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Prof. H. Esnault
Exercise sheet 10!

Definition. Let d be a square free integer and K = Q(v/d); let Ok be
its ring of integers. We define the following sets of prime numbers:

o 7 :={p€Z|p decomposes in K}

o 7 :={peZ|pOk is prime}

o % :={p € Z|p ramifies in K}
Since [K : Q] = 2, every prime number lies in 9, S or X.

Write § for the discriminant of K. Recall that for an ideal I C Ok

we follow Milne in writing N(I) = |Ok : I|.

o A nonzero ideal I C Ok 1is called normalized if it satisfies the

following two conditions

(a) N(I) = [I,cq 7 [ e P with e, € {0,1} and e, >0
(b) The inequality

1 .
N(I) < {?m yo=0
218l ifs<0
holds.
e [ is called primitive if there exists no m € Z \ {1} such that
o The set of normalized primitive ideals of Ok is denoted by N .

Exercise 1. Let d be a square free integer and K = Q(v/d). Show
that every fractional ideal of K is equivalent to an ideal in A". (Hint:
Use the Minkowski bound.)

Exercise 2. Infer from the previous exercise that if d > 0, then the
class number of K is 1 in the cases 6 = 5,8,12,13, and if d < 0, then
the class number is 1 if § = =3, —4, -7, —8.

Exercise 3. We use the notation from the previous exercise. Let
r = (u+vVd)/2,
with
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o u,vE
e u=v mod 2,
e and u,v € 2Z if d = 2,3 mod 4.
Let I € A4 and m := N(I). Show that the following statements are
equivalent:
(a) 2Ok is primitive with N(zOg) = m
(b) (u? —v%d)/4 = +m, and

ged(u/2,v/2) =1 ifd=2,3 mod 4
ged((u —wv)/2,v) =1 ifd=1 mod4

(Hint: This is easier than it looks.)

Exercise 4. Again, let K = Q(+/d). Show that the class number of K
is 2if d =10 or d = —15.
Hint for d = 10:
(a) Show (or accept) that there are prime ideals @, P, P" C Ok,
such that 20 = Q?, 30k = PP’, and that N(Q) = 2, N(P) =
N(P") = 3.
(b) Deduce that
{m e Z|3I ¢ /' ,m=N(I)} ={1,2,3}.

(c) Use the previous exercise to show that @, P, P’ are not principal,
and that QP and QP are principal.
(d) Conclude @, P, P’ generate the same class in CI(K), and that

the class number of K is 2.



