Figure 15: Training progression of the EwaldResNet (n=2) with width multi-
pliers 1 and 2 vs the standard ResNet (n=2) on CIFAR10. Only a single run is

reported
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| #params | trainacc testacc trainloss testloss

EwaldResNet20v2 w=1 M 99.19 89.96 0.1330 0.5175
EwaldResNet20v2 w=2 1.9M 99.52 90.77 0.1319 0.4844
ResNet20v2 574k 99.08 91.62 0.1357 0.4292

Table 2: Number of parameters and best encountered loss and accuracy on the
test and training sets during training of the EwaldResNets

o=0.0 oc=0.1 o0=0.2 o=0.3

Figure 16: Example of images from MNIST (top) and CIFAR10 (bottom) with
additional mean zero gaussian noise with increasing standard deviations

from 6.4 are evaluated on their respective test sets with artificial mean zero
gaussian noise. The model performances were measured at standard devia-
tions ranging from 0 to 0.5.

Examples of noisy images as used in this experiment are shown in Figure 16
and results are reported in Figure 17 (EwaldNet3) and Figure 18 (EwaldLeNet).

The models that solely use the spectral path can still perform well with
noisy inputs. This is a promising result and shows that computation in the
spectral space could lead to very robust features. However, this performance
does not carry over when both spectral and real path is used. This indicates
that the real path is dominating in these networks and some capacity in the
spectral path might remain unused. An outlier is the “real + gaussian split”
model on MNIST that is significantly more robust. The robustness seems to
stem from the fact that the gaussian split removes the channel-wise mean (a
model that explicitly removes the channel-wise mean while using both paths
also show this robustness). However, this robustness does not emerge when
training on CIFAR10 and seems to be dataset specific.

6.7 Sensitivity Towards High and Low Frequencies

To test if the EwaldBlocks are more sensitive towards global shapes than nor-
mal CNNs we evaluate model performance on high- and low-passed inputs
at different cutoff frequencies. Examples of images at different cutoffs as used
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Figure 17: EwaldNet3: Robustness against zero mean gaussian noise with in-
creasing variance on MNIST. Results were averaged over 5 models each trained

for 10 epochs

EwaldLeNet: Robustness against gaussian noise on MNIST EwaldLeNet: Robustness against gaussian noise on CIFAR10
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Figure 18: EwaldLeNet: Robustness against zero mean gaussian noise with
increasing variance on MNIST. Results averaged over 5 models each trained

for 10 epochs
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Figure 19: Example of images from MNIST (top) and CIFAR10 (bottom) low-
and high-passed at different cutoff radii

in this experiment are shown in Figure 19. Results are shown in Figure 20 for
EwaldNet3 and in Figure 21 for EwaldLeNet. Models only using the spectral
path show much better performance at smaller cutoffs on the lowpass inputs,
but equal to the noise robustness this property does not transfer to models us-
ing both paths.

All models using the gaussian split and the real path show better perfor-
mance on high-pass inputs. This is expected, because the real path only has
access to the high frequencies of the input when the split is used. But it also
shows, that low frequencies are not necessary for shallow CNNs to perform
well.

6.8 Network Analysis

In this section, the learned weights and the resulting activation maps of the
‘real + spectral (c=4) + gaussian split" EwaldLeNet are visualized. The model
was trained on CIFAR10 for 10 epochs and achieves a test accuracy of 73.94%.

The learned spectral kernel weights of the pointwise multiplication are shown
in Figure 22. For the visualization, the kernels were transformed back to the
real space. The convolutional kernels of the real paths are shown in Figure 23.
Further, the activation maps of the network is shown in Figure 24. For a com-
parison, the activation maps of the ‘real” EwaldLeNet - which is just a normal
CNN - are shown in Figure 25. In Table 3, the learned widths of the gaussian
kernel convolution for signal splitting are shown.

Activation maps after the first EwaldBlock from the real path are sharper
when the spectral path is activated, and activations from the spectral path are
vey soft. Further, the activation maps from the last layer are more noisy than
their counterparts of the CNN.
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EwaldNet3: Highpass performance on MNIST

3: Lowpass performance on MNIST
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Figure 20: EwaldNet3: performance on low and high-passed input images
of MNIST (top) and CIFAR10 (bottom). Results averaged over 5 models each
trained for 10 epochs

EwaldLeNet: Lowpass performance on MNIST

EwaldLeNet: Highpass performance on MNIST
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of MNIST (top) and CIFAR10 (bottom). Results averaged over 5 models each
trained for 10 epochs
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Figure 22: “real + spectral (c=4) + gaussian split’ EwaldLeNet: Learned Filters of
the first 4 pointwise multiplication kernels in the spectral path
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c

Figure 23: ‘real + spectral (c=4) + gaussian split’ EwaldLeNet: Learned Filters of
the first 4 convolutional kernels in the real path
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Figure 24: 'real + spectral (c=4) + gaussian split” EwaldLeNet: Activation maps
after the LeakyReLU activation function was applied on the concatenated out-
put of the real and spectral path. The left half of the shown kernel plots con-
tains the outputs of the real path (the convolutions) and the right half the out-
puts of the spectral path
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Input Feature map after LeakyReLU after EwaldBlock 1
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Figure 25: "real’ EwaldLeNet: Activation maps after the LeakyReLU activation

function
real + spectral (c=4) spectral (c=4) + real + gaussian split
+ gaussian split gaussian split
EwaldBlock 1 1.035 0.165 1.112
EwaldBlock 2 1.088 0.170 4.521
EwaldBlock 3 0.899 1.603 4.521

Table 3: Learned ¢ of the gaussian kernels in the splits from the best performing
model of each variant of 5 runs

In Table 3 the learned widths ¢ of the gaussian kernels in each EwaldBlock
of the best performing EwaldLeNet on CIFAR10 are shown.

7 Discussion and Outlook

In this thesis, I have shown that that the proposed EwaldBlock can make shal-
low CNNs perform better and that global features from the spectral path could
lead to very robust models. However, there remains room for improvement
and several open questions remain.

For one, the constant back and forth between real and spectral domain in
the spectral path of the EwaldBlock gives significant computational overhead.
Finding a way to do its whole computation in the spectral path would open
many possibilities. One obstacle in that regard is, that it is unclear what a
sensible activation function in the spectral space could be.

Another thing to look into, is the merging of the computational paths. I
believe that the current approach is not well suited, as the signal split returns
the global features back to the spectral path, as they are relatively smooth and
similarly local features get returned back to the real path due to them being
mostly high frequency. This means that only little information can actually be
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shared between the paths.

On an other note, EwaldBlocks still have to be evaluated on datasets where
global information is of high importance for solving the task. The benchmark
datasets in this thesis have small input images where even shallow CNNs can
reach sufficient receptive fields to grasp global features. This leaves little room
for improvement with our approach on those datasets. However, datasets such
as ImageNet or Places2 that would be a good benchmark are very large and
their training exceeded the scope of this thesis.

Using cosine transformations instead of Fourier transformations could also
be beneficial, as pointwise multiplication in the cosine domain is equal to a
convolution with symmetric padding. This would be more sensible for im-
ages (and other non periodic data) compared to the assumed periodicity of the
Cyclic Convolution Theorem and may make it possible to use less padding in
the spectral path.

Further, the EwaldBlock could easily be adapted to use efficient convolu-
tion variants such as group [39] or depth-wise [18] convolutions that aim to
reduce redundancy in convolutional kernels and have been shown to increase
computational efficiently in CNNs. By design of the EwaldBlock, the depth-
wise separation can also be used in the spectral path.
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