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Exercise 1. (2 points)
Let C denote the vector space of curvature-like (0,4)-tensors (lecture from May 27th) at a point p on a
manifold M of dimension n. Determine the dimension of C.

Exercise 2. (5 points)
Let (M, g) be a Riemannian manifold with normal coordinates (z?,...,2™) around a point p € M.

i) Calculate the entries R}y and Ryijp = 9(0r, R(0j,0r)0;) of the Riemannian curvature tensor R at

the point p in the coordinates x and simplify as far as possible.
ii) Do the same for the standard curvature tensor R; as well.

iii) In the case of constant sectional curvature, but for a general coordinate system, express R3), and
R,i;i in terms of the sectional curvature and the metric (g;;).

Exercise 3. (4 points)
Let (M, g) be a Riemannian manifold with a unit-speed geodesic v: I — M. A Jacobi field J along v
with J L 4 everywhere is called a normal Jacobi field along . Show that J + C.J = 0 for any normal
Jacobi field if (M, g) has constant sectional curvature C' € R.

Exercise 4. (4 points)
Let (M, g) be a Riemannian manifold and let {E1,. .., E,_1, X} be an orthonormal basis of T, M at some
point p in M. Denote with (T,); the plane in T, M spanned by E; and X. Show that

n—1
Ric(X,X) = > K,),
i=1

where K(t,), denotes the sectional curvature and Ric the Ricci tensorﬂ

Exercise 5. (1 points)
Reconsider the hyperbolic upper half plane from Sheet 6, Exercise 2 and determine the sectional curvature
explicitly. You can use the results R, = Ry, = —y~2 and R}, = R}, = y~2 for the Riemannian

curvatur tensor.

1See also the script dealing with sectional curvature, corresponding to the lecture from May 27th.



