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Abstract. We study elliptic equations of order 2m with nonlocal boundary-value condi-
tions in plane angles and in bounded domains, dealing with the case in which the support
of nonlocal terms intersects the boundary. We establish necessary and sufficient conditions
under which nonlocal problems are Fredholm in Sobolev spaces and in weighted spaces with
small weight exponents, respectively. We also obtain an asymptotics of solutions of nonlo-
cal problems near the conjugation points on the boundary, where solutions can have power

singularities.
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INTRODUCTION

Nonlocal problems have been studied since the beginning of the 20th century, but only during
the last two decades have these problems been investigated thoroughly. On one hand, this can
be explained by significant theoretical achievements in that direction and, on the other hand, by
various applications arising in diverse areas such as biophysics, theory of multidimensional diffusion
processes [1], plasma theory [2], theory of sandwich shells and plates [3], and so on.

In the one-dimensional case, nonlocal problems were studied by Sommerfeld [4], Tamarkin [5],
Picone [6], etc. In the two-dimensional case, one of the first works was due to Carleman [7] and
treated the problem of finding a harmonic function, in a plane bounded domain, satisfying the
following nonlocal condition on the boundary Y:

u(y) +bu(Qy)) =g(y), yeT,
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where 2: T — T stands for a transformation on the boundary such that Q(Q(y)) =y, y € Y. This
setting of the problem originated further investigation of nonlocal problems with transformations
mapping a boundary onto itself.

In 1969, Bitsadze and Samarskii [8] considered a nonlocal problem (of essentially different kind)
arising in plasma theory: to find a function u(y1,y2) harmonic on the rectangle

G={yeR?’: -1<y <1, 0<y, <1},
continuous on G, and satisfying the relations

u(y1,0) = fi(y1), u(ys,1) = folyr), —1<y1 <1,
u(—1,y2) = fa(y2), u(l,y2) =u(0,y2), 0<y2 <1,

where f1, fo2, f3 are given continuous functions. This problem was solved in [8] by reducing it to a
Fredholm integral equation and using the maximum principle. For arbitrary domains and general
nonlocal conditions, such a problem was formulated as an unsolved one. Different generalizations
of nonlocal problems with transformations mapping the boundary inside the closure of a domain
were studied by Eidelman and Zhitarashu [9], Roitberg and Sheftel’ [10], Kishkis [11], Gushchin
and Mikhailov [12], etc.

The most complete theory for elliptic equations of order 2m with general nonlocal conditions
in multidimensional domains was developed by Skubachevskii and his disciples, see [13-20]: a clas-
sification with respect to types of nonlocal conditions was suggested, the Fredholm solvability in
the corresponding spaces was investigated, index properties were studied, and the asymptotics of
solutions near special conjugation points was obtained. It turns out that the most difficult situa-
tion occurs if the support of nonlocal terms intersects the boundary. In that case, the generalized
solutions of nonlocal problems can have power singularities near some points even if the bound-
ary and the right-hand sides are infinitely smooth [14,19]. For this reason, to investigate such
problems, weighted spaces (introduced by Kondrat’ev for boundary-value problems in nonsmooth
domains [21]) are naturally applied.

In the present paper, we study nonlocal elliptic problems in plane domains in Sobolev spaces
WHG) = Wi(G) (with no weight), dealing with the case in which the support of nonlocal terms
can intersect the boundary. Let us consider the following example. Denote by G C R? a bounded
domain with the boundary 0G = T1UYoU{g1, g2}, where T; are open sets (in the topology of 0G)
given by C'°°-curves and g; and g are the endpoints of the curves T; and Ys. Let the domain G
coincide with plane angles in some neighborhoods of g; and go. We consider the following nonlocal
problem in G:

Au= foly) (y€@q), (0.1)
uly, — sz(Qz(y))HL = fily) ey i=12). (0.2)

Here b1,b2 € R; ; is an infinitely differentiable nondegenerate transformation mapping some
neighborhood O; of the curve Y; onto Q(0;) in such a way that Q;(Y;) C G and w;(T;) NIG # @
(see Fig. 0.1). We seek a solution v € W!*2(G@) under the assumption that fo € WY(G), fi €
WH3/2(T)).

In this work, we obtain necessary and sufficient conditions under which a problem of type (0.1),
(0.2) is Fredholm. It is shown that the solvability of such a problem is influenced by (I) spectral
properties of model nonlocal problems with parameter and (II) the validity of some algebraic
relations between the differential operator and nonlocal boundary-value operators at the points of
conjugation of nonlocal conditions (points ¢g; and g at Fig. 0.1). We consider nonlocal problems
for both nonhomogeneous and homogeneous boundary-value conditions, which turn out to be not
equivalent with respect to Fredholm solvability. Near the conjugation points, the asymptotics of
solutions is obtained.

We note that nonlocal problems in Sobolev spaces for the case in which the support of nonlocal
terms does not intersect the boundary was thoroughly investigated by Skubachevskii [13, 17].
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However, elliptic equations of order 2m with general nonlocal conditions for the case in which the
support of nonlocal terms intersects the boundary is studied in Sobolev spaces for the first time.

Ty

Fig. 0.1: Domain G with the boundary 0G = Y1 U Ts.

The paper is organized as follows. The setting of the problem is presented in Sec. 1. In the same
section, we define model problems in plane angles and problems with a parameter that correspond
to the points of conjugation of nonlocal conditions. Properties of the original problem crucially
depend on whether or not some line of the form

{AeC:ImA=A} (0.3)

(where A € R is defined by the order of differential equation and the order of the corresponding
Sobolev spaces) contains eigenvalues of model problems with parameter. In Sec. 2 we study nonlocal
problems in plane angles for the case in which the line (0.3) contains no eigenvalues, and in Sec. 3
we deal with the case in which this line contains a single proper eigenvalue (see Definition 3.1). We
use the results of Sec. 2 in Sec. 4 to investigate the Fredholm solvability of the original problem in
a bounded domain, and in Sec. 5 to obtain an asymptotics of solutions of nonlocal problems near
the conjugation points.

In [14, 16, 18], the authors consider nonlocal problems in weighted spaces H'(G) with the norm

1/2

lallmre = | 3 /G pRa-tlal| pay 2

lal<k

Here k > 0 is an integer, a € R, and p = p(y) is the distance between the point y and the set of
conjugation points. For problem (0.1), (0.2), we have p(y) = dist(y, {g1, g2}). In [16, 18] it is proved
that, if
fo€ Hy(G),  fi e HPPP(X),  a>1+1,

and the function { fy, f;} satisfies finitely many orthogonality conditions, then problem (0.1), (0.2)
admits a solution v € H.T2(G). If a < | + 1, then the following difficulty arises: generally, the
relation u € HL(G) does not imply that u(Q;(y)) |Tv € H(lz+3/2(Ti). To avoid this difficulty, one
can introduce the spaces (for problem (0.1), (0.2)) with the weight function

py) = dist (v, {91, 92, A (g92), 21 (Q1(g2)), Q2(g2) })
RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 10 No. 4 2003
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and an arbitrary ¢ € R and prove the Fredholm solvability of nonlocal problems in these spaces
(see [14]). However, the presence of the weight function p(y) means that we impose a restriction
both on the right-hand side and on the solution not only near the conjugation points g; and go but
also near the point €4 (g2) lying on a smooth part of the boundary and near the points € (Ql(gg))
and Q2(g2) lying inside the domain (see Fig. 0.1).

In Sec. 6, we prove that the following assertion holds despite the fact that, for a < [+ 1, the

relation u € H "?(G) does not imply the relation u(£;(y)) |T_ € Hclf?’/z('fi). If a >0, fo € HL(GQ),

fi € bz ARl 2(Ti), and {fo, f;} satisfies finitely many orthogonality conditions, then problem (0.1),
(0.2) still admits a solution u € H.*2(G). In this case, as above, the line (0.3) (with A depending
now on the exponent a as well) must contain no eigenvalues of model problems with parameter.

In Sec. 7, using the results of Sec. 3, we study nonlocal problems in bounded domains for the
special case in which the line (0.3) contains only a proper eigenvalue of model problems with
parameter. In this case, to ensure the existence of solutions, we impose additional consistency
conditions on the right-hand side at the conjugation points. The first part of the paper contains
Secs. 1-3.

Let us also describe the contents of the second part of the paper, which will be published in the
next issue of the Journal. The most complicated considerations in Sections 4, 6, and 7 are related
to constructing right regularizers for nonlocal problems in bounded domains. In all these sections,
to construct a regularizer, we use one and the same scheme described in detail in Sec. 4. This allows
us to dwell only on the most important points in out treatments in Sections 6 and 7.

Finally, in Sec. 8, by using the results of Sections 4 and 7, we obtain a criteria for the Fredholm
solvability of elliptic problems with homogeneous nonlocal conditions. Here algebraic relations
between the differential operator and nonlocal boundary-value operators play an essential role.
Two examples illustrating the results of this paper are given in Sec. 9.

1. SETTING OF NONLOCAL PROBLEMS IN BOUNDED DOMAINS

1.1. Setting of Nonlocal Problem

Let G C R? be a bounded domain with boundary dG. We introduce a set K C G consisting of
finitely many points and assume that

No
oG\ K =],

i=1

where T; are open C*-curves (in the topology of dG). We assume that the domain G coincides
with some plane angle in some neighborhood of each of the points g € K.

Denote by P(y, D,) and B;,s(y, D,) differential operators of orders 2m and m;,, respectively,
with complex-valued C'*°-coefficients (i = 1,...,No; p=1,...,m; s =0,...,5;). Throughout the
paper, we assume that the operator P(y, D, ) is properly elliptic for all y € G and the system of op-
erators { Biyo(y, Dy)} 1=, covers P(y, Dy) foralli=1,..., Ny and y € T; (see, e.g., [22, Ch. 2, § 1]).

For an integer k > 0, denote by W*(G) = W§(G) the Sobolev space with the norm

1/2

lullwiey = | 3 /G D% uf? dy

lof <k

(we set WO(G) = Lo(G) for k = 0). For an integer k > 1, we introduce the space W*~1/2(T) of
traces on a smooth curve T C GG with the norm

[llws-12p) = inf [ullwray (v € WHG) < uly = 9). (L.1)
Consider the operators
P WG) - WHG), B, i WHET(G) - W macl2(y)
RUSSIAN JOURNAL OF MATHEMATICAL PHYSICS Vol. 10 No. 4 2003
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given by Pu = P(y, Dy)u and B}, ,u = Bi,uo(y, Dy)u(y)|r,. From now on, we always assume that
[+ 2m —m;, > 1. The operators P and B?# will correspond to a “local” boundary-value problem.

Now we proceed by defining the operators corresponding to nonlocal conditions near the set K.
Let Q;5 (i =1,...,Np; s =1,...,5;) be an infinitely differentiable nondegenerate transformation

mapping some neighborhood O; of the curve Y; N Oy, (K) onto the set ;5(O;) in such a way that
st(Tz) C G and
Qis(g) e L for € T;NK, (1.2)

Where g9 > 0 and Oq. (K) = {y € R? : dist(y,K) < 2g0} is the 2gg-neighborhood of the set
K. Thus, under the transformations €2;,, the curves YT; are mapped strictly inside the domain G,
whereas the set of endpoints of T; is mapped to itself.

Let gg be taken so small (see Remark 1.2 below) that, in the 2¢g-neighborhood Os., (g) of each
point g € I, the domain G coincides with a plane angle. Let us specify the structure of the
transformation §2;; near the set K.

Denote by the symbol Q;’;l the transformation Q;s: O; — ,,(0;) and by Qi_sl the transformation
Q;Sl: Q;5(0;) — O; inverse to ;5. The set of all points
OF (LLOELl (g ek (1<s; <S8, j=1,...,9),

1qSq 1181

i.e., points which can be obtained by consecutively applying the transformations Qj;ij or Q; ij
(taking the points of K to K) to the point g) is called an orbit of g € K and is denoted by Orb(g).
Clearly, for any g, g’ € K, either Orb(g) = Orb(g’) or Orb(g) N Orb(¢’) = @. Thus, we have

Ny
K= U Orb,, where Orb,, NOrb,, =@ (p1 # p2),
p=1

and, for each p = 1,..., Ny, the set Orb, coincides with an orbit of some point g € K. Let each
orbit Orb,, consist of the points g;), j=1,...,Nyp.
For every point g € I, consider neighborhoods

~

V(g9) D V(g9) D O2,(9) (1.3)

such that
(1) the boundary OG coincides with a plane angle in the neighborhood f/(g);
(2) V(g)NV(g) = forany g.9' €K, g # ¢'; A
(3) if g} € Y; N Orb, and Qis(gy) = gz, then V(g7) C O; and Qg (V(gf)) C V(gp).

p

For each gf € T; N Orb,, we fix the transformation y — y'(g%) of the argument; this transfor-
—

J
mation is the composition of the shift by the vector —Og? and a rotation by some angle such that

the set V(g7) (V(gf)) maps onto a neighborhood V7' (0) (1}]”(0)) of the origin, whereas the sets
GNV() (GNVY(gh) and  Y;NV(gh) (TinV(gh))
are taken to the intersection of the plane angle
_ 2.
Ky ={yeR*: r>0, [ <V <7}

with V7 (0) (f}f (0)) and to the intersection of a side of the angle K7 with V7' (0) (f}f (0)), respectively.
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Condition 1.1. The above change of variable y — y'(g) for y € V(g), g € KN Yy, reduces
the transformation Q;s(y) (i = 1,... Ny, s = 1,...,5;) to the composition of a rotation and a
homothety in the new variables vy'.

Remark 1.1. In particular, Condition 1.1 combined with the assumption €2;5(Y;) C G means
that if g € Qis(Y; \ Y;) N YT, NK # &, then the curves Q;s(Y;) and Y; are not tangent to each
other at the point g.

We introduce the bounded operators B}, : Wh2m(G) — Wit2m=mi.=1/2(7,) by the formula

Si

leuu = Z (Biy,s (y7 Dy)(gu)) (le (y)) |Ti’

s=1

where (Bius(y, Dy)v) (Qis(y)) = Bins(y', Dy )y )|y =q,.(y) and the function ¢ € C*°(R?) satisfies

Cy) =1(y € O,2(K)), ((y)=0  (y¢&O(K)). (1.4)

Since B}Mu = 0 whenever suppu C G\an (K), we say that the operator B}M corresponds to nonlocal
terms with support near the set IC.

We also introduce a bounded operator B3, : Wh2m(G) — Wht2m=mu—=1/2(7,) satisfying the
following condition.

Condition 1.2. There exist numbers sc; > 9 > 0 and p > 0 such that the inequalities

‘|B12Mu||Wl+2m_mi#_l/2(Ti) < CIHUHWH'QM(G\W)’ (15)

HB%MUHWl+2m_mi#_l/2(“ri\m) < e Hu”wl+2m(GP), (16)

hold for any
u e WG\ 0, (K) UW?™(G,),

where i =1,...,No, p=1,...,m, ¢1,¢2 >0, and G, = {y € G : dist(y, 0G) > p}.

It follows from (1.5) that B},u = 0 whenever suppu C O,,, (K). For this reason, we say that the
operator B%M corresponds to nonlocal terms supported outside the set K.

We will suppose throughout that Conditions 1.1 and 1.2 are satisfied.

Note that we a priori assume no connection between the numbers s, 75, p in Condition 1.2 and
the number ¢y in Condition 1.1.

We study the following nonlocal elliptic problem:

Pu= foly) (y€G), (1.7)
Bguu—kB%Mu—kauu =fiuly) (we¥yi=1,...,No; p=1,...,m). (1.8)

Let us introduce the following operator corresponding to problem (1.7), (1.8):

L={P, B}, + B}, + B}, } : W'"™™(G) - W\(G, ),

where
N o m

WHG,T) =WHG) x [T [ wir2m—mw—12(1,).

i=1p=1

Remark 1.2. In what follows, we need the assumption that £, is sufficiently small (whereas
1, 79, p can be arbitrary). Let us show that this leads to no loss of generality.
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Let us take a number £y such that 0 < €y < 9. We consider a function f € C*°(R?) for which
() =1 (y € Oy a(K)). C(y) =0 (y ¢ O, (K))
and introduce an operator Bllu: Wh2m(G) — Wit2m=miw=1/2(T,) by the formula
S;

Blu= Y (Bius(y, Dy)(Cw) (Qis(v))

s=1

;e

Clearly,
0 1 2 _Rpo | Al | R 52 _npl _ Al 2
B’L',U,+B’L',U,+B’L"u, —B,L'#—i_B,L'#—i_B,L'#, Where Biy, —B,L'# _BZ#+BZ#
It follows from Example 1.1 (see Sec. 1.2) that the operator B}, — leu satisfies Condition 1.2 for
some 1, 79, p. Therefore, we can always choose g9 to be as small as necessary (possibly at the
expense of a modification of the operator B?# and the values of s, 59, p).

1.2. Example of Nonlocal Problem

In the following example we give a concrete realization for the abstract nonlocal operators B?#.

Example 1.1. Let the operators P(y, D,) and B;,s(y, D,) be as above. Let ;s (i = 1,..., Ny,
s=1,...,5;) be an infinitely differentiable nondegenerate transformation mapping some neighbor-
hood O; of the curve Y; onto ;5(0;) in such a way that ,;5(Y;) C G. Note that it is not assumed
in this example that condition (1.2) holds for any Q;s.

Consider the following nonlocal problem:

P(y,Dy)u = foly) (y € @), (1.9)

S
Biuo(y, Dy)u)lr, + > (Bius(y, Dy)u) (Qis(y)) v, = fin(y)

(yeYy;i=1,...,Ng; p=1,...,m).

We take a small number £y > 0 in such a way that, for any point g € K, the set O (g) intersects
the curve Q;5(T;) only for g € L N Q(T5).

Let a point g € N T; be such that Q;4(g9) € K. Then we define the orbit Orb(g) of the point g
as above and assume that Condition 1.1 holds for each point of the orbit Orb(g).

Remark 1.3. According to Remark 1.1, Condition 1.1 is a restriction upon the geometric
structure of the support of nonlocal terms near the set . However, if Q;,(Y; \ T;) C 9G'\ K, then

we impose no restrictions upon the geometric structure of the curve ,4(Y;) near G (cf. [14, 16]).
We set

Pu = P(y, D,)u, B{,u = Biuo(y, Dy)u(y)lr,,
S S;
Bz‘luu = Z (Bius (Y, Dy)(Cu)) (st(y)) |Tz-’ B%N’LL = Z (Bius (¥, Dy)((l - C)U)) (Qis (y)) T,
s=1 s=1

where ( is defined by (1.4) (see Figures 1.1 and 1.2). Then problem (1.9), (1.10) acquires the
form (1.7), (1.8).
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T,

Oco(91) supp (Cu)|o, (ry) supp (Cu)|o,r) T

Fig. 1.1: Dotted lines denote the support of nonlocal terms corresponding to the operator B?H.

T,

01(g2)
Ocy/2(91) supp ((1 = Q)u)la, (1)) T supp ((1 — ¢)u)|au(ry)

Fig. 1.1: Dotted lines denote the support of nonlocal terms corresponding to the operator B?u.

As in the proof of Lemma 2.5 [16] (where the weighted spaces must be replaced by the cor-
responding Sobolev spaces), one can show that the operator B%M satisfies Condition 1.2. For ex-
ample, let us prove inequality (1.5). Clearly, it suffices to consider an arbitrary term of the form
¥ = (Bis(y, Dy) (1 = Qu)) (us(y)) |Y¢ We introduce a function v € C§°(Q;5(0;)) such that

U|Q¢S(Ti) = (BiuS(yaDy)((l - C)U))
(Bi,us(y7Dy)((1 - C)u))

Qis(13)?

ollyrszm=rmi 0,0, < 2
It follows from (1.11) that

Qis (T’L) Wl+2m7mi/471/2 (QLS (Tt)),

v(Qis®)]y, = -
Combining this condition with the boundedness of the trace operator in Sobolev spaces and with
inequality (1.12), we obtain

”wHWl+2m—miM—1/2(Ti) - “U(Qis(y))‘TiHWl-‘_27n_mi“_l/2(Ti) S HU(Qis(y))HWH—Qm—vnz-#(oi)
< kz’lHUHWlefmm (Q:s(05)) < 2k1||Bi,uS(y’Dy)((1 - C)u)|Ti||Wl+2m_'”iu_1/2(9is('ri))
< Fall(1 = Quilwisan gy (1.13)
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Thus, by setting »; = €0/2, we see that relation (1.13) implies the estimate (1.5). Note that, in
this case, the numbers s; and g turn out to be related to each other.

Similar considerations enable one to obtain the estimate (1.6). The proof is based on the bound-
edness of the trace operator, on the smoothness of the transformations 2,5, and on the relation

Qis(Ti\ 0, (K)) € Gy
(which holds for any s < 3¢ and for a sufficiently small p = p(3r2)). The last relation follows from
the embedding Q;5(Y;) C G and from the continuity of ;5.

1.3. Nonlocal Problems Near the Set IC

When studying problem (1.7), (1.8), one must pay special attention to the behavior of solutions in
a neighborhood of the set K which consists of conjugation points. Let us consider the corresponding
model problems in plane angles. To this end, we formally assume that

Bzzp,:O? Z‘Zl,...,NO,Iu,:L,,,’m, (114)

Let us fix some orbit Orb, C K (p =1,...,N;) and suppose that
Nip

suppu C ( Q V(g?)) NnG.

We denote by u;(y) the function u(y) for y € V(gf) NG. It
e, yeV(), and  Qily) € V(gh),

denote u(Q;s(y)) by ug(24s(y)). Then, by virtue of assumption (1.14), the nonlocal problem (1.7),
(1.8) becomes

P(y, Dy)u; = foly) (y € V(g)NG),

Bi,uO(yv ) ( |V(g nY; +Z ius y, <Uk)) (Q y))|V(gf)ﬁTL = fl,u(y)

(yEV(g])ﬁT,,1€{l < Ny : g]eT} j=1,...,Nyp; p=1,...,m).

Let y — y'(g}) be the above change of variable. Introduce the function U;(y’) = u;(y(y')) and
denote y' by y again. For a chosen p, we set N = Ny, b; = bf, K; = Kf (see Sec. 1.1), and
Yo ={y€R?:r >0, w=(-1)b;} (0=1,2),

where (w,r) are polar coordinates with the pole at the origin. Now, using Condition 1.1, we can
represent problem (1.7), (1.8) as follows:

P;(y, Dy)U; = fily) (y € Kj), (1.15)
BjUM(ya Dy)U”on = Z(Bjaﬂks(yvDy)Uk)(ngksy)‘”on = ijN(y) (y € ’YjU)' (116)
k,s
Here (and below unless otherwise stated)
Jhk=1,...,N = Nip; oc=1,2; p=1....,m; 5=0,...,80k;

P;(y,D,) and Bj,.ks(y, Dy) are operators of orders 2m and mj,,,, respectively, with variable C*°-
coefficients; G, is the operator of rotation by an angle of wj,is and of the homothety with the
coefficient X jors (Xjors > 0) in the y-plane. Moreover,

[(=1)7b; + wjors| < by for (7,0) # (k, ), Wjejo = 0, and Xjojo = 1.
Since V(0) D O, (0) (see. (1.3)), it follows that
BjUNkS(y7Dy)U(y) = O fOI‘ ’y‘ 2 €0, (ka 3) 7é (,770)7 (117)

for any function v (which need not be compactly supported). Moreover, since we consider prob-
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lem (1.15), (1.16) for functions U with compact support, we can assume that the coefficients of the

operators P;(y, D) and Bjs,0(y, Dy) vanish outside a disk of sufficiently large radius.
Let us introduce the following spaces of vector functions:

Wl—i—?m,N H Wl+2m Wl N

|’:]z

Kj,75),

WK, 7) =Wy < TT 11 W”Qm*mi"“*l”(’vg‘a)'

o=1,2 p=1

We consider the operator L,: Wi2m:N(K) — WLN (K ~) corresponding to problem (1.15),

(1.16) and given by
LPU = {PJ (y7 Dy)Uj7 Bjau(?J; Dy)U‘”chr }
The subscript p means that the operator L, is related to the orbit Orb,.

Denote by P;(D,) and Bjs,ks(D,) the principal homogeneous parts of the operators P;(0, D)
and Bjsuks(0, Dy), respectively. Along with problem (1.15), (1.16), we study the model nonlocal
problem

Pi(Dy)U; = fi(y) (v € Kj;), (1.18)
Bjau(Dy)U‘*yjo = Z(ijfuks(Dy)Uk)(ngksy)‘vjo = fion(¥) (Y € Vjo)- (1.19)

k,s

Introduce the operator £,: WH2mN(K) — WHN(K ~) corresponding to problem (1.18), (1.19)
and given by
LU = {P;(Dy)U;, BjUN(Dy)U”YjG}'

Let us represent the operators P;j(D,) and Bj,,ks(D,) in polar coordinates:
Pi(Dy) =17"Pj(w, Dy,rDy),  Bjouks(Dy) =177 Bigups(w, Dy, 7Dy).

Introduce the following spaces of vector functions:
N N
Wz+2m,N(_b7 b) = H V[/l+2n~b(_bj7bj)7 wh N H byvb
=1 =1

WH=bj,bj] = W(=bj,b;) x C*™
and consider the analytic operator-valued function £,(\): W'2mN (b b) — WHN[—b, b] given by

L,(N)p = {Pj(w, Dy, \)pj, Z(Xjaks)lkimjo#Bjauks(wa Dy Npr (W + Wioks)lw=(~1)75, }-
k,s
Main definitions and facts concerning eigenvalues, eigenvectors, and associate vectors of analytic
operator-valued functions can be found in [23]. In what follows, it is fundamental that the spectrum
of the operator £,(\) is discrete (see Lemma 2.1 [15]).

Below we show that the Fredholm solvability of problem (1.7), (1.8) in Sobolev spaces depends
on the location of eigenvalues of the model operators Ep()\) corresponding to the points of K. Note
that the solvability of the same problem in weighted spaces depends on the location of eigenvalues
of the model operators corresponding not only to the points of K but also on the validity of the
conditions Q;,(K) C G and Q4 (Q;s(K)NY; ) C G (see [14, 16]). This can be explained as follows:
the points of the above sets are related by means of the transformations €2;,. For this reason,
the singularities of solutions occurring near the set X can be “transferred” to other points both
on the boundary and strictly inside the domain. However, in the case under consideration, we
shall prove below that, if the right-hand side of problem (1.7), (1.8) is subjected to finitely many
orthogonality conditions in the Sobolev space W!(G, T), then the solutions belong to the Sobolev
space W2 (). Therefore, these solutions have no singularities.
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2. NONLOCAL PROBLEMS IN PLANE ANGLES FOR THE CASE IN
WHICH LINE Im A = 1 — L —2M CONTAINS NO EIGENVALUES OF Lp())

In this section we construct an operator acting on Sobolev spaces defined for compactly supported
functions; this operator is the right inverse for the operator L, up to a sum of small and compact
perturbations. (Recall that L, corresponds to the model problem (1.15), (1.16).)

2.1. Weighted Spaces HX(Q)
Throughout the section, we suppose that the orbit Orb,, is fixed; therefore, for brevity, we denote
the operators L,, £,, and £,()\) by £, £, and L()), respectively.
In the investigation of the solvability of problem (1.15), (1.16) in Sobolev spaces we use the

results on the solvability of problem (1.18), (1.19) in weighted spaces. Let us introduce these spaces
and list their properties.

_ For any set X € R" (n > 1), denote by C§°(X) the set of infinitely differentiable functions on
X which are compactly supported in X. Let

Q =K, Q=K;n{yecR?: |yl <d} (d>0), or Q =R2.
Denote by H¥(Q) the completion of the set C$°(Q \ {0}) with respect to the norm

1/2
a2k ) = Z/QTQ(a—k—i-a|)|D;tw|2dy ,

lal<k

where a € R and k > 0 is an integer. For k > 1, denote by Hsfl/Q(y) the space of traces on a
smooth curve v C @) with the norm

16l -1,y = nf 0l mrpay (w € HA(Q) : wly = ).
We introduce the following spaces of vector functions:
HiF2mN (K) = [[L, H™(K), HEN(K) =TT, 1 (K5, 7),
He (K vs) = Hy(Kj) % TTpmy 0 ey Hy a2 ),
The bounded operator £, : H.F2™N(K) — HLYN (K, ) given by
LoU =A{P;j(Dy)Uj; Bjou(Dy)Ul,, } (2.1)

corresponds to problem (1.18), (1.19) in the weighted spaces. It follows from Theorem 2.1 [15] that
the operator L, has bounded inverse if and only if the line Im A = 1—1—2m contains no eigenvalues

of the operator £(\). In this section and in the next one, we study the solvability of problems (1.18),
(1.19) and (1.15), (1.16) in Sobolev spaces by using the invertibility of £,. To this end, we need
some auxiliary results (Lemmas 2.1 and 2.2) concerning the relation between the spaces H*(-) and

Wk().

Lemma 2.1. Let u € W*(Q) (k = 2), u(y) =0 for |y| = 1, and D%uly—o = 0 (Ja| < k — 2).
Then we have

lullar@) < callullwig), — a>0. (2.2)

If we additionally assume that' D*~u € H}(Q), then
lull gy < ¢ Z 1D ull 2 (2.3)

|la|=k—1

Here @ is the same domain as above and c, > 0 does not depend on w.

LIf some assertion is stated for a function D'u, then we mean that this assertion holds for all functions of the form
D%y, |a| = 1.
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Proof. It follows from Lemma 4.9 [21] that
ID* ull gy < el DFtullwa gy < cllullwr o)

for each a > 0. Combining this estimate (or the relation D¥~lu € H}(Q)) with Lemma 4.12
in [21]2yields inequality (2.2) for 0 < a < 1 (or inequality (2.3), respectively). Since the support of
u is compact, it follows that inequality (2.2) holds for any a > 0.

Lemma 2.2. Let u € WY(R?), and let u(y) =0 for |y| > 1. Then
[u(y) — u(Goy)llmyre) < cllullwr w2),

where Gy is the composition of a rotation by an angle of wy (—m < wo < 7) and an expansion with
some coefficient xo (xo > 0).

Proof. Writing a function w in the polar coordinates (w,r) yields
u(y) — w(Goy) = u(w,r) — u(w + wo, xor) = v1 + v,
where v; (w,r) = u(w,r) — u(w + wo, ), Va(w, r) = u(w + wo, ) — u(w + wo, XoT)-

Let us consider the function v;. By Lemma 4.15 [21], we obtain

| 0.0 Par < s e,
0

It follows from this inequality and from Lemma 4.8 in [21] that v; € H}(R?) and
o1l 2 2y < Fellullwe ge).- (2.4)

To prove the lemma, it remains to show that

[ ey < kalllw o, (25

If xo > 1 (the case in which 0 < xo < 1 can be treated similarly), then
/XOT ou(w,t) dt

™ [e'e) T4wo [e'e)
/ T2]v2]2dy:/ dw/ g (w,7)|2dr :/ dw/ rtdr
R2 -7 0 —7m4wo 0 ot

Using first the Cauchy—Schwarz inequality and then changing the limits of integration, we obtain
an estimate of the form (2.5), namely,

7T+(U0 xXoT
/ r2|vg|2dy < (xo — 1) / dw/ dr/
R2 77T+w0
—1)2 [THwo <o £)]?
— ( X0 / dUJ/ ‘ u\w, )
X0 —m4wo 0 13
Let us prove another auxiliary result.

Lemma 2.3. Let H, Hy, and Hy be Hilbert spaces, A : H — H; a linear bounded operator, and
T : H — Hs a compact operator. Suppose that, for some € > 0, ¢ > 0, and f € H, the following

inequality holds:
12 f |, < ellflla + el Tf a,- (2.6)
Then there exist operators M, F : H — Hy such that
A=M+F,

IM|| < 2e, and the operator F is finite-dimensional.

8uwt d

(xo —1)?
tdt < ~=——— [y (g2)-

2Lemma 4.12 [21] was proved by Kondrat’ev for a = 0; however, his proof remains valid for any a < 1 with minor
modifications.
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Proof. As is well known (see, e.g., [24, Ch. 5, § 85]), any compact operator is the limit of a
norm convergent sequence of finite-dimensional operators. Therefore, there exist bounded operators
Mo, Fo : H— Hy such that T = Mo+Fo, [| Mol < ¢ e, and the operator F is finite-dimensional.
This, together with (2.6), implies that

[0 |, < 2el|flle + el Fofllm, for any fe H. (2.7)

Denote by ker(Fy)t the orthogonal complement in H to the kernel of the operator Fy. Since
the finite-dimensional operator F, maps ker(Fy)* onto its image bijectively, it follows that the
subspace ker(Fy)* is finite-dimensional. Let Z denote the identity operator in H, and let Py be
the orthogonal projection to ker(Fy)*. Clearly, APy: H — H; is a finite-dimensional operator.
Moreover, since Z — Py is the orthogonal projection onto ker(Fy), it follows that Fo(Z — Py) = 0.
Therefore, substituting the function (Z — Py) f for f in (2.7), we obtain

IUZ = Po) flla, <2el(Z —Po)fllm < 2¢||fllm forany fe€H.
Write M =20(Z — Py) and F = APy. This completes the proof.

2.2. Construction of the Operator R

In this subsection, we construct an operator % acting on a subspace SHV (K, ~) of WHN (K, v)
defined for compactly supported functions. This operator is a right inverse of the operator £ up
to a sum of small and compact perturbations (see Theorem 2.1). To construct the operator R, we
assume that the following condition holds.

Condition 2.1. The line Im A =1 — [ — 2m contains no eigenvalues of the operator E()\)

Denote by "V (K, ~) the subspace of W“Y (K, +) consisting of the functions {f;, fjo,} such that

D% fily=0 =0, ol <I-2, (2.8)
P f
% =0, [B<I42m—mjou — 2, (2.9)
8Tja =0

where 7;, is the unit vector directed along the ray v;,. If | =2 <0 or [ +2m — mj,, —2 < 0, then
the corresponding conditions are absent. It follows from Sobolev’s embedding theorem and from
Riesz’ theorem on the general form of a linear continuous functional on a Hilbert space that the
set SUY (K, v) is closed and of finite codimension in WHY (K, 5).

Let us consider the operators

Hit2m—mjo,—1 Hlt2zm—mjou—1

o l+2m_mjgu_1BjUM(Dy)UE 9 I+2m—m, o, —1 (Z(BqukS(Dy)Uk)(gjaksy)>'

Tja Tja k,s

Using the chain rule, we can write
Hltzm—mjo,—1

aTl+2m7mj0P‘71 Bqu(Dy)U = Z(Bjauks(Dy)Uk)(gjaksy)y (2.10)

jo k,s

where ijks (D,) are some homogenous differential operators of order [ 4+ 2m — 1 with constant
coefficients. In particular, we have

. 8l+2m—mjgu—1
Bjopjo(Dy) = 5 om—mi =1 Bionjo(Dy)
jo

because Gj,joy = y. Formally replacing the nonlocal operators in (2.10) by the corresponding local
ones, introduce the operators

Biou(Dy)U = Bjouks(Dy) Uk (y). (2.11)
k,s
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Along with system (2.11), consider the operators (for [ > 1)
D*P;(D,)Ui(y), [¢]=1~-1. (2.12)

The system of operators (2.11) and (2.12) plays an essential role in the proof of the following lemma,
which is used below in the construction of the operator fR.

Lemma 2.4. Let Condition 2.1 hold. Then, for any e, 0 < € < 1, there exists a bounded operator
A:{f e S"N(K,v) :supp f € 0.(0)} — WH2mN(K)

such that, for any f = {f;, fion} € Dom(A), the function V.= Af satisfies the following conditions:

V=0 for [yl =1,
12V = Fls ey < el Fllwns (. (2.13)
‘|V||H(ll+2m,N(K) < call fllwenv (k) for any a > 0. (2.14)

Proof. 1. Introduce the operator
fjau = (I)jau (2.15)

taking each function f;,, € WM =mieu=1/2(~, ) to its extension ®;,, € WH2m—miou(R2) to
R? such that ®;,, = 0 for |y| > 2. We also consider an extension of the function f; from K; to
R? such that the extended function (which we also denote by f;) is equal to zero for |y| > 2. The
corresponding extension operators can be chosen to be linear and bounded (see [25, Ch. 6, § 3]).

Let us consider the following linear algebraic system for the partial derivatives D*W;, |a| =
l+2m—-1,5=1,...,N:

Hltzm—mjo,—1

N

Biou(Dy)W = —gmm—g®joy, (2.16)
8Tj0
D*P;(D,)W; = D*f; (2.17)

(j=1,...,N;o=1,2; u=1,...,m; |{| = 1—1). Recall that each of the operators l’;’jau(Dy) given
by (2.11) is the sum of “local” operators, which enables us to regard system (2.16), (2.17) as an
algebraic system. Let us assume that system (2.16), (2.17) admits a unique solution for any right-
hand side. Denote by W;, the solution of system (2.16), (2.17). It is obvious that W;, € W*(R?)
and Wj, = 0 for |y| > 2. By virtue of Lemma 4.17 [21], there exists a bounded linear operator

{Wja}\a|=l+2mfl = Vj (2.18)

taking the system

{Wja}\a|:l+2m—1 € H Wl(R2)
|a|=l+2m—1

to a function V; € W!2™(R?) such that

Vi=0 for |yl>1,
D*Vjly=0 =0, laf <1+ 2m -2, (2.19)
DV = Wia € Hy(R?), |a| =1+42m — 1. (2.20)

2. Let us show that V = (V1,...,Vy) is the desired function. Inequality (2.14) follows from
relations (2.19) and from Lemma 2.1 because the operator (2.18) is bounded.
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Let us prove (2.13). Since the functions W, are solutions of the algebraic system (2.16), (2.17)
and the functions V; satisfy (2.20), it follows that

8l+2m—mjgu—1

N

Bjou(Dy)V T lF2m—mj,,—1 Pjopu € Hé (RQ)’ (2.21)
aTjU
D'"Y(P;(Dy)V; — f;) € Hy(R?). (2.22)

Moreover, by (2.19) and (2.8) we have
D(Pj(Dy)Vj = fi)ly=0 =0, o] <I-2.

Combining this with relations (2.22) and Lemma 2.1, we see that P;(D,)V; — f; € H{(K;).
Now let us show that

+2m—mjs,—1/2
Biow(Dy)V sy, — fion € Hy (V). (2.23)

To do this, we return in (2.21) from the “local” operators Bj,,(D,) to the nonlocal ones, i.e., to
8l+2m—mjgu—1

aTlJr?m*mjw*lBj"“(Dy)' Then, using Lemma 2.2, by (2.21) we see that
jo

8l+2m—mjgu—1

gt B D)V = i) € HY(B). (2.24)

jo
The inclusions (2.24) and Lemma 4.18 [21] imply

2
dr

e’} 1 8l+2m—mjgu—1
/ r P) I 2m—mm o —1 (Bjdu(Dy)V’wo — fion)
0 o

Hlt2zm—mjo,—1
< b

Bjou(Dy)V = Pjoy) (2.25)

a l+2m—m]'cm—1(
jo Hg(K;)
It follows from inequality (2.25), from relations (2.8) and (2.19), and from Lemma 4.7 in [21] that

2
al+2m—mjau—1

+2m—mjsu—1 (ng#(Dy)V o q)ja,u)

jo

oo
[ By (D )V~ ol < e

Hg (K;)
(2.26)
Combining this inequality with the relation Bjou(Dy)V|y,, — fiop € WHH2m=mien=1/2(x; ) and
using (2.26) and Lemma 4.16 [21], we obtain (2.23). Using the boundedness of the operators (2.15)
and (2.18), one can easily prove the estimate (2.13) as well.

3. Now it remains to show that system (2.16), (2.17) admits a unique solution for any right-hand
side. Obviously, this system consists of (I+2m)N equations for (I +2m)N unknowns. Therefore, it
suffices to show that the corresponding homogeneous system has a trivial solution only. Assume the
contrary. Let there exist a nontrivial numerical vector {g;o} (j = 1,..., N, |a| = [4+2m—1) such that
the right-hand side of system (2.16), (2.17) vanishes after substituting the numbers ¢;, for D*W;
into the left-hand side of the system. Let us consider the homogeneous polynomial Q;(y) of order
I+ 2m — 1 such that D*Q;(y) = qjo- Then we have P;(D,)Q;(y) = 0 (since DSP;(D,)Q;(y) =0
for all |§| =1—1), and

Biow(D)QW) = 3 BiowrsD)Qum) =0 (@ = (Q1s-.-.Qw)). (2.27)
k,s
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Note that ijks(Dy)Qk(y) = const, whereas every operator G;,.s of a rotation or an expansion
takes a constant to itself. Therefore, along with (2.27), the following identity holds:

al+2m—m]'cm—1 .
T (Bion(Dy)QW)) = 3 (Biouns(Dy)Qu) Giost) = . (2.28)

jo k,s

Since Bj,,(Dy)Q is a homogeneous polynomial of order 42m—m,, —1, it follows from (2.28) that
Bjou(Dy)Qly,, = 0. Thus, we see that the vector-valued function @ = (Q1,...,Qn) is a solution
of the homogeneous problem (1.18), (1.19). Therefore,

75j (w, Dy, rD),.) (rl+2m_1@j (w)) =0,

Z(Xjak )(l+2m D= mJJMB]a,uks( DwarDT)(Tl+2m_1Qk(w +Wjaks))|w:(—1)"bj = 07 (229)
k,s

where Q;(y) = 72" 1Q,(w). However, identities (2.29) mean that £(—i(l +2m — 1))Q(w) = 0,
where Q = (Q1, . . s @ ). This contradicts the assumption that the line Im A = 1 — [ — 2m contains
no eigenvalues of L(\).

Corollary 2.1. The function V constructed in Lemma 2.4 satisfies the following inequality:

1SV~ Flltv ey < ellFllweos (. (2.30)

Proof. By virtue of inequality (2.13), it suffices to estimate the differences
(P;(y, Dy) — P;i(Dy))V;, (Bjou(y: Dy) = Bjop(Dy))V 5, -
The former contains terms of the form
(aa(y) = aa(0)) DV; (lal = 2m),  ag(y)D°V; (18] < 2m —1),

where a, and ag are infinitely differentiable functions. Choosing some a, 0 < a < 1, taking into
account that V' = 0 for |y| > 1, and using Lemma 3.3 in [21] and inequality (2.14), we obtain

(a0 (y) = aa(0)) DVjll i (k) < kil (aa(y) — aa(0)) D*Villmt (k)
< k2| D*Vill e i) < ksl fllwen (k)

Similarly, it follows from the definition of weighted spaces and from inequality (2.14) that
las @)DVl i,y < kallas @)D Vill s e,y < kslVill govem e,y < Kl fllwn (ic,q)-

The expressions (Bjs,(y, Dy) — Bjou(Dy))V],,, can be estimated in the same way.
Using Lemma 2.4, we can construct an operator SR with the desired properties.

Theorem 2.1. Let Condition 2.1 hold. Then, for any e, 0 < & < 1, there exist bounded operators

R:{f eS"N(K,v):supp f C O.(0)} = {U ¢ WH2N(K) : suppU c O,,(0)},
M, T {f € SN(K,y) :supp f C O-(0)} — {f € S"N(K,7) : supp f C Oz, (0)}
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with®*e1 = max {e, 0/ min{X;joks, 1}} such that |If|lwin (k) < el fllwen k), where ¢ > 0
depends only on the coefficients of the operators P;(Dy) and Bjsurs(Dy). Moreover, the operator

T 1s compact, and
CRf=f+Mf +Zf. (2.31)

Proof. By Lemma 2.4 we have f — LAf € Hé’N(K, 7). Therefore,
Lol (f — LAf) € HP™N(K),
I+2m,N I,N . :
where Ly : H (K) — Hy" (K, ) is the operator given by (2.1) for a = 0. Set
Rf=yU, U=Ly'(f—LAf)+AFS.
Here ¢ € C$°(IR?) satisfies
P(y) =1 for ly| < &1 = max {E,Eo/min{xjgks, 1}}, supp ) C Oy, (0),
and ¢ does not depend on the polar angle w. Let us show that the operator R has the desired
properties. Since the embedding Hé+2m’N(K ) € WH2mN(K) is continuous for the compactly
supported functions and the operators A are bounded, we can use inequality (2.13) and obtain
RS lwreamn gy < el fllwerzmn k-
Let us prove relation (2.31). Since P;(D,)U; = f; and ¢ f; = f;, it follows that
P;(y, Dy)(@U;) — fi = [P (y, Dy), ¥]U; + () (P;(y, Dy) — Pj(Dy))U; (2.32)
where [+, ] stands for the commutator.
Let b(y) be an arbitrary coefficient of the operator Bjs sy, Dy) with (k,s) # (4,0). By virtue

of (1.17) and by the choice of the function 1, we have

b(Gjorsy) =0 for |y

| 6O/Xjalcasv
(Dy)(Gioksy) = Dydp(y) for |yl

Eo/Xjaks

AN\

(the last expression, for |y| < €0/X;joks, is equal to 1 for |a| = 0 and to 0 for || > 1). Thus,

(wDy ) (Gjorsy) = Dyt (y)(bv)(Gjorsy) for any w. (2.33)

Obviously, if (k,s) = (j,0), then identity (2.33) is also true. Therefore, taking into account the
relations B, (Dy)Uly,, = fjon and ¥ fjou = fiou, we see that

Bjau(%Dy)(l/’U)’wa — fjou = [Bjou(ya Dy)ﬂb]mwo +¢(?J)(Bjau(yvDy)_Bqu(Dy))U’vja' (2.34)
It follows from (2.32)—(2.34) and from Leibniz’ formula that supp(LRf — f) C Oa., (0) and

I1LRSf — fllweny k) < Bre||fllwen ik ,y) + k2(e) [91U lwisem—1.3 (k) (2.35)

3Recall that the number e¢ defines the diameter of the support for the function ¢ occurring in the definition of
the nonlocal operator B%N (see Sec. 1). In other words, the number g defines the diameter for the support of the
coefficients of the model operators Bj,,ks(y, Dy), (k,s) # (4,0) (see (1.17)).
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where 1 € C§°(R?) is equal to 1 on the support of 1. Note that the function L£y'(f — LAf)

belongs to Hé+2m’N(K ), and therefore vanishes at y = 0 together with all its derivatives of order
< I+ 2m — 2. By virtue of Lemma 2.4 (in particular, see (2.19)), the function Af possesses the
same property. Hence, £Rf — f € SHV (K, 7).

Moreover, by virtue of Lemma 2.4 and by the compactness of the embedding

{pU - U e WHmN(K)} ¢ wh2m=bN(K),

the operator
f=U
(see the second norm on the right-hand side of (2.35)) compactly maps

{f € S"™(K,) : supp f C O.(0)}
into W!T?m=LN(K). Combining this with inequality (2.35) and Lemma 2.3, we complete the proof.

The operator R has the “demerit” that the diameter of the support of Rf depends on g9 and
cannot be reduced by reducing the diameter of the support of f. However, to construct a right
regularizer for problem (1.7), (1.8) in the entire domain G, we need a modification R’ of R which
is free of this demerit. In the following theorem we construct such a modification R’ defined for the

functions f' = {fjou}-
Theorem 2.2. Let Condition 2.1 hold. Then, for any e, 0 < & < 1, there exist bounded operators
R A{f {0, £} € SYN(K,7), supp f' € O(0)} — {U € WHN(EK) : suppU € Oa:(0)},
M, T {f {0, '} € SYN(K,7), supp f' C 0:(0)} — {f € S"N(K,7) : supp f C Oac, (0)},

g2 = ¢/ min{Xjors, 1}, such that || |y k ~) < cgl{0, £ }HIwe~ (k,4), where the constant ¢ > 0
depends only on the coefficients of the operators P;(D,) and Bjs,,s(Dy), the operator T’ is compact,
and

SR f =10, f}+Mf +T'f.
Proof. Write
R =yU, U=Ly"({0,f}— LA, f'}) + A{0, f'},

where 1 € C§°(R?) is such that ¥(y) = 1 for |y| < &, suppt) C Oa.(0), and 9) does not depend on
the polar angle w.

The rest of the proof coincides with that of Theorem 2.1 except for one item. Namely, iden-
tity (2.33) can fail for the case in question, and therefore, instead of (2.34), we will have

Bjau(yaDy)(l/’U)’wa = fjou = [Bjau(?JaDy)vw]U‘wo + w(y)(Bjau(yaDy) - BjUN(Dy))U‘7j0

+ Z (w(gjaksy) - w(y)) (Bjauks(yv Dy)Uk) (gjoksy) |”on . (236)
(k,s)#(4,0)

Thus, to prove the theorem, it suffices to show that each of the operators
Uk = Jjay,ks = (T;Z)(gjaksy) - ¢(y)) (Bjauks(ya Dy)Uk) (gjaksy) |,ng (237)

compactly maps W H2m(K}) into WiH2m=mien=1/2(y, .
Note that, if (k,s) # (4,0), the operator G;,xs maps the ray 7;, onto the ray

{yeR?:7 >0, w=(-1)7b; + Wjoks}
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which is strictly inside the angle Kj. Therefore, there exists a function & € C§°((—by, by)) which
equals 1 at the point w = (=1)7b; + wjoks-

Moreover, note that the difference 9 (y) — Q/J(Q]Uksy) is compactly supported and vanishes near

the origin. Therefore, there exists a function 11 € C§°(K}) vanishing near the origin and equal to
1 on the support of the function &(w)(¢(y) — Q,Z)(gjaksy))

Thus, we have

€@ (¥ (Y) = $(Gjoka¥)) Biouks (Us Dy)Ukllyyrzm-m;as 1,

HJjUNkSHWl+2m_"L —1/2 ) S
< k2|1 Ukl witem (k-

(2.38)
Let us estimate the norm on the right-hand side of the last inequality by using Theorem 5.1 [22,
Ch. 2] and taking into account that (I) the function v, is compactly supported and vanishes both
near the origin and near the sides of the angle K} and (II) Pr(Dy,)Ui = 0. As a result, using
Leibniz’ formula, we obtain

”Jjauks”wl+2m m; —1/2(7 ) k3|’w2Uk”Wl+27n 1(Kk)7 (239)

where 1y € C§°(K}) is equal to 1 on the support of ;. It follows from the estimate (2.39) and the
Rellich theorem that the operator (2.37) is compact.

Remark 2.1. It follows from the proofs of Theorems 2.1 and 2.2 that

D*Rf|y=0 =0, DR f'|,.0=0, |af <I+2m—2.

In Sec. 6 (in the second part of the paper), we study nonlocal problems in weighted spaces with
small values of the weight exponent a. The role of model operators in weighted spaces is played by
the bounded operator £, : H.F2mN(K) — HLYN (K, ) given by

LU = {Pj(y7Dy)Uj7 Bqu(vay)U‘”on}'

Let us formulate an analog of Theorem 2.2 for weighted spaces.

Theorem 2.3. Let the line ImA = a+ 1 —1 — 2m contain no eigenvalues of EN()\) Then, for
any €, 0 < e < 1, there exist bounded operators

R, {f {0, f'} e HYN (K, %), supp f' C O-(0)} — {U € H*™N(K) : suppU C 05(0)},
oM, {f {0, fY € HEN(K, %), supp f € O-(0)} — {f € HLN(K,~) : supp f C Oae, (0)},

g2 = ¢/ min{xjsks, 1}. such that Hmtgf’HHgN(Kﬁ) < CEH{O’f/}”Hf;N(K,«/)’ where the positive con-

stant ¢ depends only on the coefficients of the operators P;(D,) and Bjs,ks(Dy), the operator T,
is compact, and

LR =10, f Y+, f + %, f.
Proof. It follows from Theorem 2.1 [15] that the operator £, has bounded inverse. Write

R, f =9U, ~ U=L"0,f}

where 1 is the same function as in the proof of Theorem 2.2. The remaining part of the proof is
similar to that of Theorem 2.2.
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3. NONLOCAL PROBLEMS IN PLANE ANGLES FOR THE CASE IN WHICH
LINE Im A =1 — L — 2M CONTAINS A PROPER EIGENVALUE OF Lp(A)

3.1. Spaces SWN(K,~)

In this section, we still denote the operators Ly, £,, and Ep()\) by £, £, and EN()\), respectively.

Let us consider the situation in which the line Im A = 1 — [ — 2m contains eigenvalues of £()). Let
A = Ao be one of these eigenvalues.

Definition 3.1. We say that A = A\g is a proper eigenvalue if (I) none of the corresponding
elgenvectors ow) = (¢;(w), ...,goN( )) has associate vectors and (II) the functions ri*op;(w),
7 =1,..., N, are polynomials in 1, yo.

Definition 3.2. An eigenvalue A = A\g which is not proper is said to be an improper eigenvalue.

Remark 3.1. The notion of proper eigenvalue was originally proposed by Kondrat’ev [21] for
“local” elliptic boundary-value problems in angular or conical domains.

Clearly, if \g is a proper eigenvalue, then Re Ay = 0. Therefore, the line ImA =1 —1 — 2m can
contain at most one proper eigenvalue. In this section, we investigate the case in which the following
condition holds.

Condition 3.1. The line Im A = 1 — | — 2m contains only the eigenvalue Ag = i(1 — 1 — 2m)
and it is proper.

In this case, the conclusion of Lemma 2.4 fails because the algebraic system (2.16), (2.17) can
have no solution for some right-hand side and the system of operators (2.11), (2.12) is not linearly
independent. Indeed, let p(w) = (p1(w),...,n(w)) be an eigenvector corresponding to the proper
eigenvalue \g = i(1 — I — 2m). Then, by the definition of proper eigenvalue, Q;(y) = r'2m 1y, (w)
is a polynomial (obviously homogeneous) of degree [ + 2m — 1 with respect to y = (y1,¥2). Re-
peating the arguments of assertion 3 in the proof of Lemma 2.4, we see that, after substituting
gjo = D*Q; for D*W; in the left-hand side of system (2.16), (2.17), the right-hand side of this
system vanishes. Therefore, system (2.11), (2.12) is linearly dependent. Nevertheless, provided that
Condition 3.1 holds, it turns out to be possible to construct an operator R defined for compactly
supported functions in a certain space SLN (K,7) so that this operator is a right inverse for £ (see
Theorem 3.1). However, in contrast to SHV (K, ~), the set Sl’N(K, 7) is not closed in the topology
of the space WiV (K, ).

In system (2.11) formed by homogeneous operators of order [ + 2m — 1, we choose maximally
many linearly independent operators and denote them by

By (DU, (3.1)

Any operator Bj,,(D,) not included in system (3.1) can be represented in the form

Biou(D)U = > plo" Bjrorw (Dy)U, (3.2)
J'ol

AN
il
Jjou

Let us consider the functions f = {f;, fjou} € WY (K, 7) satisfying the condition

where p are some constants.

al—i—QWL—WLjCrM

/ / /
73‘0;1]0: 9 I+2m—mjo.— JUN E : pja,u 9 +2m—mj/ 50, —1
T]U §lol Tj’o”

al—i—?m M1 g0, — 1

®jrpr € Hy(R?). (3.3)

Here the indices j’, o', 1’ correspond to the operators (3.1), whereas the indices j, o, i correspond
to the operators in system (2.11) which are not included in (3.1), the symbols ®;,,, stand for the
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fixed extensions of the functions fj,, to R? (these extensions are defined by the operator (2.15)),

and pi::fl;“ " for the constants appearing in relation (3.2). If system 2.11 is linearly independent, then
the set of conditions (3.3) is empty.

Note that the validity of conditions (3.3) does not depend on the choice of the extension of fj,,
to R2. Indeed, let (j)jcw be an extension distinct from ®,,,. Then (®;,, — @jgu)]%o = 0; therefore,

8l+2m—mjgu—1

2 1 (T2
P (®jou = Pjou) € Ho(R7)

jo

by Theorem 4.8 [21].

Now let us complete system (3.1) with operators of order I + 2m — 1 in system (2.12) in such a
way that the resulting system consists of linearly independent operators

Bjiow (DU,  DEPj(D,)Uj, (3.4)

and any operator D*P;(D,)U; not belonging to (3.4) can be represented in the following form:

DEP;(D)U; = > Pl " B (D U+Zp75D5P DU (3.5)
3ol 3¢
where pgé’al’“ " and p] €’ are some constants.

Let us extend the components f; € W!(K;) of the vector f to R?. The extended functions are
also denoted by f; € W!(R?). We consider the functions f satisfying

8l+2m m.rgr,,0—1

‘,O’, !/ JGP'
Tef =D = D 0" e 1<I>w/—2p”D5 fir € HE(R?). (3.6)

Jholu! 87’] ‘o’ J’&

Here the indices j/,0’, ' and 5, &’ correspond to the operators (3.4), whereas the indices j,{ corre-
spond to the operators of system (2.12) that are not included in (3.4), and p; 5‘7 # and pj. 55 stand for
constants entering relations (3.5). As above, one can show that the validity of conditions (3.6) does

not depend on the choice of the extension of f; and f;,, to R2. Note that the set of conditions (3.6)
is empty if either I = 0 or [ > 1 and system (3.4) contains all operators in (2.12).

Let us introduce an analog of the set S"™ (K, ~) used above for the case in which Condition 3.1
holds. Denote by SV (K, ) the set of functions f € WV (K, ) satisfying conditions (2.8), (2.9),
(3.3), and (3.6). Supplying S“"V (K, ) with the norm

1/2
1 sm iy = (1 0vnviacy + D0 1T Wiy oy + D I Tie F I ) (3.7)

J,0s b J,€

makes Sl’N(K, v) a complete space. (In the definition of the norm (3.7), the indices j, o, u and j,&
correspond to operators not occurring in system (3.4).)

Let us establish some important properties of the space SLN (K,7). The following lemma shows
that, if we impose finitely many orthogonality conditions of the form

DUly—o =0, |of <I+2m—2, (3.8)

on a compactly supported function U € W+2™N(K), then the right-hand side of the corresponding
nonlocal problem belongs to SYV (K, ).
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Lemma 3.1. Let Condition 3.1 hold. Let U € W!T?mN(K) suppU C Oc min{x;ors,1}(0), and
let relations (3.8) hold. Then

”ﬁU”Sl»N(K,fy) S CHU”WL+2m,N(K), HSUHSALN(K,W) § C”UHWH-zm,N(K). (39)

Proof. 1. Set f = {f;, fjon} = LU. It follows from the assumptions of the lemma that
f e WhN(K,7), supp f C O(0), and the functions f; and f;,, satisfy relations (2.8) and (2.9),
respectively.

We denote by ®,,, € Wit?m=miau(R?) the extension of f;,, defined by the operator (2.15).

Let us show that
8l+2m—mjgu—1

Bjou (DU — P T T ®,,, € HL(R?). (3.10)

jo
By Lemma 2.2,

8l+2m—mjgu—1

Bjou(Dy)U - Bjou(Dy)U € Hj (R?);

+2m—mjs,—1
o7y

thus, to prove (3.10), it suffices to show that

Hit2m—mjo,—1

8 +2m—mjo,—1 (BjUM(Dy)U - (I)jau) S H(} (RQ) (311)
Tio
However,
8l+2m—mjgu—1 . )
it 2m—m 1 (Bjou(Dy)U = @joy) € W (R7)
jo
and

Hit2m—mjo,—1

Bjou(Dy)U — <1>jrw)| =0;

o +2m—mjs,—1 ( Yjo

jo
hence, relation (3.11) follows from Lemma 4.8 [21]. This also proves relation (3.10).
The operators BjU#(Dy)U satisfy relations (3.2); therefore, by virtue of (3.10), the functions
®;,, satisfy relations (3.3).
Similarly, it follows from (3.10), from equalities P;(D,,)U; — f; = 0, and from relations (3.5) that
the function f satisfies relations (3.6). Therefore, f € SLN (K,7), and one can readily see that the
first inequality in (3.9) holds.

2. Now, to prove that £U € SLN (K,~), it suffices to establish the relations

al+2m—mjau—1

D1 (P;(y, Dy) —P;(Dy))U; € Hy (R?), Bjou(y, Dy)U —Bjou(Dy)U) € Hy(R?),

+2m—mjopu—1 (
8730

where U; € WH2m(R?) is an extension of U; € W2 (K;) to R? (which is also denoted by Uj).
These expressions consist of the terms

(aa(y) — aa(0)) D°U; (lal =1+ 2m—1),  ag(y)D°U; (18] < L+ 2m - 2),

where a, and ag are infinitely differentiable functions.

Since U; € W!T2™(R?), it follows that D*U; € Hi (R?). This property, together with Lemma 3.3’
in [21], implies that
(aa(y) — aa(0)) DU; € Hy(R?).
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The function agDPU; (|| < 1+ 2m — 2) belongs to W2(R?). It follows from this fact, together
with relations (3.8) and Lemma 2.1, that

agDPU; € HE(R?) C H}_|(R?), a> 0.
Let us choose some a such that 0 < a < 1. Since the supports of U; are compact, we obtain
agDPU; € H} (R?).
Moreover, one can readily show that the second inequality in (3.9) also holds.

The following lemma shows that the set SI*N(K, 7) is not closed in the topology of Wi (K, ).

Lemma 3.2. Let Condition 3.1 hold. Then there exists a family of functions f° € ‘SA'I’N(K,W),

§ > 0, such that supp f® C O.(0) and f° converges in W-N(K,v) to a function f° ¢ Sl’N(K,y)
as § — 0.

Proof. 1. As was shown above, if \g = i(1 —1 — 2m) is a proper eigenvalue of L£(\), then
system (2.11), (2.12) is linearly dependent. We consider the two possible cases: (a) system (2.11) is
linearly dependent or (b) system (2.11) is linearly independent but system (2.11), (2.12) is linearly
dependent.

2. Suppose first that system (2.11) is linearly dependent. Then the set of conditions (3.3) is not
empty. In this case, for some j, 0, u, the norm (3.7) contains the corresponding term of the form
T fll H(R2)- Let us fix the related subscripts j, o, u. Without loss of generality, one can assume

that v;, commdes with the axis Oy;. We introduce some functions f° = {0, f? oy (0<0<T)
such that ]Nlu =0 for (j1,01, 1) # (j,0, ) and

142 op—1+6
0 ay) =)y, T

where 1) € 030([0, oo)), Y(yy) =1 for 0 < y; <e/2, and P(y1) = 0 for y; > 2¢/3. Clearly,

I+2m—m s, —1
o, (y) =)y, S

is an extension of the function ]a , to R2. Moreover, the extension operator defined for the functions

]‘-;W (0 < 6 < 1) is bounded as an operator from W+2m—mjou— 1/2( s) to Wit2m=mjou(R2) (this
holds because

”f]UNHWl+2m mj _1/2(7 ) and HCAP?U;J,HWl+2m_mjo,u(R2) g Co,

where ¢, 5 > 0 do not depend on 0 < § < 1).
Thus, for 0 < <1

6
||f ||12/vlaN(K,fy) || ]ay,HWH-?m m; _1/2(7 )’

al+2mfmjcw71 55 (312)

I+2m—m; 1/2(7 ) Hayuﬂmmjwl (I)ja#
1

1w ey =~ 1l

H}(R?)

(the fact that the norms (3.12) are finite for any 6 > 0 can be verified by the straightforward
calculations). Here the symbol “~” means that the corresponding norms are equivalent. Moreover,
one can directly see that

0, — @, in WHTmTmew(R?) as §— 0.
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Therefore,

6 0 . l+2m—mjo,—1/2/( . .
iop = Jjop i W jon (vjo) as 0 —0.

However, the corresponding function f¢ = {0, JOUN} does not belong to SLN (K,7). Indeed, assum-
ing the contrary, by virtue of (3.12), we have

8l+2m—mjgu—1 R
-9, € Hy(R?),

jou

+2m—mjo,—
8y1 M—"Mjopu

which is wrong because, near the origin, the function

Hit2m—mjo,—1 “0
I+2m—mis,—1 ~JOK
ay jou

1

is equal to a nonzero constant.

3. Now let system (2.11) be linearly independent; then system (2.11), (2.12) is linearly dependent.
In this case, conditions (3.3) are absent, but the set of conditions (3.6) is not empty. Therefore, for
some j and &, the norm (3.7) contains the corresponding term ||Zj¢ f|| Hl(R2)- We fix these indices

j,& and introduce functions

fo={f2,0} (0<d<1) suchthat f> =0 for j; #;j and ff = (r)ysro.

Ji’ J1

One can directly see that
ff — ij in WYR?) as 0 — 0;

however, fO={f?, f3, .} ¢ SN (K, 7) because D f) ¢ Hg(R?).

jop
3.2. Construction of the Operator R

Let us prove an analog of Lemma 2.4 which will be used later on to construct the operator R
acting on the space SUN (K, ).

Lemma 3.3. Let Condition 3.1 hold. Then, for any e, 0 < € < 1, there exists a bounded operator
A:{feS"N(K,v): supp f C O.(0)} - WH2mN(K)
such that, for any f = {f;, fijon} € Dom(A), the function V = Af satisfies the following conditions:

V=0 for [y|=>1,
1LV — f”HévN(K) < CHstAl,N(KJ)a (3.13)

and inequality (2.14) holds.

Proof. 1. Similarly to the proof of Lemma 2.4, we consider the following algebraic system for
all partial derivatives D*Wj, |a| =1 +2m —1,j=1,...,N:

“ 8l+2m—mj/0/“/—1
Bj/o’/#/ (Dy)W = I+2m—mjs ., —1 ¢j/‘7/“/’
aTj/U/ (3'14)

D¢ Py (D)W = D¢ 1,

where ®;/,/,,» and f;, are the extensions of fj/5/, and f; to R? described in the proof of Lemma 2.4.
Now the left-hand side of system (3.14) contains only operators occurring in system (3.4). The ma-
trix of system (3.14) consists of (I4+2m)N columns and ¢, ¢ < (I+2m)N, linearly independent rows.
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Choosing ¢ linearly independent columns and assuming that the unknowns D*W); corresponding
to the remaining (I + 2m)N — g columns are equal to zero, we obtain a system of ¢ equations for ¢
unknowns, and this system admits a unique solution. Thus, we defined a bounded linear operator

8l+2mfm-/ 7, —1

J'e'

+2m—m /s s /—1¢j/‘7/“,’ Dé f]/ = {DQW]} = {W]a} (315)
OT 10 e

from W14(R?) to W (+2mN(R2) and W, (y) = 0 for |y| > 2. Using the functions D*W; and the
operator (2.18), we obtain functions Vj, j = 1,..., N, satisfying relations (2.19) and (2.20). Let us

show that V' = (V4,...,Vx) is a desired function.

2. Similarly to the proof of Lemma 2.4, one can prove the estimate (2.14) for the function V. Let
us prove inequality (3.13). Since {Wj,} is a solution of system (3.14) and the functions V; satisfy
conditions (2.20), it follows that

8l+2'nl7’nljlalu/ —1

Bjrg (Dy)V = —pge—— B o, € HY(R?), (3.16)
Oy T
DY (Py:(Dy)Vy — fir) € Hy(R?). (3.17)

Let us consider an arbitrary operator Bj,,(D,) not entering system (3.4). Using (3.2), we obtain

. al+2m—m]'cm—1 0o 8l+2m—mj/61“/—1

. _ I E : Jou B _ 4
Bjou(Dy)V 9 z+2mfmjc,flq>aw - Pjop Bjrioru (Dy)V z+2mfmj/a,u/f1q)1/0/#’

jU jlvo-/?“/ aTj/U/
+2m—m_/ s, —1 [+2m—m s, —1
] a Jjlo'p a JoR
W . _ .
™ Z Pjop +2m—my 5, —1 CI)J/U/“/ 87_l+2m*mjcm*1 (I)]U“' (318)
3ol Tj/al jo

However, f € SN (K, ~); therefore, conditions (3.3) hold. These conditions, together with rela-
tions (3.16) and (3.18), imply the relations

Hit2m—mjo,—1

Bjou(Dy)V — Do, € HY(R?) (3.19)

3T]l-jzm mion=l
for any j, 0, AND p. Similarly, one can consider the operators Dij (Dy) that do not occur in
system (3.4) and prove that

D (P;(Dy)V; — f;) € Hy (R?) (3.20)
for all j and & by using relations (3.2) and (3.3), (3.5), and (3.6), as well as (3.16) and (3.17).

The estimate (3.13) follows from (3.19) and (3.20) by repeating the arguments of the proof of
Lemma 2.4.

The proof of the following corollary of Lemma 3.3 is just like that of Corollary 2.1.
Corollary 3.1. The function V' constructed in Lemma 3.2 satisfies the following inequality:

£V — fHHévN(K) < C”f”él,N(K,»y)- (3.21)

Let us now use Lemma 3.3 to construct a right inverse of the operator £ defined for the compactly
supported functions f € S“¥(K,v) and prove an analog of Theorem 2.1. However, we cannot
formally repeat the arguments of the proof of Theorem 2.1 because they use the invertibility of the
operator Ly given by (2.1) in weighted spaces. In the present case, by Theorem 2.1 [15], the operator
Ly is not invertible because the line Im A = 1 — I — 2m contains the eigenvalue Ao = i(1 — [ — 2m)
of the operator £()\). However, as was mentioned above, the spectrum of £(\) is discrete; hence,
there is an a > 0 such that the line In A = a + 1 — I — 2m contains no eigenvalues of £(\), which
implies that the operator L, is invertible. In order to pass from a > 0 to a = 0, we make use of the
following result.
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Lemma 3.4. Let W € H.F?™N(K) for some a > 0, and let f = L, W € HS’N(K, 7). Suppose
that the closed strip 1—1—2m < Im A < a+1—1—2m contains only the eigenvalue \g = i(1—1—2m)

of L(N), and let this eigenvalue be proper. Then
||Dl+2mWHH8’N(K) < C||f||HE,N(K77). (3.22)
Lemma 3.4 will be proved in Sec. 3.3. Let us now study the solvability of problems (1.18), (1.19)
and (1.15), (1.16), respectively.
We write K¢ = K; N {y € R?: |y| < d}, WEN(K9) =L, WH(KZ), and

N
Hy V(K = [[ Hi ().
j=1

Lemma 3.5. Let Condition 3.1 hold. Then, for any f € SI*N(K, ) with supp f C O:(0), there
exists a solution U of problem (1.18), (1.19) such that U € W'+2mN(K9) for any d > 0 and U

satisfies relations (3.8) and the inequalities
10 sz ety < call fllsen gy (3.23)

<
< call fllwey (k) (3.24)

HUHH(I)*Zm*l’N(Kd)

Proof. 1. Choose an a, 0 < a < 1, such that the strip 1—1—2m <Im A < a+1—[—2m contains
no eigenvalues of £(\). (Such a value a exists because the spectrum of £(\) is discrete.) It follows
from the definition of the space S"V(K,~) that relations (2.8) and (2.9) hold for any function

[ =1{fj, fjou} satisfying the assumptions of the lemma. Combining this fact with Lemma 2.1, we
obtain
1l iy < Bl i - (3.25)

Let us consider the function f — LV, where V = Af € W!T2™N(K)n H2mN (K) is the function
defined in Lemma 3.2. It follows from inequalities (2.14) and (3.25) that

1F = £Vl .y < FallFlbwns (.- (3.26)

Therefore, the function f — LV € HLN (K, ~) belongs to the domain of the operator £ . Writing
W = L;Yf - LV), we see that U = V + W is a solution of problem (1.18), (1.19).

2. Let us prove (3.24). Since the operator £, ! is bounded, it follows from inequality (3.26) that

1 1o ey < Rl F e ac.- (3.27)

Now the estimate (3.24) follows from inequalities (3.27) and (2.14) and from the fact that the
embedding H!2m-N (K) ¢ HYP?™ 5N (K4) is bounded.
3. Let us prove (3.23). Since the operator

A: Sl’N(K, ,Y) _ Wl+2m,N(K)

is bounded and inequality (3.27) holds, it suffices to estimate the functions D'T2™mW. It follows

from Lemma 3.2 that f — LV € Hé’N(K,y) and the estimate (3.13) is valid. Therefore, applying
Lemma 3.4 to the function W = £;1(f — LV) and using the estimate (3.13), we obtain

We now note that HJ(K;) = L2(K;) and thus complete the proof of (3.23).
4. The validity of relations (3.8) follows from the relation

U=V +Wewr2mNgd)yngir2mNE) a<l,
and from Sobolev’s embedding theorem.

We can now construct an operator R with the desired properties.
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Theorem 3.1. Let Condition 3.1 hold. Then, for any e, 0 < & < 1, there exist bounded operators

R {f € Sl’N(K,y) ssupp f C O(0)} = {U € Wl+2m’N(K) :suppU C Oy, (0)},
M, T: {f € SPN(K,y) :supp f C 0:(0)} — {f € S"N(K,) : supp f C Oae, (0)},

with* e = max {e,e0/ min{xjons, 1}} such that HD?RfHSl,N(Km < cer| fllgen (g ), where ¢ > 0

depends only on the coefficients of the operators P;(Dy) and Bjsuks(Dy), the operator T s compact,
and
CRf=f+Mf +Zf. (3.28)

Proof. Let us consider a function ¢ € C§°(R?) satisfying the following conditions:
Y(y) =1 for |yl <e; =max {E,Eg/min{xjaks, 1}}, supp ) C Oy, (0),
and such that i does not depend on the polar angle w. Introduce the operator R by the formula
Rf=vU (fe€SN(K7), supp f € Oc(0)),

where U € W!+2mN([2e1) ig a solution of problem (1.18), (1.19) with right-hand side f (see
Lemma 3.5).

Let us prove (3.28). Relation 2.33 and Leibniz’ formula imply that supp(£Rf — f) C O, (0)
and
LR = Fllsin iy < Freallfllsin g ) + F2E0)[01U | greom—rv ), (3.29)

where ¢ € C§°(R?) is equal to 1 on the support of 9. It follows from the proof of Lemma 3.2

that the operator f — ¢U from {f € S"N(K,~) : supp f C O.(0)} to HF?™N(K) 0 < a < 1, is
bounded. Since the embedding

{1V : Ve HF?>N(K)Y ¢ HPYN(EK), a<,
is compact (see Lemma 3.5 [21]), this implies that the operator f +— U compactly maps the

space {f € SMN(K,~) : supp f C O.(0)} into Hé+2m_1’N(K). Thus, using Lemma 2.3 and the
estimate (3.29), we complete the proof.

Let us state an analog of Theorem 2.2.

Theorem. Let Condition 3.1 hold. Then, for any e, 0 < € < 1, there exist bounded operators

R {f {0, '} € S"N(K, ), supp f' C 0-(0)} — {U € W™ N(K) : suppU C 0a.(0)},
M, T {f {0, f'} € SEN(K,v), supp f' € O-(0)} — {f € S"N(K,7) : supp f C Oac,(0)},

€9 = &/ min{Xors, 1}, such that HD?IZ’f’HSl,N(Km < cg|{0, f Hgtn (5 ) where ¢ > 0 depends only
on the coefficients of the operators P;(Dy) and Bjsuks(Dy), the operator <’ is compact, and

Sff{/f/ _ {0’ f/} —|—9§T’f’ +§,f,-

The proof of Theorem 3.2 is similar to that of Theorem 2.2.

4See footnote 3 on p. 16.
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3.3. Proof of Lemma 3.4
Assume first that

N
w e [T C5 (5 \ {op);
j=1
then f; € C§°(K; \ {0}) and fjou € C5°(Vjo), where f = {fj, fion} = LW. We denote by W;(w,r)
and f;(w,r) the functions W;(y) and f;(y), respectively, written in polar coordinates. Let W;(w, A),
fi(w,A), and fj,,(X) be the Fourier transforms with respect to 7 of the functions W;(w,e),
e*™7 fi(w,e), and e™ionT f;.(eT), respectively. Write f = {f}, fion}. Under our assumptions,
the function A — f(A) is analytic in the entire complex plane; moreover, for |Im A| < const, this
function tends to zero uniformly with respect to w and A, more rapidly than any power of |\| as
|ReA| — o0 .
By virtue of Lemma 2.1 in [15], there exists a finite-meromorphic operator-valued function R(\)
such that R(\) = (E()\))71 for any A which is not an eigenvalue of £()\). Moreover, if the line

ImA = a+ 1 — 1 — 2m contains no eigenvalues of £()), then, by the proof of Theorem 2.1 in [15],
the solution W is given by

/+oo+i(a+1l2m)

W(w,e™) = eMR(N)F(N) dA. (3.30)

oco+i(a+1—1—2m)

Let us consider an arbitrary derivative D'*2™W (y) of order [ + 2m of the function W with
respect to y; and yo. Suppose that the operator D'*?™ can be represented in polar coordinates
in the form r*(”Qm)M(w, D,,,rD,). After the substitution r = €7, the operator D'*?™ becomes
e~ UH2m)T NN, D, D,), where D, = —id/d7. Combining this fact with (3.30), we see that the
function D'*2™W (y) can be obtained from the function

+oo+’L(a+1—l—2m) ) - - ~
e—(l+2m)7’/ emTM(w,Dw’)\)R()\)f()\) d\ (3.31)
—oo+i(a+1—1—2m)

by the substitution 7 = logr followed by the passage from polar to Cartesian coordinates. Let us
show that the operator-valued function M(w, D,,, A\)R(A) is analytic near the point Ag =i(1 —1 —
2m). Since A is an eigenvalue of £(\), it follows from [23] that

. A
R(\) = . ;0

+T'(N),

where I'(A) is an analytic operator-valued function near Ao and the image of A_; coincides with
the linear span of the eigenvectors corresponding to Ag. Therefore,

W1, Do RS = DB i D T O)f

for any f € WENT—b, b]. By the definition of a proper eigenvalue, the function pl2m=14 | fis a
vector Q(y) = (Q1(y),...,Qn(y)), where Q;(y) are some polynomials of degree [ +2m — 1 in y;
and y-. Hence,

M(w, Dy, VA_y f = 1" 72" M(w, Dy, v Dy ) (r' 2™ T AL f) = r D2 Q(y) = 0.

Thus, the operator-valued function M (w, Dy, \)R()) is analytic near \g = (1 — [ — 2m), and
therefore in the closed strip 1 — 1 —2m < ImA <a+1—-1—-2m.
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Moreover, for |Im \| < const, the growth of the norm ||M (w, Dy, A)R(N)||r. N [—b,b] WO N (—bb)

is at most power-law with respect to |A| (see Lemma 2.1 in [15]), whereas || f() Mt~ (b, tends to
zero more rapidly than any power of || as | Re \| — oco. Therefore, we can replace the integration

line Im\ = a+1—1—2m in (3.31) by the line Im A = 1 — [ — 2m. Thus, the function D'*2"W (y)
can be obtained from the function

+ooti(1—-1—2m) B B
e~ (tr2m)r / AT NI (w0, Dy VROV F(A) dA (3.32)
—oo+1i(1—1—2m)

by the substitution 7 = logr followed by the passage from the polar coordinates to the Cartesian
coordinates. Let us estimate the norm of D!*2m¥/,

1D W vy = 3 [ 1D Py

bj +OO
_ E / dw / e—2(l+2m—1)‘r
j 7bj — 00

Combining this with the complex analog of Parseval’s equality, we obtain

2

tooti(l—1—2m) B B B
/ AN M (w, Dy, VRN F(N) dX| dr.
—oo+1i(1—1—2m)

+oo+i(l—l-2m) . -
||Dl+2mWHHON ):/ o HM(W,DunA)R()‘)f()‘)H%/V(%N(—b,b)d)" (3.33)
—oo+1i(l—1—-2m

Let us estimate the norm in the integrand on the right-hand side. To do this, we introduce equivalent
norms depending on parameter A # 0 as follows:

o e (124 N O e (1277 PN
I Bvn oy = D ANF Gy )+ D AP mamn =20 £ 12},
J o,

By virtue of the interpolation inequality
N2 w050 < cull|Uj |l lwiszm b, 05y 0 <k <1+2m

(see. [25, Ch. 1]) and by Lemma 2.1 in [15], there exists C' > 0 such that the following estimate
holds for all A € C satisfying ImA =1—1—2m and |Re | > C:

1M (@, Do, VRN F N [yo.n () < Ball[FOIyr v 3. 19- (3.34)

Since the operator-valued function
M (w, Dy, VR(A) : WY [—b, 5] — WON (b, b)

is analytic on the segment {A € C: Im A = 1—1—2m, |Re A\| < C}, it follows that inequality (3.34)
holds on the entire line In A =1 — [ — 2m. By (3.33) and (3.34) we obtain

+oo+1i(1—1—2m)

D2 W ey < [ HFOMN Bt
—oco+1i(1—1—2m)
Combining this fact with inequalities (1.9) and (1.10) in [21] yields the estimate (3.22). Since
Cs°(K;\{0}) is dense in H¥(K;) for any a and k, it follows that the estimate (3.22) holds for any
W e H2mN(K) and f € HN (K, 7).
To be continued.
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