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Exercise 1. Let S be a scheme. Let F be a presheaf, i.e. a functor
(Sch/S)→ (Sets). In the following we are going to define, step by step,
the sheafication of F .

(1) Let U ∈ (Sch/S). Take F s(U) to be the set F(U)/ ∼, where
∼ is an equivalence relation defined as follows: If a, b ∈ F(U),
then a ∼ b if and only if there is a n fppf covering {Ui → U}i∈I
such that a|Ui

= b|Ui
for all i ∈ I. Show that in this way we

get a presheaf F s which is separated, i.e. for any fppf-covering
{Ui → U}i∈I the map F(U)→

∏
i∈I F(Ui) is injective.

(2) Let U ∈ (Sch/S). Take Fa(U) to be the set of pairs ({Ui →
U}i∈I , {ai}i∈I), where {Ui → U}i∈I is a covering and ai ∈
F s(Ui) such that the pullback of ai, aj to F s(Ui×U Uj) concide,
modulo the following equivalent relation: ({Ui → U}i∈I , {ai}i∈I)
is equivalent to ({Vj → V }j∈J , {bj}j∈J) if and only if the restric-
tion of ai, bj to F s(Ui×U Vj) coincide. Show that F a is a sheaf.

(3) Show that the composition π : F → F s → Fa satisfies the
following universal property: Given any fppf sheaf G and any
map φ : F → G there exists a unique map λ : Fa → G such
that φ = λ ◦ π.

(4) Show that F → Fa is injective if and only if F is separated.

Exercise 2. Let f : G1 → G2 be map of group schemes locally of finite
presentation over a scheme S.

(1) We define the kernel Ker(f) of f to be the S-group scheme
obtained by the following pullback diagram

Ker(f) //

��

S

e

��
G1

f // G2
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Show that under this definition Ker(f) is indeed the kernel of
f , i.e. it satisfies the universal property of ”kernel”.

(2) Recall that in the class we have defined the cokernel Coker(f)
of f as the fppf associated sheaf of the presheaf

T 7→ Coker(G1(T )
f(T )−−→ G2(T ))

and if S = Spec (k) then Coker(f) is representable by a scheme
of finite type over k. Show that when S = k and the image
of each f(T ) is normal for all k-scheme T , then Coker(f) is a
group scheme and satisfies the universal property for a cokernel.

(3) Show that the category of commutative algebraic group over a
field k is an Abelian category.

Exercise 3. Let αp,k = Spec (k[T ]/T p), where k is a field of character-
istic p.

(1) Show that αp,k represents the following group functor: Given a
k-scheme T , we associate with T the group

{x ∈ Γ(T,OT )|xp = 0}
(2) Show that the category of finite dimensional αp,k-representations

is equivalent to the category of pairs (V, T ), where V is a finite
dimensional k-vector space and T : V → V is a linear map such
that T p = 0. (Hint: Use the explicit calculation we did in the
class.)


