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SOLVABILITY OF THE BOUNDARY VALUE PROBLEM FOR
SOME DIFFERENTIAL-DIFFERENCE EQUATIONS

P. L. GUREVICH *

Abstract.

The problems of solvability and smoothness of generalized solutions to boundary value
problems for differential-difference equations on a finite interval (0,d) in not self-adjoint
case were considered in [1]. The interest to these problems was arisen by their numerous
applications as well as by a number of quite new properties they possess. For instance,
the smoothness of generalized solutions to such problems may fail inside the interval (0, d)
even in the case of infinitely differentiable right hand side of the equation and remains only
in some subintervals. In [1] necessary and sufficient conditions of Fredholmian solvability
and smoothness of solutions to such problems on the whole interval were established in
the case of non—integer d. In the case of integer d only sufficient conditions were obtained.
The problem of obtaining necessary and sufficient conditions was formulated in [1] as an
unsolved one. This paper is dedicated to the solution of this problem.

In section 1, the properties of difference operators in Sobolev spaces are considered. In
section 2, the necessary and sufficient conditions of Fredholmian solvability (with index
zero) of a boundary value problem for a differential-difference equations are established.
In section 3, the smoothness of the generalized solutions is considered in terms of the index
of the corresponding differential-difference operator.

The author is grateful to professor A.L.Skubachevskii for constant attention to this
work.

1. Difference operators in the spaces Ly(R), Ly(0, N + 1), and
in the Sobolev spaces W#(0, N +1). We consider the difference operator
R : Ly(R) — Ly(R) defined by the formula

(Ro)(t) = 3 byy(t+ 7). (1)

j=-

Here b; are real numbers, N is a natural number.
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140 P.L. GUREVICH

We introduce the operators

Io: Ly(0,N 4+ 1) — Ly(R), Po: Ly(R) — Ly(0, N + 1),
RQ : LQ(O,N + ].) — L2(07N+ ].)

by the formulas

ety ={ 3@ GEO NI oo vt e 0.8+ 1),

Rg = PoRIy.
(2)
Here @ = (0, N + 1).
We denote Qs = (s —1,8) (s=1,...,N+1).
We introduce an isomorphism of the Hilbert spaces
U : LQ(USQS) - LQH_I(QI)
by the formula
(Uv)k(t):v(t+k—1) (te@l,kzl,,N—i—l), (3)

where L31(Q1) = T4 Lo(@Q)).

Let R; be the matrix of order (N + 1) x (N 4 1) with the elements
rie = bg—; (i,k = 1,...,N +1). Let Ry be the matrix of order N x N
obtained from R; by deleting the last column and the last row. We denote
also by By the cofactor of the element r;, of the matrix R;.

Consider the operator Rg; : LY ™ (Q1) — LYH(Q,) defined by the for-
mula Rg; = URQUfl.

Now we shall formulate the next four Lemmas (proofs are given in [1],
Chapter I, Section 2).

LEMMA 1. The operator Rg: is the operator of multiplication by the
matriz Ry.

LEMMA 2. The spectrum of the operator R coincides with the spectrum
of the matrix R;.

LEMMA 3. The operator Rg maps continuously W’“(O,N + 1) into
W0, N +1) and, for allv € W*(0,N + 1),

(Rqu)¥ = R (j < k). (4)
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LEMMA 4. Let det Ry # 0 and let Rgv € W*(Q;) fori=1,...,N + 1.
Thenv e WHQ;) (j=1,...,N+1) and

N+1
Wllwe@y) < e X2 IRoullwe gy,
=1

where ¢ > 0 doesn’t depend on v.

We denote by W¥(0, N +1) the subspace of functions from W*(0, N +1)
satisfying conditions

u(“)(N +1)= Z ygult) (1—1), (5)
1<i<N+1,i#m+1

) (m) = Z VQz’U(“) (1), (6)

1<i<N,i#m

where m is a fixed number from the set {1,..., N}, y; (i=1,...,N+1, i #
m+1), v (i=1,...,N, i # m) are real numbers; u=0,...,k—1; k> 1.
Hereinafter, we shall assume that the following conjecture is fulfilled.

CONJECTURE 1. We assume that det Ry # 0, det Ry = 0.
The other cases have been studied in [1], Chapter .

THEOREM 1. There exist real numbers vy; (i =1,...,N+1,i# m+1),
Yoi (i =1,...,N, i # m) such that the operator Rg maps W¥*(0, N + 1) onto
Wf(O, N + 1) continuously and in a one-to—one manner.

Proof. 1. At first we proof that there exist vy; (i = 1,...,N + 1,7 #
m+1), 99 (i = 1,..., N, i # m) such that Ro(W"(0, N+1)) C W50, N+1).

We denote by R{(R?) the matrix, obtained from R; by deleting the first
(the last) column. Denote by e; (¢;) the i-th row of the matrix Ri(R?).

The condition det Ry = 0 implies that gy, ..., gy are linearly dependent.
Hence there exists a number m from the set {1,..., N} such that the row
gm 1is a linear combination of the other ones

9m = Z Y2:i9i; (7)

1<i<N,i#m

where vo; (1 =1,..., N, i # m) are real numbers.
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It is easy to see that e;11 = ¢; (i = 1,..., N). Therefore, using (7), we
get

Em41 = Z V2i€i+1, (8)
1<Gi<N, i#m
ie.,
Em+1l = Z V2,i—16€5- (9)

2<i<N+1,i#m+1

From non-singularity of the matrix Ry it follows that the rows e; (i =
1,... N+1,4i+# m+1) form the basis in R and the rows g; (j =1,... N+
1, j # m) also form the basis in R".

By Lemma (3), Ro(W*(0, N +1)) € W0, N +1). Thus (3), (7) and
Lemma (1) implies that, for v € W’“(O, N+1)and p=0,...,k—1,

(Rqu)®(m) = (URqu)(1)

= (R, UvM),, (1) = Yoi (R Uv™);(1)
1<i<N, i#m (10)
= > Y2i(Rou (“)(i) (b=0,...,k—=1).
1<i<N,i#m

Further,

(Rou)® (N +1) = (URgu)$, (1)

N =l v
= ; rn+,s(UvW)1(0) = 22 ras1,-1(Tv)4(0).
(11)
And, in the same way,
(Rou)(i — 1) = (URqu){(0) = (RyUv),(0)
(12)

N+1
= 3 ri(Uv™),(0) (i=1,...,N+1).
s=2

Since the rows e; (i = 1,..., N +1; i # m + 1) form the basis in RY| it
follows that

gN+1 = Z Y1i€i5
1<i<N+1,i#m+1

ie.,

(rN+1,1,...,rN+17N) = Z 712‘(7‘1‘2,-~~,7“z‘,N+1)~ (13)
1<i<N+1,i#m+1
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Now, using (11), (12), (13), we get

(Rgu) W (N+1) = > Yi(Rov) W (i—1) (u=0,... k=1). (14)

1<i<N+1,i#m+1

Therefore, by virtue (10) and (14), Ro(W*(0, N + 1)) C W*(0, N + 1).
2. Now let us prove the inverse inclusion

W0, N +1) C Rg(W*(0, N +1)).

Suppose u € WVk(O, N +1). By virtue of Lemma (2), the operator Ry, :
Ly(0,N +1) — Ly(0, N + 1) has a bounded inverse Ry' : Ly(0,N + 1) —
Ly(0, N +1). We shall show that v = Rg'u € W*(0,N +1).

By virtue of Lemma (4), v € W(Qs) (s = 1,..., N 4 1). Therefore, to
prove this theorem, it is sufficient to prove that

(U)W(1—0) = (U)"™(0+0) (s=1,...,N),

(U0)¥(0 +0) = (U) ¥, (1 — 0) = 0.
Denote

Pl = (U0)Y(0+0) (s=0,...,N;u=0,....k—1);
L= (Un)W(1-0) (j=1,....N+1;4=0,....k—1).

J J
Since Rou € W*(0, N + 1), we have
(Rov) W i—i_o = (Rgv)™|jmivo (i=1,...,N; u=0,...,k—1).

Thus, for every = 0,...,k — 1, the functions ¥, ¢} satisfy the following
conditions

N+1 N+1
S oripisphy =D ript (i=1,...,N). (15)
s=1 s=1

Moreover, the function Rgv satisfies conditions (10), which can be rewritten
in the form

N+1 N+1

Dormsth = > Y rast (16)
s=1

1<i<N,i#m s=1



144 P.L. GUREVICH

or in the form

N+1 " N+1 "

> m+1,sPs—1 — > Yoi 2 Ti+1,5Ps—1

s=1 1<i<N,i#m s=1 17)
N41 (

_ m
= > V2,1 2 TisPs_1-
2<I<N+T, itm—+1 a=1

From conditions (16), (17) and (7), (9), we obtain

B
TmN+1— > V2TiN+1 | Yng1 =0,
1<i<N,i#m
_ ) L g
m+1,1 Y2,i-1"T31 | Yo = V.
2<i<N+1, i#m+1

The factor preceding ¢y, (¢g) is non-zero. Otherwise, we have
det Ry = 0, which contradicts Conjecture (1). Hence ¢/, = ¢ = 0.
Thus system (15) will have the form

N N
erl,sﬂ@g = Znsz/}f; (t=1,...,N).
s=1 s=1

Since 741 541 = 745 and the m-th row of this system is a linear combination
of the other ones, this system will have the form

N N
Zriscpg:Zris@bfj (t=1,...,N;i#m). (18)
s=1 s=1

Now, using the condition 9,; = ¢y = 0, we rewrite relations (14) in
the following form:

N N
>Nt = > i D Tisr1 9k (19)

s=1 1<i<N+1,i#m+1 s=1

The condition (13) implies that
N N
Z Y1i Z Tist1Ph = Z TN+1,5% -

1<ISNALi#mtl  s=1 s=1

Thus, using the last relation and relation (19), we obtain

N N
Z rN-i-l,sSOg - Z TN-H,swg' (20)
s=1

s=1
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Combining (18) and (20), we get the system of N equations with N
unknowns

N
Sorlgt — ) =0 (i=1,....N+LiAm). (21)
s=1

The rows of system (21) coincide with the linearly independent rows
gi(i = 1,...,N +1;7 # m). Hence ¢# — ¥ = 0, i.e., ot = Y (s =
1,...,N;u = 0,...,k —1). We have thus proved that WWIC(O,N +1) C
Ro(Wk(0,N +1)). O

REMARK 1. [t can be given the following equivalent definition of the sub-
space WF(O,N + 1). WF(O,N + 1) is the subspace of functions from
W*(0, N + 1) satisfying conditions

u(0) = > Yiu (),
1<i<N+1,i#m/
u(m) = > hul (i),
1<i<N, i#m!

where m’ is a fized point from the set {1,... ., N}, v;(i =1,...,N+1, i #m’),
Yot =1,...,N, i #m') are real numbers; u =0,...,k—1; k> 1.

Let us introduce the sets

M ={ueWY0,N+1): Roue W2(0,N +1)},
M, ={ue WY 0,N+1):u, Rgue Wk2(0,N +1)} =
={u€ M :u, Rgu € WF2(0, N + 1)},

where £k =0,1,...

These sets will play the role of the domains of the corresponding differen-
tial-difference operators.

We denote by G (G3) the j-th column of the N x (N+1)-matrix obtained
from R; by deleting the first (last) row (j = 1,...,N + 1). Notice that
Conjecture (1) implies that G} # 0, G4 # 0.

The following lemma allows to find out the structure of the sets M.

LEMMA 5. For any n > 2, we have:
(a) Suppose that G} and G%.,, are linearly independent. Then

{fveM:v, Rppe W"(0O,N+1)} = W™(0,N +1).
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(b) Suppose that Gi and G3,, are linearly dependent. Then

{veM:v, Rgp e W*(0,N+1)}
— {v € M : Rgv € W0, N + 1), (Uv)*,(0+0) = (Uv)* (1—0)
p=1,...,n—1}

where | € {1,..., N} is a number satisfying the following condition: deter-
minant of the matriz with the elements rj, where 1 <1i,5 < N, i #m, j # 1,
doesn’t equal zero. (By virtue of the linearly independence of the rows g;, i =
1,...N, i # m, there really exists such a point l.)

Proof. First let us prove (a).

The inclusion W™ (0, N+1) € {v € M : v, Rgv € W™(0, N + 1)} follows
from Lemma (3). Let us prove the inverse inclusion.

Let v € W0, N +1)nW"(0, N +1), Rov € W"(0, N +1). Then, using

the notation of Theorem (1), for all p=1,...,n — 1, we obtain
N+1 N+1
Z ri—&-l,s(plsjfl = Z Tisdjg (Z = 17 R N) (22)
s=1 s=1

Regrouping the summands in (22) and noticing that 741 541 = 75 (1 < i, 5 <
N), we get

N
Z Tis(@h — V) = —riy11906 + Ti,N+11/1K7+1 (t=1,...,N). (23)

Since v € W™(0, N + 1), we have p# =¢* (s =1,...,N). Hence
—riv1a0h Frinpiha =0  (i=1,...,N).
But the last relations are equivalent to the following:
~Grg + GRp ¥ = 0.

Thus, by virtue of the linearly independence of G} and G%,,, we have ¢ff =
Yy, = 0. This implies that v € W"(0, N + 1).
Now let us prove (b). The inclusion

{ve M :v, Rgp € W"(0,N + 1)}
C {v e M: Rgue W™0,N +1), (Uv)",(0+0) = (Uv)*(1 - 0),
p=1,...,n—1}

is obviously.
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Let us prove the inverse inclusion. Let

vefveM: Rgue W (0,N +1), (Uv)"(0+0) = (Uv)" (1 —0),
p=1,...,n—1}

Note that it cannot be written “v® (I —0) = v™ (I +0)” here and in the
statement of the lemma because we don’t know beforehand if the derivative
of order p for the function v belongs to the corresponding Sobolev space.
Thus we have to write “(Uv)%)(0 4 0) = (Uv){* (1 — 0)”.

Since G and G%,, are linearly dependent, G| # 0 and G%,; # 0, there
exist non—zero real numbers oy, as such that

1G] + aGhq = 0. (24)

Now we shall show that, in this case,
(UU)N+1(1—0)+QQ<UU) '(0+0) = a1y, + gy = 0. (25)
Denote w = Rgu. Since (Uv)W(t) = (R 'Uw®™)(t) (¢ € (0,1)), we can

rewrite (25) in the form

N+1 BZN+1 ” N+1 B (#
1ZdetR1 M (1 —0) +a22dtR1(U )i(04+0)=0. (26)

Since By = Bny1.n+1 = det Ry = 0, relation (26) has the form

N
Y (1 Bins1 + a2 Bipr)w™ (i) = 0. (27)

=1

Then, analyzing B;ni+1, Biy11 and using (24), we see that oy B; ni1 +
a23i+1,1 =0 (’L == ]_,,N)
Therefore (27) is identical, i.e., (25) is valid for any

vef{veM: RgueW"(0,N+1), (Uv)"(0+0) = (Uv)"(1—0),
p=1,...,n—1}.

Further, we have (likewise (23))
N
D ris(@h =) = —ripagh trivadhvy (@=1,...,N). (28)
s=1
By virtue (24), (25), system (28) will have the form

Zhs O — ) =0 (t=1,...,N). (29)
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Since ¢)' = )" and the m-th row of (29) is a linear combination of the other
ones, system (29) is equivalent to the following:

Yo ris(@h =) =0 (i=1,...,Nii#£m). (30)
1<s<N, s#l
Thus we have the system of (N — 1) equations with (N — 1) unknowns.
Selection of point [ implies non-singularity of the matrix of system (30). This
system has a unique trivial solution. Hence, for any u =0,...,n — 1, we get
et =k (s=1,... N). Therefore v € W"(0, N + 1) and thus Lemma (5) is
proved. 0

Let Rf : WF2(0,N + 1) — W**2(0,N + 1) be a bounded operator
defined by D(R)) = My, R{v = Rou (v € D(RF)), where k > 0.

THEOREM 2. The operator R, (k > 0) is Fredholm, dimker(Rp)) = 0,
2(k +2), if Gl, Gi,y are linearly independent,

: k) —
codim Im (7g) = { k+ 3, if Gi, G% ., are linearly dependent.

Proof. Let Gi, G%,, be linearly independent. In this case, by virtue
of Lemma (5), the domain M}, of the operator R’é coincides with the space
WH+2(0, N + 1). By virtue of Theorem (1), the operator R, maps M}, onto
WH+2(0, N +1) in a one-to-one manner. This implies that dim ker(Rf) = 0.

Now let us find codim Im (Rf)). We consider the equation

Ryu=w  (weW"?0,N+1)). (31)

Theorem (1) implies that equation (31) has a solution u € My =
WH2(0,N 4+ 1) iff w € WI*2(0, N 4 1), i.e., iff w satisfies the conditions

1<i<NAT, im+1
1<i<N,i#m

We introduce 2(k + 2) linear functionals Fj, (j =0,1; p=0,...,k+1)
by the formulas

Fou(w) = w®(N +1) — ) Yaw™ (i — 1),
Fr(w) =w®(m)— > ().
1<i<N,i#m

By virtue of the trace theorem (for example, see [2]), Fj, are continuous
functionals over W*+2(0, N 4-1). It is not hard to check that Fj, are linearly
independent.
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From the Riesz theorem it follows that Fj,(w) = (w, fj.)wr+20,n+1):
where f;, € WF2(0,N+1)(j =0,1; p=0,...,k+1) are linearly indepen-
dent, functions. This implies that codim Im (Rf)) = 2(k + 2).

Now we consider the other case. Let Gi, G%.; be linearly dependent.
Since D(Rf) C W10, N +1), Ry maps W(0, N + 1) onto W2(0,N +1) in
a one-to-one manner, and Rg D Rp, it follows that dimker(Rg) = 0.

Let us find codim Im (Rf)). We consider the equation

Rpv=w  (weW"?0,N +1)). (33)

From Theorem (1) and Lemma (5), it follows that equation (33) has a
solution v € M, iff w satisfies the conditions

w(N+1) = Z yiw(i — 1), w(m) = Z Yoiw(i), (34)
1<i<N41,i#m+1 1<i<N,i#m
U)#(0+0) = (U)(1=0)  (u=1,....k+1). (35)
Since
(Uv)*,(040) = Z ”“ w);(0 + 0),

=1

N+1

01— 0) = de&w )1~ 0),

conditions (35) will have the form

N+1 N+1

Z B@le( (1—1) Z Bw “)

And, after regrouping the summands, we obtain, for y=1,..., k+ 1,

By 1w (0) + Z 141 — Bia)w™ (i) — Byyw® (N +1) =0, (36)

Thus a solution u of equation (33) belongs to My, iff w satisfies conditions (34)
and (36). Further, as above, we can introduce k + 3 linear continuous func-
tionals over W**2(0, N + 1), corresponding conditions (34), (36), and prove
that they are linearly independent. (To prove it one can use the condition
B 1, # 0 which follows from Conjecture (1) and the condition on the point
I.) And, as above, using the Riesz theorem, we get codimIm (Rf) = k + 3.
0
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2. The boundary value problem for the differential-difference
equation with homogeneous boundary conditions. We consider the
differential—difference equation

—(B)"(t) + (Aw)(t) = fo(t) (L€ (0,N +1)) (37)
with homogeneous boundary conditions
v(t)=0 (t € [-N,0]U[N +1,2N +1)). (38)

Here R : Lo(R) — Lo(R) is the difference operator defined by
N
(Ro)(t) = > bjot + ),
j=—N

bjeR; N eN; A : WI(O, N +1) — Ly(0, N 4+ 1) is a linear bounded oper-
ator; fo € Ly(0, N 4+ 1). One can easily reduce a differential-difference equa-
tion with non-homogeneous boundary conditions to differential-difference
equation with homogeneous boundary conditions (see section 3). Therefore,
without loss of generality, we can study the equation (37) with homogeneous
boundary conditions (38).

Since the shifts t — ¢ + j can map the points of the interval [0, N + 1]
into the set [-NN,0] U [N + 1,2N + 1], we consider the boundary conditions
for the equation (37) not only at the ends of the interval [0, N + 1], but also
on the set [-N,0]U [N + 1,2N + 1].

Let Ag: Lo(0,N + 1) — Lo(0, N + 1) be the unbounded operator given
by

D(Ag) =M ={ve W' (0,N+1): Rguv € W2(0, N +1)},
Arv = —(Rqu)"(t) + Av (v € D(AR)).

DEFINITION 1. A function v € D(AR) is called a generalized solution to
problem (37), (38) if Arv = fo.

THEOREM 3. The operator Agr is Fredholm and ind Ar = 0.

To prove Theorem (3) we shall first consider the bounded operator A :
W2(0,N +1)NWI(0,N + 1) — Ly(0, N + 1) defined by the formula

Au = —u" + AlRélu.

Here we suppose that the space W?2(0, N +1)N W;(O, N +1) has a topology
of the space W?2(0, N + 1). Let us prove the following lemma.
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LEMMA 6. The bounded operator A is Fredholm and ind A = 0.

Proof. We introduce the bounded operator Ay : W?(0, N+1)NW_ (0, N+
1) — Ly(0, N + 1) defined by the formula

Agu = u"(t).

Here we also suppose that the space W?(0, N 4+ 1) N W (0, N + 1) has a
topology of W2(0, N + 1).

Thus we have A = —Ay + AlRél. We show that the operator A, is
Fredholm and ind Ay = 0.

It is clear that the homogeneous equation Asu = u”(t) = 0 has a class of
solutions u(t) = ¢it + 3 from W?2(0, N + 1). Therefore u belongs to ker(As)
iff u satisfies conditions (5), (6) (for u = 0)

[N +1— > Vi@ = 1) + e[l — > Y1) = 0,
2SISNAT im 1 1<i<N+1, i#m+1 (39)
cilm — > Yoit] + 21 — > Y2i] = 0.
1<i<N, i#m 1<i<N, i#m

Parallel with the homogeneous equation, we shall consider the non-homoge-
neous equation

A =0"(t) = f(t)  (f € Lo(0, N +1)).

For any function f € Ly(0, N + 1), there exists a class of solutions v(t) =
t

dit +dy + [(t — 7)f(7)dr from W?(0, N + 1). Therefore v belongs to the
0

domain of the operator A, iff v satisfies conditions (5), (6) (for u = 0)

di[N+1-— > yi(i — )] + da[1 — > i
9<i< N1, im+1 1<i<N+T,itm+1
i N+1
= > yinJi—7)f(r)dr— [ (N+1-7)f(7)dr,
1<i<N,i#m ‘ 0 0 (40)
di[m — > vyt + dofl — > i

1<i<N, i#m 1<i<N, i#m
i

= X 72z‘f(i_7)f(7')d7'—T(m—T)f(T)dT.
1<i<N, i#m 0 0
It is clear that ®;(f) = (f, ¢i)r.00.8+1) = fz(z—r)f(r) dr (i=1,...,N+
0

1) are the linear continuous functionals over Ls(0, N + 1) (here ¢;(1) =
(i —7)I(i —7), where I(t) =1,¢t>0; I(t)=0,t<0).
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It is not hard to prove that the functionals ®; (i = 1,...,N + 1) are
linearly independent. This implies that

Fi(f) = iy o i1 Pi(f) — P4 (f),
Bf)= 2 9u®i(f) = &u(f)

are also non-zero linearly independent continuous functionals over Ls(0, N +

1).

Thus system (40) will have the form

di[N+1-— > V(i — 1)] + dof1 — > il = Fi(f),
1<i< N+, itm+1 1<i< N+, im+1
di[m — > Yoit] + do[1 — > Yoi] = Fo(f).
1<i<N, itm 1<i<N, i#m
(41)

We analyse system (39) and system (41) simultaneously. Notice that the
matrix of system (39) coincides with the matrix of system (41). Denote this
matrix by M. Let us consider three cases.

1. Rank(M) = 2. It is easy to see that we have dimker(As) = 0,
codimIm (Ay) =0, i.e., ind Ay = 0.

2. Rank (M) = 1. Clearly, dimker(Ay) = 1. Using the Riesz theorem,
we obtain codim Im (As) = 1. Hence, in this case, we also have ind Ay = 0.

3. Rank (M) = 0. In this case, we see that dim ker(Ay) = 2. Using again
the Riesz theorem, we obtain codimIm (Ay) = 2, i.e., ind Ay = 0.

Thus we have proved that A, is Fredholm and ind A, = 0.

It is not hard to check that the operator AlRél : W2(0,N + 1) N
W2 (0, N+1) — Ly(0, N+1) is bounded if the space W?*(0, N+1)NW_ (0, N+
1) has a topology of W(0, N +1). Therefore, by virtue of the compactness of
the embedding operator from W?2(0, N + 1) into W'(0, N + 1), the operator
ARG : W30, N+1)NW2H0, N +1) — Ly(0, N +1) is compact if the space
W2(0,N + 1) N W0, N + 1) has a topology of W?(0, N 4 1). Using the
theorem about the compact perturbations (see [3], theorem 16.4), we have
that the operator A = —A, + AlRél is Fredholm and ind A =0. O

Now let us prove Theorem (3).

Proof of Theorem (3). The operator Ar can be presented as a composi-
tion Ap = ARQ, where
A:W?0,N +1)NWIH0,N +1) — Ly(0,N + 1) is given by

Au = —u" + AlRélu,
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Rg: Ly(0,N +1) = W2(0,N + 1) nW2(0,N + 1) C W?(0, N + 1) is given
by

D(fig) =D(Ap) =M,
Rou = Rou (u € D(Rg)).

By virtue of Lemma (6) and Theorem (1), the operators A and Ry are
Fredholm and ind A = ind Rg = 0. Hence the operator Ap = AR, is also
Fredholm and ind Ag = 0 (see [3], theorem 12.2). O

3. Smoothness of generalized solutions to boundary value prob-
lem. It is known that the smoothness of generalized solutions of differential—
difference equations can be broken even for infinitely differentiable right hand
sides of equations. But there exists the following result.

THEOREM 4. Let fo € W*(0, N + 1) and v be a generalized solution to
boundary value problem (87), (38) such that Ayv € W*(0, N + 1).
Then v € WH2(Q,), s=1,...,N +1.

Proof. The proof follows from Lemma (4). 0O

To obtain a smoothness of generalized solutions it is necessary to im-
pose some additional conditions on right hand side of the equation (and on
the boundary functions, in the case of non-homogeneous boundary condi-
tions). Now we shall find out a type of these conditions for the case of the
homogeneous boundary value problem.

We consider the bounded operator A% : W 2(0, N +1) — W*(0, N +1)
given by

ID<A];%) = Mkv
Ajv = —(Rqu)"(t),

and the bounded operator BE : W 2(0, N + 1) — W*(0, N + 1) defined by
the formula Bfv = —(Rgv)"(t).

Note that, by virtue of Lemma (5), A% coincides with Bf, if G1, G4
are linearly independent.

THEOREM 5. The operator A% (k > 0) is Fredholm, dim ker(A%) = 0,

, 20k +1), if Gi, G%., are linearly independent
kY ) 1 N+1 )
codim Im (Aj) = { E+1, if Gi, G%.. are linearly dependent.
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Proof. First we prove that dimker(A%) = 0. Let v € ker(A%). Then
(Rgu)"(t) = 0. Hence (Rqv)(t) = ¢1 + cot. Since det Ry # 0, we obtain

v(t) = U 'R'U(e; +eat) (€ (0, N +1)).

Thus a function v is piecewise linear on the interval (0, N + 1). Therefore
v € W2(0, N+1)NW0, N +1) if and only if v(t) = 0, i.c., dim ker(A4%) = 0.

Let us present the operator A’fg as a composition A’fg = AQR’C??. Here
R, : WF2(0, N+1) — W*+2(0, N+1) is the operator introduced in section 1,
Ay : WEF2(0, N +1) — W*(0, N + 1) is the bounded operator defined by the
formula (Asv)(t) = —v"(¢). It is obvious that Aj is Fredholm and ind Ay =
2. Therefore, using Theorem (2) and the theorem about a composition of
Fredholmian operators (see [3], theorem 12.2), we obtain the statement of
Theorem (5). O

THEOREM 6. The operator BY (k > 0) is Fredholm, dimker(Bj) =
0, codimIm (B%) = 2(k + 1).

Proof. The idea of the proof is analogous to the previous proof. [0

Now we shall generalize these results to the case of the boundary value
problem with non-homogeneous boundary conditions.
We consider the differential-difference equation

—(Ry)"(t) + Awy = fo(t) (€ (0,N+1)) (42)
with non-homogeneous boundary conditions

{ y(t) = fl(t) (t € [_N’ ODa (43)
y(t) = f2(t) (t €[N +1,2N +1]),

where

N
(Ry)(t) = >_ by(t + ),
j=—N

b; € R, N is a natural number; A; : W'(—=N,2N +1) — Ly(0,N + 1) is a
linear bounded operator, f = (fo, fi1, f2) € W(=N,2N +1) = Ly(0, N +1) X
WH—=N,0) x WY{(N +1,2N +1).

We introduce the linear unbounded operator £ : Ly(—N,2N + 1) —
W(=N,2N + 1) with the domain D(£) = {y € W'(—N,2N + 1) : PoRy €
W20, N + 1)} by the formula

Ly = (‘(PQRZ/)” + A1y, yl(=n0)s Z/\(N+1,2N+1)) .
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DEFINITION 2. A function y € D(L) is called a generalized solution to

problem (42), (43) if Ly = (fo, f1, f2)-

To obtain the smoothness of the generalized solution in the interval
(=N, 2N + 1) we suppose that A; : W*(—N, 2N + 1) — Wk(0,N + 1) is
a bounded operator and f = (fo, f1, f2) € WF(=N, 2N + 1) = Wk(0, N +
1) x WH2(—N,0) x WE2(N + 1, 2N + 1).

We consider the linear bounded operator L : W*2(—N 2N + 1) —
WF(—N, 2N + 1) by the formula

Lpy = Ly (y € WF2(—N, 2N 4 1)).
THEOREM 7. The operator Lg is Fredholm and ind L = —2(k + 1).

Proof. By virtue of the compactness of the imbedding operator from
WHk2(—N, 2N + 1) into W*(—N, 2N + 1), we have that the operator
Ay WFF2(—N, 2N +1) — W*(0, N + 1) is compact. Therefore, by theorem
16.4, [3], it suffices to prove Theorem (7) in the case A; = 0.

Let us assume now that A; =0

We introduce the function

fit)y (e [=N,0]),
fa(t) (€[N, 2N +1]),

k+1 . ) k+1 . )
n(t) S AVOF /it — N 1) 3 (N +1)(E = N = 1)/i
(te (0,N+1)),

»(t) =

where n € C™(R), n(t) = 1 (|t| < 1/4), n(t) = 0 (|t| > 1/3). It is clear
that v € Wk*2(—=N, 2N +1). Denote w = y — ¢ € W20, N + 1) (y €
WHF2(—N, 2N +1)). We see that the equation Lpy = f (f € WF(=N, 2N +
1)) has a solution y € W*2(=N, 2N + 1) iff w belongs to W+2(0, N + 1)
and is a solution of the equation

Biw = fo+ (Ry)". (44)
By Theorem (6), equation (44) has a solution if and only if
(fo + (Rw)ﬂv @j)Wk(O,N-Q-l) = O (.] = 17 s 72(]{7 + 1)) ) (45)

where ¢; € W*(0, N + 1) are linearly independent functions.
From the trace theorem and the Riesz theorem it follows that condi-
tions (45) will have the form

(f, G)wr(=n,2an+1) = 0 G=1,...,2(k+1)), (46)
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where f = (fo, f1, f2), vector-valued functions G; = (¢;, B1y;, Bayj) are lin-
early independent (here By : W*(0, N +1) — W**2(—N,0), By : W*(0, N +
1) — W*?2(N + 1, 2N + 1) are linear bounded operators). Thus for A; =0
the equation Lpy = f has a solution y € WH2(—N, 2N + 1) for f €
WPF(=N, 2N + 1) if and only if conditions (46) are fulfilled.

Furthermore, by Theorem (6), dimker(Lp) =0. O

If we demand the smoothness of the solution only in the interval (0, N +
1), we can weaken the conditions of orthogonality in some cases.

To formalize this statement we suppose that A; : W!'(—N, 2N + 1) —
W*(0, N+1) is a compact operator. Let us introduce the unbounded operator
La:WH=N,2N+1) — W*O0, N+1)x WL(=N,0)x WY{(N+1, 2N +1) with
the domain D(L4) = {y € W' (=N, 2N +1) : Poy, PoRy € W*2(0, N+1)}
by the formula

Lay=Ly  (y€D(La)).

THEOREM 8. The operator L4 is Fredholm and
d La = —2(k+1), if G, Gy, are linearly independent,
AT —(k+1), if Gl G341 are linearly dependent.

Proof. The proof is analogous to the previous proof. The main distinc-
tion refers to the operator on left hand side of equation (44) to which we
reduce boundary value problem (42), (43).

In this case, A% takes the place of BE. O

REMARK 2. Using Lemma (5), one can easily show that D(Ls) =
WHE2(—N, 2N + 1) if Gi, G%, are linearly independent. In this case, a
generalized solution has a proper smoothness in the whole interval (—N, 2N +

1).

Thus we see that the smoothness of generalized solutions to the boundary
value problem to differential-difference equations is not broken in the interval
(0, N+1) (in the interval (=N, 2N +1)) if we impose not only the conditions
of smoothness but also some conditions of orthogonality on the right hand
side of the differential—difference equation and on the boundary functions.
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