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Exercise 1. (7 points)
Consider the real projective plane RP 2 := S2/∼ where

x ∼ y ⇐⇒ x = y or x = −y for all x, y ∈ S2.

i) Show that ∼ is an equivalence relation.

ii) Construct an atlas for RP 2 consisting of exactly three charts explicitly.

Hint: Analogous to the stereographic projection, you can consider for every point on the sphere the
projection from the center of the sphere to the tangent plane at that point (a gnomonic projection).

It is also possible to use the parallel projections from the lecture, when the charts are defined on
open half spheres of S2 and there definition is carefully induced on the quotient S2/∼.

Exercise 2. (4 points)
Find two smooth atlases for the real line R which are not smoothly compatible1 to each other and thus
yield two different smooth structures for R. Justify your solution.

Exercise 3. (2 points)
Let p ∈ Rk. A derivation at p is a map X|p : C∞(Rk) → R that satisfies the following conditions:

⋆ X|p(αf + βg) = αX|p(f) + βX|p(g) for all α, β ∈ R and f, g ∈ C∞(Rk) (linearity),

⋆ X|p(f · g) = X|p(f) · g(p) + f(p) ·X|p(g) for all f, g ∈ C∞(Rk) (Leibnitz rule).

i) Show that X|p(f) = 0 when f is a constant function.

ii) Show that X|p(f · g) = 0 if f(p) = g(p) = 0.

Exercise 4. (3 points)
Consider the following parametrization of the hyperbolic paraboloid

h : R2 → R3, (u, v) 7→

 u
v

u2 − v2

 .

Further, denote with ui, i ∈ {1, 2}, the standard coordinates in R2.

i) Use the given parametrization to derive a (single) chart φ to represent the image of R2 under h as
a differentiable 2-manifold M .

ii) Derive coordinates (x1, x2) for M explicitly, where xi(p) = ui(φ(p)) for p ∈ M and i ∈ {1, 2}.

iii) Determine the derivatives ∂f
∂xi , i ∈ {1, 2}, at a point p ∈ M for the function f : M → R which is

the restriction to M of the function (x, y, z) 7→ z on R3 explicitly.

1A chart (U,φ) is smoothly compatible with a chart (V, ψ) if either U ∩V = ∅ or the transition map ψ◦φ−1 : φ(U ∩V ) →
ψ(U ∩ V ) is a diffeomorphism.
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