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Exercise 1. B (4 points)
Let (M, g) be a Riemannian manifold and M C M a submanifold of codimension 1 with normal field N.
You may use without proof that Vi W = VW +b(V, W)N where b(V, W) :== (Vy N, W) = —(Vy W, N).

i) Show that (R(V,W)X,Y) = (R(V,I")X,Y) +b(V,Y)b(W, X) — b(V, X)b(W,Y).
ii) Deduce that for a plane IT, C T,M C T,M it is K(II,) = K(II,) 4+ det b |, .

Clarification: The expression detb |1, is the determinant of b restricted to the tangent plane I1,, and
is understood as the determinant of the representing matriz (b;;) with respect to any orthonormal
coordinate system of the tangent plane 1I,,.

Exercise 2. (6 points)
Consider the upper half plane {(x,y) € R x ]0,00[} equipped with the metric

1
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where §;; denotes the Kronecker-¢ (unit Matrix).

i) Let v be a parametrization of constant speed of {(xo + rsin(t), r cos(t)) : t € |—n/2,7w/2[} for fixed
xo and r > 0. Sketch the situation and show that v is a geodesic.

ii) Calculate all entries of the curvature tensor Rﬁjk for i,j5,k, 1 =1,2.

Exercise 3. (6 points)
Consider the unit disk D = {(z,y) € R? | 2? + y? < 1} endowed with the metric
4
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where §;; denotes the Kronecker-6 (unit Matrix) and calculate the exponential map
expy: ToD = R? — D, (z,y) — c?%y)(l)
at the point p = 0. Here, ToD = R? via V = 20| + ydy|o — (z,y) for z,y € R and V € TyD.

Hint: Use polar coordinates (x,y) = (r cos(p), rsin(p)) and to prove that radial lines in D are geodesics.
Then find their constant speed parametrizations.



