Domain Coloring of Complex Functions
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1 Introduction

Not only in mathematic we are confronted with graphs of all possible data sets. In
economics and science we want to present the results by plotting their function graph
inside a optimal coordinate system.

In complex analysis we work with holomorphic functions which are complex differen-
tiable. Like in real analysis we are interesting to plot such functions as graph inside
a optimal coordinate systems. The graph of holomorphic functions is a subset of the
four-dimensional coordinate system. But we are limited to three dimension, because we
do not know how to draw objects in higher dimensional spaces.

Therefore we are forced to construct a methode to visualize such functions. In this sec-
tion we give a short overview of the domain coloring which allows us to visualize the
graph of complex funtions by using colors.

First we give a overview of complex analysis and holomorphic function. After we have
presented the main idea behind the domain coloring we discuss a example to understand
the main concept of domain coloring.



2 Introduction to Complex Analysis

2 Introduction to Complex Analysis

In this section we give a short review of the main idea of complex analysis which we
need to understand the methode of domain coloring. The reader should familiar with
the construction of complex numbers and the representation of such numbers with polar
coordinates.

In complex anlysis we work with complex function which consist of three parts: first,
a set D C C of input values, which is called the domain of the function, second, the
range of f in C and third, for every input value x € D, a unique function value f(x)
in the range of f. Such a function is called holomorphic if it is real differentiable and
conformal. Such functions are charcterize by the following theorem.

Theorem 2.1. A function f: D C C — C, where D is open in C, is holomorphic iff it
is real differantiable and its real part u(z) and imaginary part v(z) fullfill the Cauchy-
Riemannian differantial equality, i.e.
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The set T'(f) of all pairs (a, f(a)),a € D, is a subset of the product set D x C and called
the function graph of f. The function graph of a holomorphic function lives inside the
product space C x C = R*.
A function f : D C C — C := C U {o0} is called meromorphic if it if holomorphic on
D\ S, where S := f~1(c0).

3 Domain Coloring

In this section we explain the main methode of domain coloring. Domain coloring of a
complex function f : D € C — f(D) C C makes use of colors to visualize the graph of
our chosen function.

Mor precisely,we plot the function onto the domain by coloring it in a patricular way.
To our function f we choose a coloring col : f(D) — HSB, where HSB denotes the
HSB color space. Since the HSB space is closly related to polar coordinates on the
sphere we decompose col into col = con with ¢: S — HSB and 7 : f(D) — S*,where
7 is the inverse stereographic projection.

Then for any z € D we compute f(z) and col(f(z)) and assing the resulting color to the
preimage z. As aresult we obtain a colored domain where at each point the color tells
us where this point gets mapped to.

We want the mapping ¢ to be such that the south pole of S' gets mapped to black, the
equator to fully saturated and brightened colors and the north pole to pure white.
Thus zero is black and infinity is white.

So we are able to detect zeros and poles of a given complex function. By comparing the
coloring of the plots with the corresponding point shows how the argument has changed.



4 Example

Figure 1: grey lines of the identity Figure 2: concentric circles of identity

But we are also interest in the growth of the modulus of the function. So we draw n grew
lines at each zero running through the n-th unite roots around the zero. This divides the
domain around the zero in n equally sized segments. Thus we get an impression which
regions get compressed or stretched by f. Each ot the rays is the shortest connection
between zero and infinity. Following a line from zero to infinity means following a most
rising path of the modulus.

At least we add concentric circles, which represent in a canonical way a grid on the
Riemannian sphere. When going along a circleline, the modulus is constant.

The lines tells us about the growth behavior in every direction. If the circles sharing
the same centre, then we observe a locally uniform increase of decrease of the modulus
of the given function. If our complex function is meromorphic, every circle contains at
least one zero or pole in its interios.

4 Example

In the following we provides hints to read domain colorings. We use this hints to read the
— 2
domain colorings of the meromorphic function f; : C — C defined by f1(z) = ((2;3 (iz__i)l).

The domain coloring of this function is shown in the figure below.

Figure 3: plot of the function f;

9Graphics are created with JavaView.



4 Example

We take a close look at the colors and compare them with figure 1. The center of the
picture represeting function f; is colored red-brown and green and thus by comparising
to the original color map, this region gets mapped somewhere onto the lower left half
plane. The right side of the picture is mapped somwhere on the upper right half plane
and the right side of the picture is mapped to the lower right half plane.

Next we take a closer look at figure 3 and observe that our given function has a pole at
i and —¢ and zeros at 1 and —1.

If we go along a circle around the zero at 1 we go through all colores once and thus the
zero at this point has order one. But if we go along a circle around the zero at —1 we go
through all colores twice and therefore this zero has order two. By the same argument
we observe a pole of order one at —¢ and a pole of order two at i.
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EinfGhrung in die Funktionentheorie

In der Funktionentheorie arbeiten wir mit komplexen Funktionen, die aus
drei Punkten bestehen:

- einer Menge D c C von Engabewerten, welche wir das Urbild nennen (ist offen)
- dem Bildvon der Funktion
- fir jeden Eingabewert gibt es einen eindeutigen Ausgabewert

Definition:
Eine komplexe Funktion f: D € C — C nenne wir holomorph, falls sie komplex
differenzierbar ist.

Eine komplexe Funktion f: D < C —» CU {o} nennen wir meromorph, falls sie
holomorph auf dem Urbild minus einer diskreten Menge S ist.

Frage: Warum ist die Menge S diskret?
Bemerkung:

Eine komplexe Funktion it holomorph genau dann wenn sie konform ist,
d.h sie ist winkel- und orientierungstreu.

Theorem:
Eine komplexe Funktion ist genau dann holomorph, falls sie reell differenzierbar
ist und die sogenannten Cauchy-Riemann Differentialgleichungen gelten, d.h.
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Beispiel:

f(2)=z2=((x+iy)? =x%+2ixy —y2=x?—y?2+i(2xy)



Domain Coloring

Hauptidee:
We plotten die Funktion auf dem Urbild unter der Benutzung von Farben.

- We suchen uns fir eine komplexe Funktion f eine Farbung
col: f(D) - RGB, wobei RFG das Farbspektrum dartellt.
- Da das Farbsprektum einen engen Zusammenhang zu den Polarkoordinaten
der Sphere besitzt,kdnnen wir col in col = ¢ o T, wobei
c:S' - RGB, m: f(D) -» St
- Fur jeden Eingabewert z berechnen wir den Funktionswert und
col(f(z)) und ordnen diesen Wert dem Eingabewert im Urbild zu.

Nulstellen und Pole aus dem Domain Coloring herauslesen:
Wir konstruieren unsere Abbildung c¢ so, dass die Polstellen auf weil, und die
Nullstellen auf schwarz abgebildet werden.

Das Wachstumsverhalten komplexer Funktionen:

Wir zeichnen von jeder Nullstelle aus n graue Linien durch die entsprechenden
Einheitswurzeln der Nullstelle.

Dadurch kénnen wir erkennen,ob der Betrag der Funktion and bestimmten Stellen
im Urbild gestreck, bzw.gestaucht wird.

Jede der grauen Linien geht von den Nullstellen zu den Polstellen. Gehen

entlang einer solchen Linie,dann folgen wir den Weg der héchsten Steigung des
Betrages der Funktionswerte.

Wir konstruieren um jede Pol- und Nullstelle konzentrische "Kreise". Gehen
wir entlang eines solchen Kreises ist der Betrag konstant.
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Fur unser Beispiel nutzen wir die meromorphe Function f;: C - CU {oo}
which is given by
(z+1?%*(z-1)
@7 G+ D@ -2

Anhand der Abbildung der Identitat lasst
sich das Verhalten der obigen Funktion
genauer analysieren.

Wetere Beispiele bei JavaView angesehen.




