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In the following k is an algebraically closed field. Let A = k[x1, . . . , xn]
be the polynomial ring in n variables with coefficients in k and let
I ⊂ A be an ideal. We denote by

Z(I) = {a ∈ kn | f(a) = 0, for all f ∈ I}

the zero set of I. If I = (f1, . . . , fr), then Z(I) = {a ∈ kn | fi(a) =
0, for all i = 1, . . . , r}. Further we set

I(Z(I)) = {f ∈ A | f(a) = 0, for all a ∈ Z(I)}.

Notice that I(Z(I)) is an ideal in A, which contains the radical
√
I of

I.

Proposition 1. Let k be an algebraically closed field and let I ⊂ A :=
k[x1, . . . , xn] be an ideal. We have a bijection

Z(I)
'−→ {maximal ideals in A/I}, (a1, . . . , an) 7→ (x̄1−a1, . . . , x̄n−an).

In particular, Z(I) 6= ∅ ⇔ I 6= (1).

Proof. First we show that if (a1, . . . , an) is an element of Z(I), then
(x̄1 − a1, . . . , x̄n − an) is a maximal ideal of A/I. It is enough to show
that (x1 − a1, . . . , xn − an) is a maximal ideal of k[x1, . . . , xn] which
contains I. We show first that (x1−a1, . . . , xn−an) is a maximal ideal
of k[x1, . . . , xn]. The k-linear map ta : k[x1, . . . , xn] → k[x1, . . . , xn]
sending xi to xi − ai for every i = 1, . . . , n is an isomorphism of rings
because the k-linear map sending xi to xi + ai is its inverse, and it
is an homomorphism of rings. So it is enough to show that the ideal
(x1, . . . , xn) is maximal. We consider the k-linear map ev0 ”evaluation
at 0” from k[x1, . . . xn] to k sending xi to 0 for every i = 1, . . . , n. This
is surjective and its kernel is a maximal ideal. The ideal (x1, . . . , xn)
is in the kernel, and if g is a polynomial which is in the kernel of
ev0, then g(x1, . . . , xn) is a polynomial with zero constant term, which
means that g(x1, . . . , xn) ∈ (x1, . . . , xn), hence the ideal (x1, . . . , xn) is
the kernel of ev0. Hence (x1, . . . , xn) is a maximal ideal of k[x1, . . . , xn].
Moreover ev0 = eva ◦ ta where eva is the k-linear map ”evaluation in
a” from k[x1, . . . xn] to k which sends xi to ai for every i = 1, . . . , n;
hence (x1 − a1, . . . , xn − an) is the kernel of eva. To show that (x1 −

1



2

a1, . . . , xn − an) contains I let f ∈ I, then f(a1, . . . , an) = 0 for every
a ∈ Z(I), so f ∈ Ker(eva) and hence f ∈ (x1 − a1, . . . , xn − an).

For injectivity we now prove that if (a1, . . . , an), (b1, . . . , bn) are el-
ements of Z(I), and if (x̄1 − a1, . . . , x̄n − an) = (x̄1 − b1, . . . , x̄n − bn)
in A/I then (a1, . . . , an) = (b1, . . . , bn). If (x̄1 − a1, . . . , x̄n − an) =
(x̄1 − b1, . . . , x̄n − bn) in A/I, then by the one-to-one correspondence
between ideals of A/I and ideals of A which contain I, we have the fol-
lowing equality of ideals (x1− a1, . . . , xn− an) = (x1− b1, . . . , xn− bn)
in A, but (x1 − b1, . . . , xn − bn) = Ker(eva), hence bi = ai for every
i = 1, . . . , n.

For surjectivity let M be a maximal ideal of A/I, then this cor-
responds to an ideal M ′ of A which contains I, then by the weak
form of Nullstellensatz, since k is algebraically closed, the k-linear map
k ↪→ A → A/M ′ ∼= k is an isomorphism. Every k-linear map A → k
is defined by sending xi to an element ai for i = 1, . . . , n where ai ∈ k
hence its kernel is (x1 − a1, . . . , xn − an). Hence M ′ = Ker(eva) =
(x1−a1, . . . , xn−an). Since M ′ contains I, then every f ∈ I should ver-
ify that f(a1, . . . , an) = 0, which means that (a1, . . . , an) ∈ Z(I). �

Proposition 2. We assume the same hypothesis as before, then

I(Z(I)) =
√
I.

Proof. If f ∈
√
I, then there exists an N ∈ N such that fN ∈ I, hence

fN(a1, . . . , an) = 0 for every a ∈ Z(I), hence f(a1, . . . , an) = 0 for
every (a1, . . . , an) ∈ Z(I), which means that f ∈ I(Z(I)).

Viceversa we take f ∈ I(Z(I)). We want to show that fN ∈ I for
some N ≥ 1. Denote by Af the ring of fractions of A with respect to
the multiplicatively closed subset S := {1, f, f 2, f 3, . . .}.

Lemma 3. S−1A = Af
∼= A[y]/(1− fy)

Proof. We apply [AM69, Proposition 3.2]. We consider the map ϕ :
A → A[y] → A[y]/(1 − fy) given by the composition of the inclusion
of A in A[y] and the projection A[y] → A[y]/(1 − fy). Since ϕ(f)
is invertible, by [AM69, Proposition 3.2] ϕ induces a ring map Af →
A[y]/(1 − fy). Moreover since ϕ(a) = 0 implies that a = 0 and since
every element of A[y]/(1 − fy) is of the form g(a)g(fn)−1 for some
n ∈ N, the induced map Af → A[y]/(1− fy) is an isomorphism. �

Hence, by lemma 3, Af is a finitely generated k-algebra. We want
to show that Af = IAf . Suppose that Af 6= IAf , then there exists a
maximal ideal M of Af/IAf ; this corresponds to a prime ideal P of A
which contains I and does not contain f . But the k-linear homomor-
phism of rings k ↪→ A/P → (A/P )f ∼= Af/M is an isomorphism by
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the weak Nullstellensatz. Hence the localization map A/P → (A/P )f
is an isomorphism. Hence P is a maximal ideal of A which contains I
and does not contain f . This is a contradiction because by proposition
1 P = (x1−a1, . . . , xn−an), with (a1, . . . , an) ∈ Z(I), but f ∈ I(Z(I));
hence f(a1, . . . , an) = 0 hence f ∈ (x1 − a1, . . . , xn − an), which is the
kernel of eva.

Hence Af = IAf , which implies that there exist N ∈ N such that
fN ∈ I. �
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