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The most difficult case in studying elliptic problems
with nonlocal conditions is that where the support of
nonlocal data intersects the boundary (see [1-4]). In
this case, the solutions have power singularities near
some set. Therefore, it is natural to consider nonloca
eliptic problems in weight spaces (see [5, 6]). In
obtaining a priori estimates of solutions and construct-
ing right regularizers of nonlocal problemsin bounded
domains, model nonlocal boundary value problems in
planar and dihedral angles arise (see [3, 4]). In this
paper, an approach to studying nonlocal problems
based on the use of the Green formula and conjugate
nonlocal problemsis suggested. This approach makesit
possible to remove additional constraints imposed in
[3] on the corresponding local model problem and
obtain necessary and sufficient conditions for the Fred-
holm property of nonlocal problems in planar angles
and the unique solvability of nonlocal problems in
dihedral angles. As the conjugate problems, nonlocal
transmission problems arise; they were earlier consid-
ered for bounded domains with smooth boundaries in
R [7, 8] and in the one-dimensional case[9].

1. Consider the dihedral angle Q = {x=(y, 2): b, <
¢ <b,, zOR"-2} with the faces T = {x=(y, 2: ¢ = by,
zOR"2} (j=1,2)andtheedgeM = {x=(y, 2:y=0,
zOR"-2}. Here, x=(y,2 OR" y O R? and zO R"-2;
r, and ¢ arethe polar coordinates of the point y; and 0 <
b, <b, <21

Let P(D,, D,), B,(D,, D,), and B, (D,, D,) denote
homogeneous differential operatorswith constant com-
plex coefficients of orders2m, m, <2m-—1, and m, <
2m — 1, respectively j=1,2and p=1, 2, ..., m).
We assume that the operator (D,, D,) is properly ellip-

tic and the system of operators{B;,(Dy, D))} [I‘z 1 isnor-
mal and covers #(D,, D,) on T for j = 1, 2 (see [10,
Chapter 2]).
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Consider the following nonlocal boundary value
problem in the dihedral angle Q:

PD,,D)HU = f(x), xOQ, (1)

RBiu(Dy, DU =B,,(D,, DZ)U|rj o
+(Bju(D,, DY)U)(Gy. D), = g,(®), xOT,.
Hereand in what follows, the subscriptsj and u take the
. } , 4
vauesj=1,2andpu=1,2,...,m wewrlte(Bju(Dy,
D)YU)(Eyy, 2) to denote that the expression (Bﬁl(Dy,
D)U)(X) istaken at X = (4;y, 2), where %; is the oper-
ator of rotation through the angle ¢; and dilation by a

factor of x; inthe plane{y} suchthatb, <b, + ¢, =b, +
¢, =b < b, and 0 < x;. Note that we impose no con-

straints on the nonlocal operators B(ﬁl(Dy, D, (except
the constraint on their order).

L et usintroduce the space HL (Q) being the comple-
tion of the set Cy (Q\M) in the norm |w]|

1
g 2(a—I+lal)| ~a 2 [P o , = .
DZ J'r |wa(x)| dxJ , where C; (Q\M) is
qa\slg O
the set of functions infinitely differentiable in Q and

compactly supported on Q\M; a0 R; and | = 0 isan
1

-1
integer. By H, *(") (I = 1), we denote the space of

H(@)

traces on an (n—1)-dimensional half-planel” 0 Q with
. |
the norm ||L|J||H|a,uz(r) = 1nf||vv||H.a(Q) over wI Hy(Q)
such that wir = .
Consider the bounded operator

% = {P(D,, D), B;(D,, D} :

1
2m-m, , —=
HI(Q)~ H(Q < [THa (7))
ju
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corresponding to problem (1), (2).

2. Consider the auxiliary nonlocal boundary value
problem

PD, B)u = f(y), yOK, 3)
%,,(D,, 8)u=B,,(D,, O)ul,

+(B1D, WG, = g, YOV,

whereK={y: b, <¢ <b,};y,={y: ¢ =b};andBisan
arbltrary point of the unit sphere -3 = {z O Rn-2
|z]=1}.

“)

L et usintroduce the space E'a(K) being the comple-

tion of the set Cy (K\{0}) in the norm ||W||E\(K) =

1
O 2a,.2(lal-1) a 2 DE
0 re(r +1)|D,wW(y)| dyd .
le ( )|Djw(y) ey
sIK
for | > 1, we denote the space of tracesonay [ K with

-1
By E. “(y)

thenorm ly| ., = inflwl,, over w EL(K) such
E, (v) :
that wj, = U
0 0 My = 2
Put E,(K, y) = Ej(K) x |_| E (y;) - Con-

LK
sider the bounded operator £(8): E>"(K) — ES(K, y)
defined by

L(O)u = {P(D,, O)u, B;,(D,, O .

The operator £(8) corresponds to nonlocal boundary
value problem (3), (4). The solvability of problems (1),
(2) and (3), (4) isclosely related to the arrangement of
the eigenval ues of some model nonlocal problem for an
ordinary differential equation. To obtain this problem,
we write the operators @(Dy, 0), Bj,(Dy, 0), and

B(ﬁJ (Dy, 0) inthe polar coordinates: @’(D 0)=r2"P(¢,
Dy, D), By (Dy, 0O)=r ”‘Bu(q) Dy, rDy), and B u (Dy,

0O)=r J“Bm(cb Dy, rD;), where Dy = —i— 0 and D, =

00
2 Letusset 8= 0and {f, gy} = 0in (3) and (4),

introduce the new variable T = Inr, and apply the Fou-
rier transform with respect to 1. We obtain the problem

P(¢, Dy, MW($,A) = 0, b;<¢ <b,, %)
Bju(®, Dy, MW(, M)y -,
(ix-m

)1 59 (6)
+e B, (0, Dy, W(P +¢,~,A)|¢=bj =0,
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where

W, \) = (2m) J'u(cl) ,T)e M dr.

This problem is the ordinary differential equation of

form (5) for afunction w [ ng (b,, b,) with nonlocal

conditions (6), which relate the values of the function w
and its derivatives at the point ¢ = b to the values of the
function w and its derivatives at an interior point ¢ = b
of theinterval (by, b,).

Lemma 1. Suppose that thelineImA =a+ 1 -2m
contains no eigenvalues of model problem (5), (6).

Then, for all u 0 E2™(K) and all 6 0 9'-3, we have
I U”EZm(K) < cy([|£(8) U"E ) +ul L,k ). (7

where S={y:0< R, <r <R,} and ¢, > 0 does not depend
on 6 and u. If there exists 8 0 '3 such that estimate

(7) holds for all u O Eim(K), then thelineImA = a +
1 —2m contains no eigenvalues of problem (5), (6).

Lemmalisprovedin[3, Section 3]. It implies that
the operator £(0) has a finite-dimensional kernel and
closed image. To prove that the cokernel of £(0) is
finite-dimensional, we apply the Green formula to
prablem (3), (4).

3. Consider I' = {x=(y, 2: ¢ = b, z0O R"-2} and

={y: ¢ =b}. ThesatsI and y are the carriers of non-

local datain problems (1), (2) and (3), (4), respectively.
SetK,={y: b <¢ <b}andK,={y:b<¢ <b,}.
9(D,, D,) be the operator formally conjugate to QP(D
D,. ’In the statement of the following theorem, % =
P(D,, D), 2 =92(D,, D,), etc.

Theorem 1. For the operators %, B, and Bﬁl
defined in Section 1, there exist (but are not unigque)
(i) a system of operators { B; } L": , of orders2m-—1 —

m]ll normal on Fj with constant coefficients that com-

plements { B;,} /-, to a Dirichlet system of order 2m
onr % (i) asystem{B,, B,} - beingaDirichlet sys-
tem of order 2mon ™ such that the orders of the opera-
tors B, and B, are2m-—p and m- , respectively.

If a choice of such systems is made, then there exist
operatorsC,,, Cl,, T, and Tj, (=1,2u=1,2,...,m
v=1,2, ..., 2m) with constant coefficients possessing
the following properties (i) the orders of the operators

C CJ“,T andT aremm,2m 1—r‘qp,v—1,and

v —1, respectively; (ii) the system { C;} |/, coversthe

1 The definition of a Dirichlet system is given in [10, Chapter 2,
Section 2.2].
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operator 2 on I'; and complements {C;} /-, to a
Dirichlet system of order 2m on I';, and the system

{T} \2,21 is a Dirichlet system of order 2m on T;
(iii) for any functions u O Eim(K) and v; O

Ef?+2m(Kj), the Green formula with parameter 6
holds:

Z (P(Dy, O)u, v j)KJ_

J

+ z (%ju(Dyl e)u’ C}U(Dy’ e)vj|yj)yi
At

+3 (Bu(D,, O)u],, T,(D,, B)v),
g ®)
= 3 (12D, V)

j

+ z (B'iu(Dy' e)u|vi’ Cju(Dy' e)VJ|y,-)vi

jou

+ (BL(Dy, O],y T -, (Dy, B)V),.
n

Here, (-, -)x, (+ )y, and (-, -), are scalar productsin

Ly(K)), Ly(y), and Ly(y), respectively, J,(D,, O)v =
Tv( Dy’ e)V 1 |y - Tv(Dy, e)V 2|y +

Z(T:ﬁ,(Dy, OV (%) . 4" is the operator of

k
rotation through the angle —¢, and dilation by a factor

ofXl intheplane {y}; k=1,2;andv =1,2, ...,2m.
k

Formula (8) generates the following problem for-
mally conjugate to problem (3), (4):

2D, 0)v; = fi(y), yOK;, 9)
6;,(Dy, B)V = C,y(Dy, OV ||, = Gy,(¥),
yQy;,

T (Dy, O)v =T,(Dy, B)v,|,~T,(Dy, O)v,|,

(10)

4 B (11)
+3 (Ta(Dy VG|, = h(y). yDv,
k

where, asabove, j=1,2;u=1,2,...,m;6 093 and
v(y) = v(y) for y K. Here and in what follows, the
subscriptsv and k take the valuesv =1, 2, ..., 2m, k=
1, 2. We call problem (9)—(11) anonlocal transmission
problem.
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Let us introduce the notations €. ,n(K,y) =

1
m-mj, -3

2 2m—v+l
E8a+ 2m(K) X |_| E—a+ 2m (y]) X |_| E—a+2m 2(y) and
ju v

€ oK) = ® ‘Ef§+2m(Kj). Consider the bounded
J
operator M(B): €7, ,n(K) — €2 om(K, V) defined as

M@V = {w, €, (D,,8)V,T,D,,6)V}.

Here, wi(y) = 2(D,, B)v;(y) fory O K;; v; isthe restric-
tion of the function v to K;. The operator J1(6) corre-
sponds to nonlocal transmission problem (9)—(11).
Lemma 2. Suppose that thelineImA =a+ 1 -2m
contains no eigenvalues of model problem (5), (6).

Then, for all v O €20, ,(K) and 8 0 93, we have
Iv ||%3§+2m(,<) < cy([ LBV ||%9a+zm(l<,v) VI s (12)

where S = {y: 0 < R] <r < R, } and ¢, > 0 does not
depend on 6 and v. If there exists 6 [0 '3 such that
(12) holdsfor all v [ %3;”+2m(K) , thentheline ImA =
a+ 1 —2m contains no eigenvalues of problem (5), (6).

LemmaZ2 impliesthat /((0) has afinite-dimensional
kernel and closed image.

4. For £(0), consider the conjugate operator £*(0):
(Ea(K, Y)* — (Ea"(K)* acting on F = {f, g} O
(E2 (K, y))* by therule

fw, He)FO = [@P(D,, B)u, fO

+ Z [;,(Dy, 8)u, g;,0
jou
forany ud Eim(K). Here, [, -[(stands for the sesquilin-
ear form on the corresponding dual pairs of spaces.

Let us establish the relation between the kernels of
the operators £*(8) and JL(0).

Lemma 3. The kernel of the operator £*(8) coin-
cides with the set of values of the element {v, C;,, (D,,
O)v |, } for all v O €2, ,n(K) and v; OC*(K;{0})
being solutionsto problem (9)11) with {f;, g;,, h,} =0.

Lemmas 1-3 imply the following result.

Theorem 2. If theline ImA =a+ 1 —2mcontains no
eigenvalues of model problem (5), (6), then the opera-
tor £(0) is Fredholm of index zero for all 8 0 §'-3. If
the operator £(0) is Fredholm of index zero at some

0 0 S'-3, then the line ImA = a + 1 — 2m contains no
eigenvalues of problem (5), (6).

5. Let us examine the solvability of nonlocal bound-
ary-value problem (1), (2).
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Theorem 3. If the line ImA = a + 1 — 2m contains
no eigenvalues of model problem (5), (6) and
dimker(£(0)) = codimR(¥£(0)) = 0 for all 6 0 -3,
then the operator & is an isomorphism.

Theorem 4. If the operator & is Fredholm of index
zero, then the operator £(0) is an isomorphism for all
6033

Lemma 1 and Theorems 3 and 4 imply in particular
that, if the operator & is Fredholm of index zero, then
it isan isomorphism.

6. All results obtained in Sections 1-5 can be
extended over systems of equations for N functions
defined in N dihedral (planar) angles with nonlocal
conditions containing finitely many nonlocal terms and
relating the values of the functions and their derivatives
on the faces of the anglesto the values of the functions
and their derivatives on some half-planes (rays) lying
strictly inside the angles. Application of a priori esti-
mates in weight spaces similar to the estimates
obtained in [3, 6] makes it possible to study the Fred-

holm property of the operator £(6): E';Z”‘(K) -

I+2m—miu—}
E'a(K) X |_| E, 2(yj) and the invertibility of
i
the operator £ H."M(Q) - HYQ) x

I+2m—m; 1

|_|Ha ' Z(Fj) forany|=1,2,....
jou
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