
Addendum to the May 15, 2013 course

1. topological versus algebraic completion

Let A,m, k,K be a DVR, v : K → Z∪∞ be the discrete valuation defining A,
a ∈)0 1( defining the norm

||x|| = av(x)(1.1)

on K, inducing on K the normed topology, K̂ be the completed field wrt this
normed topology, v̂ : K̂ → Z be the extension of v on K̂ defined by v̂((xn)n≥1) =

lim sup{v(xn), n ≥ 1}, which, as we have seen, makes K̂ into a discrete valued

field. We define Â to be the ring of valuation of v̂. So Â consists of the classes of
Cauchy sequences (xn)n≥1 for which v(xn) ≥ 0 for n large enough.

We define ℵ = lim←−nA/m
n = {(xn)n≥1 ∈

∏
n≥1A/m

n, xn+1 7→ xn}. Then ℵ
is discretely valued via vℵ = max{v(x̃n), n ≥ 1}, where x̃n ∈ A is any lifting of
xn in A. This is straightforward to see that vℵ is well defined and is a discrete
valuation. One has vℵ(xn)n≥1 = ∞ ⇐⇒ (xn)n≥1 = 0. One has the injective
homomorphism of rings ιℵ : A→ ℵ, x 7→ (xn = residue class of x in A/mn).

Proposition 1.1. The completion homomorphism ι : A→ Â, x 7→ (xn = x)n≥1,

which is injective, factors as α ◦ ιℵ, where α : ℵ → Â, (xn)n≥1 7→ (x̃n)n≥1, and α
is an isomorphism of discretely valued rings.

Proof. The map α is well defined as for two choices of lifts x̃n, x̃
′
n the Cauchy

sequences (x̃n)≥1 and (x̃′n)≥1 are equivalent. Clearly if α((xn)n≥1) is a sequence
converging to 0, then (xn)≥1 ∈ ℵ is 0. Further one can give explicitely the inverse
map to α. Let (xn)n≥1 be a Cauchy sequence. Let ni ≥ 1 be a strictly increasing
sequence such that v(xn− xni

) ≥ (i+ 1) ∀n ≥ ni. Set yi = residue class of xni
in

A/mi. Then (yn)n≥1 is an element in ℵ and then (α)−1((xn)n≥1) = (yn)n≥1. One
easily sees that α and (α)−1 are inverse homomorphisms. �

2. For A a complete DVR, A locally compact implies A compact
and thus k = A/m finite

As mn for a fundamental system of closed neighbourhoods of 0, for n large, mn

lies in a compact neighborhood, thus is compact as well. Thus A, which is the
image of mn via the continuous map K → K, x 7→ x

πn , where π is a uniformizer,
is compact as well. Thus A/m is compact and discrete, thus finite.
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