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Exercise 1. (3+3 = 6 points)
Consider the two-dimensional unit sphere

M = S2 :=
{
(x, y, z) ∈ R3 | x2 + y2 + z2 = 1

}
and the stereographic projections

φ+ : M+ −→ R2, (x, y, z) 7−→ (x, y)

1− z
φ− : M− −→ R2, (x, y, z) 7−→ (x, y)

1 + z

with M± := S2 \ {(0, 0,±1)}.

i) Prove that A := {(M+, φ+), (M−, φ−)} is an atlas that makes M = S2 an abstract two-dimensional
differentiable manifold by verifying the three conditions from the Lecture. Calculate all the non-
trivial transition mappings explicitly. (You can use the hint from Exercise 3 on Sheet 0 (= Warm
Up Sheet).)

ii) Consider the vector field V = ∂u ∈ TM+, where ∂u is the u-coordinate field with respect to the
chart φ+ and (u, v) are the standard coordinates on R2. (Note, that the field is not defined at
(0, 0, 1), yet.) Find the representation of the vector field V in terms of the coordinate fields with
respect to the chart φ− and check, wether V can be continued to a vector field on all of M , i.e. if
naturally V is an element of TM .

Exercise 2. (2 points)
Let (M, g) be a Riemannian manifold. Let V,W ∈ TM , f, h ∈ C∞(M) and p ∈ M . If g(V,W ) = 0 at p,
then U(g(fV, hW )) = fhU(g(V,W )) at p.

Exercise 3. (3 points)
Let (M, g) be a Riemannian manifold of dimension n with Lévi-Cevita connection ∇. Further, let A be
a smooth (1, 1)-tensor field on M and x = (x1, . . . , xn) a coordinate system on an open set U ⊆ M . The
components of A with respect to x are given by the smooth functions Ai

j with i, j = 1, . . . , n. Find the
coefficient functions (∇A)ijk for the covariant derivative ∇A of A in the coordinate system x.
Hint: Find the coefficients of ∇A(∂j , ∂k) as linear combination of ∂i with i, j, k = 1, . . . , n.

Exercise 4. (6 points)
Let (M, g) be a Riemannian manifold with normal coordinates (U, xi) around p ∈ M (see Exercise 1 on
Sheet 4) and let W =

∑n
i=1 W

i∂i ∈ TpM be a tangent vector. Show that the Jacobi field along a radial
geodesic γ (i.e. γ(0) = p) with J(0) = 0 and J ′(0) = W is given by J(t) = t

∑n
i=1 W

i∂i for all t.

Exercise 5. (1+3+2 = 6 points)
Consider the Klein bottle.

i) Use “google scholar”, or, some similar service, to find a scientific article describing an isometric
embedding of the Klein bottle into four dimensional euclidean space.

ii) Verify those mathematical details that are not done explicitly in the paper.

iii) Explain the context to the left square in Exercise 1 on Sheet 12 and its corresponding group of
isometries Γ.
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