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Exercise 1. (5 points)
Let X,U,V,W be vector fields on a Riemannian manifold. Show that the Riemannian curvature tensor
R fulfills the following properties:

i) R(U,V)W + R(V,W)U + R(W,U)V =0,

)
i) (VuR)(V.W)X + (Vv R)Y(W.U)X + (VwR)(U, V)X =0,
-

)

iii) g(R(U, V)W, X) = —g(R(U, V)X, W), and
g(R(U,V)W,U) = g(R(W, X)U, V).
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Exercise 2. (6 points)
Describe the exponential map exp,: T,M — M at any point p € M explicitly for the following spaces
M and points p:

i) the flat torus M = R?/Z? (with the metric induced by the standard metric of R?) at p = (0,0)

ii) the projective plane M = S?/{+} at the point pole p = {(0,0,£1)}

Hint: You may use that the geodesics on the unit sphere are the great circles.

In both cases, calculate the maximal radius » > 0, such that exp,: D, — M is injective, where D,
denotes the open disc {V € T,M : |V| < r}. Does r depend on the point p?



