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Exercise 1. (5 points)
Consider Rn with the standard metric. Show that the directional derivative D given at p ∈ Rn by

DV W|p := lim
t→0

W|p+tV
−W|p
t

= DW · V|p

is a Riemannian connection.

Exercise 2. (6 points)
Consider the open unit disk in R2 given in polar coordinates (r, φ) ∈ [0, 1[× [0, 2π[ with the metric

g =
4

(1− r2)2

(
1 0
0 r2

)
.

i) Sketch ∂r and ∂φ and determine |∂r| and |∂φ|.

ii) Determine ∇∂r
∂r, ∇∂r

∂φ, ∇∂φ
∂r, ∇∂φ

∂φ, and ∇V W for V = r∂r + r2∂φ and W = φ∂r + rφ∂φ.
Why do two of these derivatives coincide?

Exercise 3. (5 points)
Consider R3 with the standard metric and consider the connection

∇V W := DV W + 1
2V ×W for all V,W ∈ TR3,

where V ×W denotes the point wise vector product, computed in the standard coordinates (x1, x2, x3).

i) Prove, that ∇ is not torsion-free.

ii) Prove, that ∇ is compatible with the metric.

Hint: Use the relation between the vector product, scalar product and the determinant of three
vectors.

iii) Compute ∇V W −∇WV for V = ∂/∂x1 and W = ∂/∂x2.
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