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Exercise sheet 4!

Exercise 1. Let X be a locally Noetherian scheme. Show that the
category of affine (resp. finite, finite flat) schemes over X is equivalent
to the category of quasi-coherent (resp. coherent, vector bundles) O x-
algebras over X.

Remark 1. The assumption locally Noetherian is not needed for affine
morphisms. For finite and finite flat morphisms, if one remove the
condition that X is locally Noetherian, then one should replace coherent
by modules of finite type and finite flat by finite locally free.

Exercise 2. Let f : X — Y be a morphism of schemes. The map
f is called a monomorphism if for two morphisms ¢;,92 : T — X,

fogy = fogsif and only if g; = ¢o.

(1) Show that if f is a monomorphism then for any p; : X; — X
andp2 1 X5 — X we have X; xx Xo = X7 xy Xo.

(2) Lety € Y be apoint. Show that the canonical map Spec (Oy,,) —
Y is a monomorphism of schemes.

(3) Let y € Y be apoint. Show that the canonical map Spec (k(y)) —
Y is a monomorphism of schemes.

(4) Show that open embeddings and closed embeddings are monomor-
phisms of schemes.

Exercise 3. We have seen that if we have a cartesian diagram
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in which ¢ is faithfully flat and quasi-compact or faithfully flat and
locally of finite presentation then f’ is injective implies that f is injec-
tive. Is the converse true, i.e. if f is injective does it mean that f’ is
also injective?

Exercise 4. Let f : X — Y be a finite étale surjective morphism of
schemes of degree n, where the degree of f is defined to be the rank
of the locally free Oy-module f,Ox (which is equal to the number of
points of the geometric fibers f~!(j) (see the notation in the lecture
notes in Prop. 3.2) for all y € V). Show that there is a finite étale
surjective morphism Y’ — Y such that Y’ xy X is the n-copies of Y.
(Hint: Use Ex 3.3 and induction.)



