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Exercise 1. Let k be a field. Show that any affine subgroup of Gm,k
is µn,k for some n ∈ N.
Exercise 2. Let M be an abelian group, and let k be a field. Show
that D(M ) is an algebraic group, i.e. a group scheme of finite type if
and only if M is finitely generated.
Exercise 3. Show that there is a canonical inclusion µn,k ⊆ Gm,k
sending an n-th root of unity of Γ(T, OT ) to itself, viewed as an element
in Γ(T, OT )∗ . What is the quotient Gm,k /µn,k ?
Exercise 4. Let M be a finitely generated abelian group. An element
n
x ∈ M is p-torsion iff xp = 1 for some n ∈ N+ , and it is prime to
p-torsion iff xn = 1 for some n such that p - n. Show that the subset of
M consisting of p-torsion elements (resp. prime to p-torsion elements)
is a subgroup of M , and we will denote it as Mp (resp. M-p ). Show
that
(1) D(M/M-p ) = D(M )0 ;
(2) D(M/Mp ) = D(M )red , where D(M )red stands for the reduced
subscheme of D(M ). In general Gred is not a subgroup scheme
of G for any algebraic group G over k, but it is true in this case.
(3) Show that if M is a torsion group, then D(M/Mp ) ∼
= D(M )ét .
Exercise 5. Let F : C → D be an additive functor between two abelian
categories.
(1) If F is an equivalence then F is exact.
(2) If C is the category of abelian groups, D is the category of diagonalizable group schemes over k, and F is the functor sending
M 7→ D(M ). Show that F is exact.
(3) If D is a full subcategory of another abelian category D0 , give
an example to show that the inclusion D → D0 is not always
exact.
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(4) If D is the category of diagonalizable group schemes and if D0 is
the category of commutative affine group schemes then D → D0
is exact. (Hint: You can use the fact that any closed subgroup
scheme of a diagonalizable group scheme is still diagonalizable,
which we proved in the class.)
(5) Let’s take the notations in (2), (4). Show that the functor
D sending M 7→ D(M ) is an exact functor from the category
of abelian groups to the category of commutative affine group
schemes.

