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1. In [1], a special form of a generator of a strongly
continuous contraction nonnegative semigroup (Feller
semigroup) of operators acting on spaces of continuous
functions on the interval was considered. In the multi-
dimensional case, it was proved that a generator of a
Feller semigroup is an elliptic differential operator
(possibly, degenerate), whose domain consists of con-
tinuous functions satisfying a nonlocal condition which
contains an integral over the closure of the domain with
respect to a nonnegative Borel measure [2]. The inverse
problem remains unsolved. Given an elliptic integro-
differential operator whose domain is described by
nonlocal boundary conditions, is the closure of this
operator a generator of a Feller semigroup? In [3-7],
the transversal case was considered, in which the order
of nonlocal terms is less than that of local terms, and in
[7, 8], the nontransversal case was handled, in which
these orders coincide (see also the references in [7]).

In [7], it was assumed that the coefficients of nonlo-
cal terms are less than 1. In this paper, we consider non-
transversal nonlocal conditions on the boundary of a
plane domain in the “limit case,” in which the coeffi-
cients of nonlocal terms may equal 1 at some points
(the Borel measure at these points is assumed to be
atomic). We state sufficient conditions on the
unbounded perturbations of the elliptic operator and on
the Borel measure in the nonlocal condition under
which the corresponding nonlocal operator is a genera-
tor of a Feller semigroup.

Let G c [R? be a bounded domain with boundary 0G.
Consider a finite set J{ < dG. Suppose that dGNI{ =

N
T, where the G, are open (in the topology of dG)
i=1

curves of class C~. We assume that, in a neighborhood
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of each point g € J, the domain G coincides with a
plane angle.

For any closed sets Q c G and K ¢ G such that

QN K#@, weset Cl(Q)={ue CQ):uy)=0,ye
0 N K} and endow this space with the maximum-norm.

We define a space H’; (G) as the completion of the set

of infinitely differentiable functions vanishing near J
endowed with the norm

12
Il = [Z J P“““’”ID“u(wlzdy} :

lof <k G

where a € R, k>0 is an integer, and p = p(y) = dist(y,
%). For integer k> 1, by H. '

a

(') we denote the space
of traces of functions from H’; (G) on the smooth curve

I'c G. On the weight spaces, we define norms depend-
ing on a parameter g > 0 as follows. We set || v||

HT)
2
2
(jp ‘ |v<y>|2drj ,
ri
2 k12 12
el gy = (s g + @l )™, k20,
2 k=172 2 12
L S 7 b
k>1.

2. Consider the differential operator

2 2

Pou = Z piuy, (y) + Zpi(y)uyi(y) + po(M)u(y),
Lj=1 i=1

where the p;, p; € C=(R?) are real-valued functions

such that p, 2 0 and p; = p;; for i, j = 1, 2. Suppose that
there exists a constant ¢ > 0 for which
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Y piEE i’ ye G, &= (E.&)e R

ij=1

Let us introduce operators corresponding to nonlo-
cal terms supported near the set K. For any set Jl, we
denote its e-neighborhood by O (). Consider diffeo-
morphisms Q; (wherei=1,2,...,Nands=1,2, ...,
S;) of class C* each of which maps some neighborhood

O, of the curve T'; " O, (H) onto a set Q;(0,) such that

QI NO0H) cGand Qg)e Hforge T'i nH.
Thus, the transformations €2;; map the curves I'; N
O.(¥) inside the domain G and the set of endpoints I'; M
H to itself.

Let us describe the structure of the transformations

Q;, in more detail. Let Q;l denote the transformation
Q,: 0. - Q,(0)), and let Q;, : Q,(0,) = O, denote the

L

inverse transformation. The set of points of the form
Q;y (..Q0 (@) € K (where 1 <s5;< S, forj=1,2,...,
q) is called the orbit of the point g € H. In other words,

the orbit of g € J{ is formed by those points (from the
set J{) which are obtained by successively applying the

I(]S(]

transformations €;  to the point g. The set I consists

of finitely many disjoint orbits, which we denote by X,
wherev=1,2, ..., N,.

Take a sufficiently small € > O for which there exist
neighborhoods O, (g;) satisfying the condition O, (g;) >
@g(gj) and the following conditions:

(i) in the neighborhood O ¢, (g)), the domain G coin-
cides with a plane angle;

(i) O¢, (g) N O (h) = @ for g, he H such that g # h;

(iii) if g; = ['; and Q,(g;) = g, then O,(g;) = O, and
Qis(@a(gj)) - @e] (gk)

For each point g; € T'; N J{,, we fix a linear trans-
formation Y;: y — y'(g;) (the composition of the transla-

—
tion by the vector —~Og; and a rotation) which maps g;
to the origin so that Y}(O, (g)) = O, (0), Y(G N
0.,(g)) = K N O, (0), and Y(T; N O (g) = Yo N
0 ¢, (0) (0 =1 or 2), where K; is a nonzero plane angle
and the v are its sides.

Condition 1. If g;e T; NI, and Q,(g) = g. € HK,,
then the transformation Y, o Q; o le :0:(0) = O (0)
is the composition of a rotation and a homothety.

GUREVICH

S;
Consider the operators Bu = 2 b;; u(Q(y)) for
s=1
y e I'; N OyI) and Bu =0 for y € TNO(H), where the
b;, € C(R?) are real-valued functions and suppb;,
O.(F).
S;
Condition 2. (i) b;,(y) >0and ) b, (y)<1forye T';
s=1
S, s,
(i) Y by (@) + D by (@) <2forge T, nT; cH
s=1 s=1
ifizjand T; N T # @.
Theorem 1. [f Conditions 1 and 2 hold, then there
exists a &y > 0 such that, fork=0,1,2, ...,0 € (0, d,),

q>qo(8) =0, and y, € Cy(Ty) N HL (T, where
a=k+1-29, the problem

Pou—qu =0, ye G ulr—Bu = yyy),

yeTl, i=12,..N

has a unique solution ue C*(G) N C_c]{((_;) ) H];+ : (G);
moreover,

”u”C((;) + |”M|”H§+2(G)
N

<e Y (Will ey + MWl oon ),

i=1
where ¢ > 0 does not depend on g, \y;, and u.

In what follows, we assume that § € (0, ), an inte-
gerk>2,and a=k+ 1 -9 are fixed.

3. Consider the bounded linear operator P;:
H,"*(G) = H,_,(G).

Condition 3. (i) If a function u € H."*(G) attains its
positive maximum at a point y° € G, then P,u(y") <0.

k+2

() Ifue C(G)N H,
1s bounded on G.

(G), then the function P,u

(iii) For all sufficiently small p> 0,P =P %9 + P?Q ,
H,_,(G)

where the operators P, Plo: H."(G) —

are such that

(iii.1) | P e g Se@lull o g - Where o(p) >0
does not depend on « and ¢(p) — 0 as p — 0 and

(iii.2) the operator Pi_) is compact.
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Note that D(P,) ¢ CG\K) c C¥G) and R(P,)
C*-%(G\K) c C(G). However, generally, R(P,) &
C(G).

Remark 1. The prototype of the abstract operators
Py, P}e, and P?Q is the integral operators (cf. [5, 7, 9])

Piu(y)
= [0 + 20 M) = u ) = (Vu(y), 20, M)
F

X m(y, n)T(dn),

Py u(y)

[ TGy + 20 ) = () = (Vi) 20, )]

VALY

X m(y, n)T(dn),

Py u(y)

[ TGy + 20 ) = () = (V). 2, )]
z>p
X m(y, N)m(dn),
where F is a space with G-algebra F and Borel measure

my+zym e G; DYz, mI<Zm) forye G,ne
F, and |0| £ k, where Z(1)) is a nonnegative Tt-measur-
able bounded function; and m(y, ) = 0 (the functions
z(y, M), Z(Mm), and m(y, n) are also subject to certain
additional constraints).

4. In this paper, we consider nonlocal conditions in
the nontransversal case (a probability interpretation is
given in, e.g., [5]):

u(y)— fu(m)w,(y,dn) =0, yel,
£ (1)
i=1,2,..,N; u(y)=0, yeH,

where [,(y, -) is a nonnegative Borel measure on G
such that pi(y, G)< 1 forye T,

Let 8,,(y, -) be the measures defined by 0,(y, Q) =
bi(xo(€2;(y)) fory e I'; 0.(H) and 3,(y, Q) = 0 for
y € TNO(I), where Q c G is an arbitrary Borel set
and y(-) is the characteristic function of the set Q.

Consider the measures [y, -) that can be repre-
sented in the form

S;
W) = Y80 )+ ou(n ) + By, ), ye Ty,

s=1
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where oy, -) and B,(y, -) are the nonnegative Borel
measures defined further on.

We set sptoy(y, )= G\\U { Ve T: a,(y, Vn G) =0}
VeT
(T is the family of all open sets in [R?) and

Byu(y) = [u(mo(y, dn),

G

Byu(y) = [u(mBi(y.dn). for yeT.
G
Let oy, ) and B,(y, -) be measures satisfying the
following conditions (cf. [7]).
Condition 4. There exist numbers x; > K, > 0 and
¢ > 0 such that
(i) sptoy(y, ) < G\O (X) for y € T, and

IBoitelll e vom ) < C|||”|||H§”(G\@Kl(?/c>);

i

(i) sptoy(y, ) © Go for y € TNO (¥) and

IBogatlll 5 < clllulll o2, ,» Where G = {y €

(F,\@Kz(%))

G: dist(y, 0G) < G}.

(Gg)

N
Weset N =\ {ye T G)=0} U and M =
i=1

JG\N'. We assume that N and Jl are Borel sets.

Condition 5. B,(y, M) <1 forye I'n M andi=1,
2,...,N.

Condition 6. For any function ue Cy(G), the func-
tions B and Bgu admit continuous extensions to l:, ,
which belong to C N(I:i ).

Let us write the measures By, -) in the form B,(y, -) =

Bi 0. ) + B7 (. ) where B; (v, -) and B; (. -) are non-
negative Borel measures. They have the following

properties. Let Jl, = @,,(Jl_/t) for p > 0. Consider a cut-
off function {, € C=(R?) such that 0 < {,(y) < 1,
{,()=1forye M, and {,(y)=0forye M, We

set {, =1- ap. Let us introduce the operators

Bru(y) = [Comu(mB!(y, dn),
G

Bpu(y) = [C,(umB! (. dn),
G

Bhu(y) = Ju(n)Bf(y, dn).

G
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Angle >0

Nontransversal nonlocal conditions.

Consider the following Banach spaces with norms
depending on the parameter g:
k+2 _ - k+2 _
L HJ(G) = CG) 0 HYZ(G). Nl =
"u"CN(E) + I”MHIHI;M(G),

k+3/2

k+3/2
2. HJ\r,a

(Ft) = CN(I:,)H Ha (Fi)’ ”lv”lHk,\:'m(l',v) =

" V”CN(fi) + ”lVl”H:”/Z(r(_) :

Condition 7. For all sufficiently small p > 0,
N mnl .
(1) ”lBB"Hlﬂf;i(G)—>H§fj’2(ri) — 0 as p — 0 uniformly
in g;

.. ~1
(ii) the norms |||Bgilll -2 are bounded
Hy (G

~ Hy ()
uniformly in q.

k+2

Condition 8. The operators Béi: Hy (G) —

H/;[Ts/z I}, wherei=1,2, ..., N, are compact.

Consider the space Cy(G) = {u € C(G): u satisfies
conditions (1)} and the unbounded operator P: D(P) c

Cy(G) = Cx(G) defined by
Pu = Pyu+ P,u,
ue D(P)
= {ue Co(G)NH"*(G): Pyu+ Pue Cy(G)}.

Note that D(P)  C*(G) N Cy( G ); this follows from the
inequality £ = 2 and the Sobolev embedding theorem.
The proof of the following theorem, which is the main
result of this paper, is based on Theorem 1, the Hille—
Yosida theorem, and the maximum principle.

Theorem 2. If Conditions 1-8 hold, then the opera-
tor P has a closure P: D(P) c CB(E}) - CB(G), and
P is a generator of a Feller semigroup.

5. Below, we give an example of nonlocal condi-
tions satisfying the assumptions made above. Let 0G =
I uT, UK, where T, and T, are curves of class C*

open in the topology of G, ', " T, = @, and Ty N
I, = J{; the set I comprises two points, g; and g,. For

GUREVICH

J=1,2,3,4, by Q; we denote nondegenerate transfor-

mation of class C**2 defined in a neighborhood of T
and satisfying the following conditions (see figure):

(i) Q,H) =9, Q,[T, N OH)) € G, Q,[T\O(K)) <

G u T, and Q(y) is the composition of an argument
shift, a rotation, and a homothety for y € T N O (¥);

(ii) there exist numbers K, > K, > 0 and ¢ > 0 such
that Q,(T'1) ¢ G\O,, (¥) and Q,(T1\O, (H)) < G,;
moreover, {,(g,) € ', and Q,(g,) € G;

(iii) Q;(T1) € G U T, and Qy(H) < Ty;

(iv) QT1) c G U T, and Q,H) = H; the angle
between the tangent rays to I'; and €,(T",) at the point

g; s nonzero.

Take functions b;e C** 2(T'}) such that b;=0forj=
1,2, 3, 4 and consider the nonlocal boundary conditions

4

w(y)= Y bi(»u(Q;(») =0, yeTl,

j=1
u(y) =0, yel,.
Suppose that

4

Y by, yely;

j=1
4

by(g1) = 0 or Y bi(Qy(g))) = 0;
j=1
by(g,) = 0; b4(gj) = 0.
Let { € C(R?) be a cut-off function supported on

0.(J), identically equal to 1 on O,,(J{), and such that
0<{(y)<1forye R% Take y € T, and an arbitrary

Borel set Q — G . The measures
3(y, @) = LMD K(€21(»)),
a(y, @) = by(y)xe(25(y)),

B' (3, 0) = (1-CONb(Mxo(R1(3)

+ Y b (Me(R,()), B(3,Q) =0
j=34
(for simplicity, we omit the subscript 1 from the nota-
tion of measures) satisfy Conditions 1, 2, and 4-8.
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