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Exercise 1. Let G be a group scheme of finite type over a field k. Let
k̄ be the algebraic closure of k. Show that if G ×k k̄ is reduced then
G is smooth over k. (Hint: Use the fact that the set of smooth points
of a scheme of finite type over a field is open. Then do the argument
exactly the same as we did in the class, replacing flat locus by smooth
locus.)

Exercise 2. Let f : A→ B be an injective map of Hopf-algebras over
k. We want to show that f is a faithfully flat ring map. In the class
we have shown that it is enough to show the result for the case when
k = k̄ and A,B are of finite type over k. We have also shown that f
is faithfully flat when A is smooth. In this exercise we want to use the
results we proved in the class to finish the proof of this lemma. Let
GA := Spec (A) (resp. GB := Spec (B)), and let g : GB → GA be the
induced map.

(1) For any morphism of group schemes φ : H → G define the
kernel Ker(φ) of φ to be the fibred product

Ker(φ) //

i
��

Spec (k)

e
��

H
φ // G

where e : Spec (k) → G is the unit morphism of G. Show that
Ker(φ) is injective, and for any group scheme homomorphism

K
λ−→ H whose composition φ ◦ λ factors the identity e of G,

then there is a unique morphism ϕ : K → Ker(φ) such that
ϕ ◦ i = λ.

(2) Notations being as in (1) show that there is a canonical isomor-
phism H ×k Ker(φ) ∼= H ×G H.

(3) Let IA be the kernel of the counit map ε : A → k. Show that
Ker(g) = Spec (B/IAB).
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(4) Take a basis {ei}i∈I of the k-vector space B/IAB, and let xi ∈ B
a lift of ei under the quotient B → B/IAB. Define a map
ϕ : A⊕I → B sending each i-th basis of A⊕I to xi. Show that if
IA is nilpotent then ϕ is surjective.

(5) Using (2) to show that B ⊗A B is a free B module.
(6) Show that if IA is nilpotent then ϕ⊗A B is an isomorphism.
(7) Show that if IA is nilpotent then f is faitfully flat. (Hint: Con-

sider the following diagram

A⊕I
ϕ //

��

B

��
B⊕I

ϕ⊗AB // B ⊗A B
and show that ϕ is injective iff ϕ⊗A B is.)

(8) Let k be of characteristic p > 0. Show that for any affine group
scheme G of finite type over k, there is some i ∈ N such that
the relative Frobenius twist G→ G(i) factors through a smooth
closed subgroup scheme H ⊆ G(i) and the factorization G→ H
induces an injection on the affine rings. (Hint: Use Ex 1.)

(9) Let k be of characteristic p > 0. Using (8) we get a factorization

GA
ξ−→ HA → G

(i)
A . By what we have shown in the class the

composition ξ ◦ g : GB → HA is faithfully flat. Show that g
is faithfully flat if and only if Ker(ξ ◦ g) → Ker(ξ) is faithfully
flat. (Hint: using the fact that a map of rings is faithfully flat
if and only if it is so after a faithfully flat base change.)

(10) Let k be of characteristic p > 0. Using (7) and (9) show that f
is faithfully flat.

Remark 1. Though we only proved the lemma in case of characteristic
p > 0, it works also in characteristic 0, as algebraic groups in charac-
teristic 0 are always smooth. We will prove this in the forthcoming
lectures.

Exercise 3. Let C be the field of complex numbers. Let α := 2016 ∈ C.
Show that there is a unique C-group scheme homomorphism φ : (Z)C →
Gm,C sending 1 ∈ (Z)C(C) = C to 2016 ∈ Gm,C(C) = C∗, where (Z)C
is the constant group scheme defined by the abstract additive group C.
Show also that φ is an injective map but not a closed embedding.


