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Exercise 1. (7 points)
Let (M, g) be a Riemannian manifold, p ∈ M and E1, . . . , En be an orthonormal basis of TpM . This
basis induces an isomorphism

E : Rn → TpM, (x1, . . . , xn) 7→
n∑

i=1

xiEi.

On a (sufficiently) small neighborhood U of p where expp is bijective,

x := E−1 ◦ exp−1
p : U → Rn

is called a normal coordinate system for M at p. Prove the following properties:

i) In the coordinate system x the coordinates of p are (0, . . . , 0) and g = (δij) at p.

ii) For any V =
∑n

i=1 Vi∂i ∈ TpM , the coordinates w.r.t. x of the geodesic c emanating from p with
initial velocity V are given by x(c(t)) = (tV1, . . . , tVn).

iii) The first partial derivatives of gij and the Christoffel symbols vanish at p.

Exercise 2. (4 points)
Let ∇ and ∇̃ be two connections on a manifold M .

i) Show that ∇− ∇̃ is a (1, 2)-tensor field on M .

ii) Show that the assignment TM × TM → TM, (X,Y ) 7→ ∇XY is not a (1, 2)-tensor field.

Exercise 3. (5 points)
Consider R2 with the standard metric and standard coordinates x. Consider the second coordinate system
y : R2 → R2 given by

y1(x1, x2) = x1ex
2

, y2(x1, x2) = x2.

i) Verify, that y is a bijective smooth coordinate system.

ii) Compute the matrix of the standard metric g in the coordinates y.

Hint: Use the transformation formulas from the DG I lecture.

iii) Prove, that in the coordinate system y, at least one of the Christoffel symbols is non-zero.
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