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Exercise 1. (6 points)
Consider the following polygonal surfaces in R2, each based on squares with side length 1 and both
homeomorphic to Klein’s bottle:

Describe both surfaces as quotients of R2 by a proper group of isometries Γ. In both cases, describe
all elements of the set Γ and find two generators for the group Γ. Verify, that this reproduces the
representation of the fundamental groups by generators and relations as in the solution to Exercise 1 on
Sheet 11.
Hint: You can tile the whole euclidean plane with each of the base tiles while aligning identified edges.
The tiling can be generated from one initial tile by applying all rigid transformations from Γ to it. Rigid
transformations are mappings of the form R2 ∋ x 7→ Ax+ t ∈ R2 with a translation vector t ∈ R2 and an
orthogonal matrix A ∈ R2×2.

Exercise 2. (2+2+2 = 6 points)
Let M and M̃ be two geodesically complete, connected Riemannian manifolds and let π : M̃ → M be a
local isometry, i.e. for each point p ∈ M̃ , there exists an open neighborhood U ⊆ M̃ of p such that π|U
is an isometry.

i) Show that π fulfills the lifting property for geodesics: for every geodesic γ : [0, 1] → M and each
point p ∈ M̃ with π(p) = γ(0) there exists a unique geodesic γ̃ : [0, 1] → M̃ such that π(γ̃) = γ and
γ̃(0) = p.

ii) Show that π is surjective.

iii) Conclude that π is a smooth covering map, i.e. is a smooth surjective map with the property that
every p ∈ M has a connected neighborhood V such that each component of π−1(V ) is mapped
diffeomorphically onto V by π.

Exercise 3. (4 points)
Let k : M̃ → M be a covering map with M̃ connected and ϕ : M̃ → M̃ a deck transformation. Prove,
that ϕ is uniquely determined already from its action on a single point q ∈ M̃ .
Hint: Consider ϕ as a lift of k ◦ ϕ.

Exercise 4. (4 points)
Let Γ denote the group of diffeomorphisms of a manifold M and M/Γ its quotient space consisting of
equivalence classes [p] where

p ∼ q ⇐⇒ ∃Φ ∈ Γ : q = Φ(p).

Show that [p] is indeed an equivalence class.

Exercise 5. (6 points)
Show that π : S1 → S1, z 7→ zn, n ∈ N, is a covering of the unit circle (here, in the complex plane).
Further, show that δ : S1 → S1, z 7→ ze

2πi
n , is a deck transformation and that deck(π) ∼= Z/nZ.
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