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Exercise 1. Consider the abstract torus T? := R?/Z? from Example 3 in the first lecture.
i) Verify, that (My, 1) and (Ms, p2) from the lecture indeed define an atlas.
ii) Find another atlas for T2, with possibly three charts, but simply connected parameter domains.

Exercise 2. Consider the Cayley map from Example 5 in the lecture:

Cay(a, b, c) == Cay(A) == (1+ A)(1 — A)~* with A= —Oa 8 lc)
-b —c 0
The definition of A declares an identification of R? with the vector space {A € R3*3 |*A = —A} of
skew-symmetric matrices. Prove the following statements:
i) The inclusion Cay(a,b,c) € SO(3) holds for all a, b, c € R.
ii) The image of the Cayley map is given by
imCay = {B € SO(3) | ker(1+ B) = {0}}
and its inverse on the image is given by
Cay'(B):=(B-1)(1+B)! for all B € im Cay.

iii) The set SO(3) \ im Cay consists exactly of the 180°-rotations from SO(3).

iv) Describe a bijection between the set SO(3) \ im Cay and the real projective plane RP? = S /{#1}.

Hint: A wverbal description is sufficient. If you can, provide a formula.

Exercise 3. Consider the n-dimensional sphere S™ given by
S" = {x = (v, ®1,...,7,) € R" 12| = 1}.
The stereographic projections g4 are given by

(1,0, Tn)
1 F X9
i) Prove, that (M4, ¢4 ) and (M_,p_) define an atlas for S™.

Hint: The inverse of py is given by

O+ My — Rn, (560,32‘1, . ,Jin) — with My = s” \ {(il,O,,O)}

21 2 2Un
Ve(Y1, -y Yn) = <:|:|y| % Y ) .

2+ 17 [y2+ 177 [y + 1

ii) Prove, that the stereographic projection ¢4 is the restriction of an inversion I, g at a sphere of
radius R > 0 centered at a point p € R™*!, as given by

2
s B (o) Rk oo g o) ()

Note, that you have to identify R” = (4 (M) as the subspace {0} x R™ of R**1.

Hint: In order to determine R and p, compare, which sets of points are fixed by the mappings
or: My = R* CR" and I, p: R"T1\ {p} — R"T1\ {p}, and, the location of the singularities.



