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Abstract
Despite the success of quad-based 2D surface parameterization methods, effective parameterization algorithms for
3D volumes with cubes, i.e. hexahedral elements, are still missing. CUBECOVER is a first approach for generating
a hexahedral tessellation of a given volume with boundary aligned cubes which are guided by a frame field.

The input of CUBECOVER is a tetrahedral volume mesh. First, a frame field is designed with manual input from
the designer. It guides the interior and boundary layout of the parameterization. Then, the parameterization and
the hexahedral mesh are computed so as to align with the given frame field.

CUBECOVER has similarities to the QUADCOVER algorithm and extends it from 2D surfaces to 3D volumes. The
paper also provides theoretical results for 3D hexahedral parameterizations and analyses topological properties
of the appropriate function space.

Categories and Subject Descriptors (according to ACM CCS): I.3.5 [Computer Graphics]: Curve, surface, solid, and
object representations—Computational Geometry and Object Modeling

Figure 1: Section through the rockerarm volume. Hexahe-
dral mesh computed with CUBECOVER.

1. Introduction

The field of surface parameterization was intensively re-
searched during the recent years and various effective pa-
rameterization methods were invented. However, for general
3D volumes, boundary aligned parameterizations which are
suited for hexahedral meshing remained out of reach.

† Supported by DFG Research Center MATHEON “Mathematics
for key technologies”

CUBECOVER is a first approach to unfold a given 3D
volume into R

3 without fixing the boundary surface. Our
approach computes a hexahedral parameterization from
a given tetrahedral representation. Conceptually, CUBE-
COVER extends the surface parameterization algorithm
QUADCOVER [KNP07] from surfaces to 3D volumes.

A clean and non-degenerate volume parameterization de-
fines a hexahedral mesh suitable for PDE solving as well
as a multilevel hierarchy of nested meshes. Such hexahe-
dral meshes often enhance the speed and accuracy of PDE
solvers significantly. Parameterizations can furthermore be
used for volume sampling or 3D texture synthesis.

The presented approach analyzes the problem of vol-
ume parameterization from a theoretical viewpoint. A proper
space of parameterizations with singularities is defined. For
quadrangular parameterizations on surfaces, a singularity
corresponds to an irregular vertex in the quad grid, i.e. with
valence different than 4. In a pure hexahedral mesh, there are
no irregular faces or isolated irregular vertices, irregularities
naturally occur at edges. An interiour edge is irregular if it is
not incident to exactly 4 hexahedra. As a consequence, sin-
gularities in a volume parameterization form a network of
curves throughout the volume. We provide a self-contained
notion of volume parameterizations with singularities and
study topological properties of the underlying space.
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Our approach is based on a guiding field which is used to
locally steer the metric and the alignment of the parameteri-
zation. The pipeline to turn an input tetrahedral mesh into an
output hexahedral mesh consists of three steps:

1. Design a guiding frame-field
2. Generate a parameterization which aligns to this field
3. Generate a hexahedral mesh from the parameterization

The first step produces a guiding field which consists of
three vectors in each point of the volume forming a local co-
ordinate frame. It encodes topological and metric properties
and determines the shape of the parameterization. For sur-
faces, there are many different approaches about the design
of vector- and frame-fields for parameterization. To our best
knowledge, no comparable method exists for volumes. De-
signing fields in 3D is far more challenging than in 2D and it
is not straightforward to generalize existing surface methods
to volumes. It is out of the scope of this paper to give a fully
automatic algorithm for field generation in 3D. Instead, we
propose a simple design framework with user interaction.

The second step of our pipeline computes a parameteri-
zation which aligns to a given guiding field. CUBECOVER

finds the optimal solution in L2-sense; the gradients of the
parameterization fit best possible to the input vectors. The
algorithm is a generalization of the QUADCOVER algo-
rithm for surfaces. However, the extension to volumes is not
straightforward, since the space of parameterizations and the
impact of singularities are far more complicated in 3D.

The third step of our pipeline is conceptually straightfor-
ward since extracting all iso-surfaces of a parameterization
yields the faces of the hexahedral mesh.

In summary, our contributions are:

1. We settle theoretical foundations for describing volume
parameterizations with singularities and analyze their
properties.

2. We propose a framework for the manual design of volu-
metric guiding fields.

3. We introduce an algorithm which automatically com-
putes a parameterization from a given guiding field.

1.1. Previous Work

Surface Parameterization. The field of 2D surface pa-
rameterization is extensively explored and already summa-
rized in excellent surveys [FH05, SPR06, HPS08]. Early
work [HAT∗00,GY03] studies conformal parameterization.
The distortion of a parameterization can be reduced signifi-
cantly by allowing cone singularities. Several methods place
singularities in various ways and solve for a corresponding
parameterization [TACSD06,RLL∗06,KSS06,SSP08].

QUADCOVER [KNP07,KNP10] uses a user-defined input
frame-field as guidance for the parameter lines. The parame-
terization problem is formulated as finding least squares fit-
ting to the given field. The MIQ-algorithm [BZK09] is based

on a similar formulation, but exchanges the rounding strat-
egy of QUADCOVER by using a mixed integer solver. Ad-
ditionally, a method for generating input frame-fields from
a sparse set of vectors is proposed. [RVLL08, RVAL09]
present methods for user definied frame field design.

Volume Parameterization. Only few works exist on
boundary-aligned volume parameterization. A first idea is
to remesh the volume into hexahedra using a regular Z3 grid
in the interior and adjust only the cubes along the bound-
ary [ZB06, STSZ06]. Conversely, the Whisker-Weaving-
algorithm [TBM96] starts with a quadrilateral mesh on the
boundary and extends it to the inner volume. Another ap-
proach [SERB98] decomposes the volume into small vol-
umetric patches using the embedded Voronoi graph of the
object and then remesh the patches into hexahedra. [LL10]
presents an energy minimzation algorithm for hex dominant
meshing from Voronoi cells.

Mean value coordinates are used for 2D surface param-
eterization. These coordinates are extended for star-shaped
polyhedral volumes in [FKR05]. [JSW05] proposed mean
value coordinates for volumes bounded by arbitrary closed
triangular meshes and applied it to texture mapping and vol-
ume morphing.

Harmonic functions are used to compute maps between
two given volumes, as in [WGTY04] with applications to
decomposing medical 3D data, and in [LGW∗07,LGW∗09]
for deformation and volume morphing.

A hexahedral parameterization can also be obtained
by mapping the volume to a polycube. There exist sev-
eral approaches to compute polycube maps, but most of
them only map the 2D surface onto a polycube surface.
[HWFQ09, XHY∗10, HXH10] compute volumetric poly-
cube maps which can be applied to hexahedral meshing.
[LLWQ10] proposes the use of generalized polycube do-
mains which may not have an embedding in R

3.

[MCK08] proposes a parameterization method for cylin-
dric volumes applied for tri-variate spline fitting. [MC10]
extends this approach to more general volumes using some
kind of medial surface to decompose the volume into tensor-
product patches. [XHH∗10] uses Green’s functions to map
star-shaped volumes onto the unit sphere.

Most of the mentioned methods are cross-parameteriza-
tion methods, i.e. they map the input volume to another pre-
defined volume, typically a simpler geometry such as the
unit ball, a cylinder, a given polycube or any other volume.
To our knowledge, there is no method which computes a pa-
rameterization from the input volume into R

3 without pre-
scribing the map at the boundary. Furthermore, most present
methods compute parameterizations without any singulari-
ties. As known from 2D parameterizations, singularities are
essential to reduce the overall distortion.

c© 2011 The Author(s)
Journal compilation c© 2011 The Eurographics Association and Blackwell Publishing Ltd.



M. Nieser, U. Reitebuch & K. Polthier / CUBECOVER

1.2. Approach and Paper Outline

We explore the natural space for parameterizations into R
3

with singularities. The setting is used to compute such a pa-
rameterization similarly to QUADCOVER.However, it is also
a canonical setting for other common parameterization ap-
proaches, e.g. using conformal functions. The setting is de-
scribed in detail in Sect. 2.

The parameterization step of CUBECOVER takes a
(bounded) 3D tetrahedral volume plus a guiding frame-field
as input. The result is a hexahedral parameterization which
aligns to these input frames and to the volume boundary. It
consists of two main steps:

1. Compute a potential function of the frame-field.
2. Enforce integer conditions to obtain a globally continu-

ous hexahedral mesh.

These two steps do agree with each other, i.e. they optimize
the same energy. Similar to the pipeline of QUADCOVER, it
does not matter if they are combined into one, looking for
the best aligning globally continuous parameterization, or if
they are solved successively.

Despite the similarities to QUADCOVER, it is not straight-
forward to extend the 2D setting to 3D. In 2D, the aim is
to compute a parameterization which aligns to surface fea-
tures, e.g. the principal curvature directions. Since the Eu-
clidean three-dimensional space is flat, there are no canon-
ical directions coming from the curvature tensor. Instead,
we are given the volume boundary as additional constraint,
where the cubes have to fit. Furthermore, the parameteriza-
tion space is different. The point singularities from 2D ex-
tend to one-dimensional singular curves which meet at node
points. These curves induce special constraints to the param-
eterization function which are not present in the 2D case.

Coverings. Similarly to QUADCOVER, the space of param-
eterizations is strongly related to branched covering spaces.
In the volume case, a parameterization can be interpreted
as a scalar-valued function on a 24-sheeted branched cover-
ing volume. This viewpoint helps to understand topological
properties of parameterizations and frame-fields.

Although branched coverings provide a clear and self-
contained theoretical framework, there is no need to explic-
itly compute the covering inside the algorithm. The topol-
ogy of the covering can be fully described by the so-called
matching matrices (see Sect. 2.2). Therefore, we simplify
our presentation and describe CUBECOVER without the no-
tion of covering spaces. The algorithm can be read and un-
derstood without any previous knowledge of QUADCOVER.

Field Design. We propose a method for inducing a frame-
field from a manually designed meta-mesh. It is a very coarse
hexahedral mesh which encloses the volume and roughly en-
codes desired topological and geometrical properties.

By using a meta-mesh, the designer has direct control over

the alignment of the hexahedra in the interiour. If the meta-
mesh e.g. consists of a single hexahedron, then the parame-
terization tries to align everywhere to the edges of this hex-
ahedron. More complex meta-meshes can be used to induce
singularities and reduce overall distortion (see Sect. 3.2).
CUBECOVER globally optimizes the sizes of the latter hex-
ahedra and their alignment to the meta-mesh, while fitting
exactly to the boundary.

Note that using a meta-mesh for parameterization is fun-
damentally different to a polycube parameterization. Meta-
meshes are more general and provide natural parameteriza-
tions for volumes with a different structure than a polycube
(as in Fig. 3). Polycubes have no inner singularities. Instead,
they induce boundary singularities at edges of the polycube
which often leads to increasing distortion (as in Fig. 16).

The algorithm is described in detail in Sect. 3. In Sect. 4
we discuss results of parameterized volumes.

2. Setting

We now describe the underlying theoretical background,
introduce data structures for volume geometry and frame-
fields, and discuss singularities of 3D parameterizations and
hexahedral meshes. These concepts are fundamental for vol-
ume parameterizations in general.

2.1. Parameterization

Given an underlying volumetric geometry as subset V ⊂ R
3

bounded by a two-dimensional closed surface M = ∂V , a vol-
ume parameterization of V is an atlas of maps f : V → R

3,
p �→ (u,v,w)T .

A non-degenerate parameterization f induces a hexahe-
dral tessellation in a natural way by f−1(C), where C is the
regular cube tessellation of R3 (Fig. 2):

C := {(x,y, z) ∈ R
3 |x ∈ Z∨ y ∈ Z∨ z ∈ Z}. (1)

For aligning to the boundary surface, one coordinate has to
be integer in each point on the boundary. This guarantees
that the cubes align tangentially to the surface and induce a
regular quad mesh on it.

We consider the volume as a 3-dimensional manifold with
an atlas, where each tetrahedron (short: tet) is a single chart.
Two adjacent charts (tets) overlap at their common face. A
parameterization f is discretized as being linear on each tet,
and is represented by its values at the four vertices. Given
two adjacent tets s and t, the parameter function f may have
different values in both charts. They are related by the tran-
sition function between s and t which we restrict to those
positively oriented linear functions which leave the standard
cube grid C invariant. Thus, even though f may have multi-
ple values on faces of tets, the induced hexahedral grid has
no visible seams (see Fig. 3). The transition is given as:

f|t = Πst f|s +gst , (2)
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Figure 2: Tetrahedral input- and hexahedral output mesh.

where gst is a constant vector in Z
3 (called gap between s

and t) and denotes an integer translation of the cube grid.
Πst (called matching matrix between s and t) is an element
of the chiral cubical symmetry group, i.e. any map in SO(3)
which maps coordinate axes to coordinate axes. This group
contains 24 different transformations.

Figure 3: 3D parameterization of a triangular prism. Left:
Induced hexahedral mesh. Middle: Faces where f is discon-
tinuous. Right: Image of volume in texture space.

2.2. Frame-Fields and Singularities

The parameterization is guided by a so-called frame-field.
It is defined by 3 three-dimensional vectors (Ut ,Vt ,Wt) in
each tet t which are constant per tet and form a local co-
ordinate system. Each parameterization f = (u,v,w)T de-
fines a frame-field by its component-wise gradient fields
(∇u,∇v,∇w).

In adjacent charts s and t, the matching Πst determines
how the frames are combinatorially connected. The frame
(Ut ,Vt ,Wt) in t is combinatorially identified to a rotated
frame in s which can be described by the formal matrix-
vector multiplication: Πst · (Us,Vs,Ws)

T (Fig. 4, left). An
important characteristic of a parameterization is the location
and types of its critical points (or the singularities of the gra-
dient frame-field). For classical vector fields, these are points

where the Jacobian is singular. They are typically character-
ized by their index, which is an integer number describing
the behavior of the field in the vicinity. On 2D manifolds,
this notion was generalized to frame-fields [KNP07,NP09].
When used for quadrangular parameterization, the frame-
field index at any point is always an integer multiple of 1/4,
typically 1/4 or −1/4.

In three dimensions, singularities of non-degenerate
frame-fields in general form one-dimensional curves
throughout the volume (like the red curve in Fig. 3). We de-
note this network of singular curves as singularity graph.
Singularities cannot simply start or end in the interior; they
usually meet at node points, or they hit the bounding sur-
face. The classical definition of a vector field index is not

Πst =

⎛
⎜⎝

1 0 0
0 0 −1
0 1 0

⎞
⎟⎠

Figure 4: Left: Frame-field with matching between two tets.
(U,V,W) (red, green, blue) is mapped to (U,W,−V ). Right:
Frame-field in the vicinity of a singularity.

sufficient to describe 3D frame-field singularities. We intro-
duce the type of a singularity which provides the necessary
information in our discrete setting.

Given a volume V tessellated with tets, let e be an (ori-
ented) edge ofV and γ be a small closed loop (positively ori-
ented) around e. Starting in an adjacent tet t0, the loop passes
through all tets (t0, . . . , tk, t0) in the edge star. The concate-
nation of matchings between all passed charts

type(e, t0) := Πtkt0 ◦Πtk−1tk ◦ · · · ◦Πt1t2 ◦Πt0t1 (3)

is called the type of the edge with respect to t0 and is also a
cubical symmetry transform. When tracking a frame along γ,
the type measures how it is transformed when coming back
to the start point. If the type is not the identity map Id, the
edge is called singular (Fig. 4, right), otherwise it is a regu-
lar edge. Note that the type is independent of the reference
tet t0, but is just described in its local coordinate system, i.e.
with respect to tet t1, the type is

type(e, t1) = Πt0t1 ◦ type(e, t0)◦Π−1
t0t1 (4)

which is just a basis transform of type(e, t0). The type in-
formation classifies the singularities of the parameterization,
i.e. it represents the topology of the 24-sheeted branched
covering volume, 3D frame-field singularities are only clas-
sified up to full rotations by 2π.

Theorem 2.1 Let f be a parameterization where no tet is
mapped to a degenerated tet (a tet with vanishing volume).

c© 2011 The Author(s)
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Then, the type of each edge is either the identity or a rotation
around one of the coordinate axes.

Proof. Given an edge e with the (cyclically ordered) tets
(t0, . . . , tk) in the edge star and a point p on e. The parame-
terization f respects the transition functions (2), i.e.

f|t1(p) = Πt0t1 f|t0(p)+gt0t1 ,

f|t2(p) = Πt1t2 f|t1(p)+gt1t2 , . . .

and with plugging each equation into its successor we get:

f|t0(p) = type(e, t0) · f|t0(p)+g

⇔ (Id− type(e, t0)) f|t0(p) = g (5)

for some constant vector g ∈ Z
3 which depends on the gaps

gtiti+1 . This equation is true for all points p on the edge.
Therefore, if the matrix (Id− type(e, t0)) has full rank, then
the whole edge gets mapped to a single point (the solution
for f|t0(p) in Eqn. (5)) and all tets in the edge star would de-
generate. The only edge types (from the chiral cubical sym-
metry group) where the matrix is not regular are the identity
and rotations around a coordinate axis.

�

The theorem restricts the number of possible singularity
types of a proper parameterization. Even though each indi-
vidual matching can be any of the 24 cubical symmetries,
the resulting edge types must be one of the ten suitable ones:

{Id,Jk
u,J

k
v ,J

k
w | k ∈ {1,2,3}}, (6)

where Ju, Jv and Jw are the 90 degree rotations about the
respective coordinate axis.

As a consequence, a singularity of a volume parameteriza-
tion is always similar to a 2D singularity but extruded along
the third coordinate. Let e.g. e be a singular edge whose type
Jk
w is a w-axis rotation. From Eqn. (5) then follows, that the u

and v coordinates for f are constant on e and uniquely deter-
mined when all gaps are known, whereas the w coordinate is
independent of the gaps and can vary along the edge.

2.3. Singularities in a Hexahedral Mesh

This section shows some observations about 3D frame-fields
which we think are worth mentioning. They are not essential
for the implementation of the algorithm, but they help to un-
derstand some topological properties of hexahedral meshes.

Let e be an edge e.g. of type Jk
w, k ∈ {1,2,3}. Comput-

ing the inverse matrix in Eqn. (5), it follows that u and v
are multiples of 1/2 (since g ∈ Z

3). In case of u,v ∈ Z, the
singularity is contained in an integer iso-plane for u and v,
and therefore, the singularity is represented by an edge in
the later hexahedral mesh. Otherwise, the singularity would
pass through the interior of a cube, producing other primi-
tives, e.g. a prism over a 5-gon (Fig. 5).

Since we are interested in a pure hexahedral tessellation,

Figure 5: Valence 5 singularity. Left: The singularity stays
on hexahedral edges. Right: Unintended situation, turning a
hexahedron into a prism over a 5-gon.

we enforce u,v∈ Z. Singularities then appear as those edges
in the hexahedral mesh with valence different from 4 (num-
ber of adjacent hexahedra). Similar to the 2D case, the va-
lence of an edge in a hexahedral mesh is closely related to
the type of the corresponding singularity of the parameteri-
zation.

The following theorem shows that hexahedral mesh sin-
gularities cannot be chosen arbitrarily. There is a relation
between the valences of all edges incident to a vertex and
therefore between singularities which meet at a node point.

Theorem 2.2 Let p be an inner vertex of a non-degenerated
hexahedral mesh and ei its adjacent edges. Then,

∑
i
(6− valence(ei)) = 12. (7)

Proof. Consider a small sphere around vertex p. The
hexahedral mesh induces a triangulation on that sphere
where each hexahedron corresponds to a triangle, each two-
dimensional face to an edge and each one-dimensional edge
to a vertex of that triangulation (see Fig. 6). The proposition
now becomes a formula for the vertex valences which is true
for arbitrary triangulations of the 2-sphere and follows from
the Euler formula.

�

Figure 6: Small sphere around a vertex of a hexahedral mesh
with induced triangulation.

An interesting observation about Eqn. (7) is that singular-
ities of valence 6 do not contribute to the sum, but edges of
valence 4 (regular edges) do. Fig. 7, left and right show an
example where several singularities meet at one node point.
The singularities in the right example are exactly the same,
but with an additional valence 6 singularity.
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Figure 7: Left: 6 edges of valence 4 and 2 of valence 6 meet
at a node point. Right: 6 edges of valence 4 and 3 of valence
6 meet at a node point.

Nevertheless, there cannot be a node point adjacent to 6
regular edges and only one valence 6 edge, even though it
would fulfill Eqn. (7). A singularity cannot simply end some-
where in the volume. A singular edge adjacent to a vertex
enforces that there is either another edge with the same in-
dex (the singularity passes "through" the vertex) or it splits
up into two or more other singularities.

Given an arbitrary singularity graph, there is yet no suffi-
cient condition on whether there exists a frame-field which
adheres to these singularities. In 2D, satisfying the Poincaré-
Hopf index theorem [RVLL08] is enough to find a frame-
field to given singularities. In 3D, more conditions are re-
quired to construct a correct singularity layout. The CUBE-
COVER algorithm does not rely on these conditions and will
always find the best parameterization to the given input field.
If the field is incompatible in the sense that there exists no
valid potential function, then parts of the parameterization
will degenerate. Such degeneracies will not occur with our
proposed frame-field generation method, since the frame-
field is derived from a valid hexahedral mesh, the meta-mesh
(see Sect. 3.2).

Behavior at the Boundary. At the boundary, a regular edge
has valence 2. There may also be edges with valence 1 or≥ 3
which we call boundary singularities of the volume parame-
terization. Boundary singularities are curves running on the
boundary surface and should not be confused with singular
points of the induced quad mesh.

3. Algorithm

3.1. Parameterization Guided by a Frame-Field

We now describe the CUBECOVER algorithm based on the
setting of hexahedral parameterizations from Sect. 2. The
output is a parameter map f = (u,v,w) whose integer iso-
surfaces form a hexahedral tessellation of V . The user input
to this parameterization step is a tet mesh V together with
a frame-field X (matchings Πi j plus frames (U,V,W)) and
optionally conditions at the boundary. Boundary conditions
enforce that the hexahedra align with one face to the bound-
ary, i.e. one coordinate function is constrained to be constant

along the boundary. The specification of boundary condi-
tions also includes the information about which coordinate
u, v or w is held fix in each triangle of the boundary surface.
See Sect. 3.2 for details on our framework for generating
input fields.

The parameterization is optimized for the best possible
alignment of the parameter lines to the given frames, i.e. it
minimizes the energy

E( f ) =
∫
V
‖∇ f −X‖2dvol (8)

The minimization is done in the space of piecewise linear
maps f , i.e. given by its value f|t(p) at each vertex p of
each tet t ∈V . Note that a vertex can have different values in
different tets. All unknowns are collected in the vector

�f = (u0,v0,w0, . . . ,uN ,vN ,wN)
T ∈ R

12·#tets

Derivation of Eqn. (8) by all unknowns leads to a linear sys-
tem of equations L�f = b with the Laplace matrix L and a
right side b containing the discrete divergence of the frame-
field.

Additional linear constraints are given by Eqn. (2) in-
troducing the gaps gi j as additional unknowns. Finding a
global minimum of the energy is challenging since some
variables are constrained to integers: the gaps gi j ∈ Z

3 and
the snapped coordinate at the boundary must be in Z. This
problem of optimizing a quadratic functional under integer
constraints is known as the closest vector problem which is
NP hard, thus we cannot compute the optimal solution in
reasonable computing time. Instead, we use the following
heuristic for a nearly optimal solution: In the first stage, we
ignore the integer constraints. In adjacent tets (s, t) and all
three edges (p,q) of the common face we just enforce a con-
stant gap, i.e.:

f|t(p)− f|t(q) = Πst( f|s(p)− f|s(q)). (9)

This system of linear constraints, together with given
boundary conditions, can be written as Cu = 0, C ∈
Z

#constraints×12·#tets. We optimize the energy using Lagrange
multipliers by solving(

L Ct

C 0

)(
�f
λ

)
=

(
b
0

)
, (10)

with λ ∈ R
#constraints. The solution defines a parameteriza-

tion f whose gaps can be computed from Eqn. (2).

The following observation helps reducing the dimension
of the system of equations drastically: The texture coordi-
nates f|t of a single tet can be translated by a constant in-
teger vector without violating any constraints or changing
the energy. Therefore, there are many redundant variables
in the system which can be eliminated by first computing a
spanning tree T on all tets, and second, setting the gaps to 0
between tets which are adjacent in T .

In a second stage, the integer constraints are enforced. For
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all vertices on a singularity, there are two coordinate func-
tions (e.g. u and v for a singularity of type Jk

w) which need to
be integers (see Sect. 2.3). If boundary constraints are given,
the corresponding coordinate function also has to be integer
at the boundary. If we enforce these constraints, then it fol-
lows that the gaps are also integer since they are connected
to the coordinate functions via Eqn. (2).

Let ui0 , . . . ,uin be the integer variables in u. We succes-
sively round them to the nearest integer value and eliminate
them from the system of equations (10) (which deletes the
i j-th row and column and modifies the right vector). Finally
the system gets solved again with fixed ui j .

We solved the equations with a conjugate gradient solver.
The solution of the first system is used as start value for the
second step. The final solution is then used for remeshing
the volume into cubes by computing the intersection of each
tet with the unit grid in texture space.

3.2. Frame-Field Construction

Generating good parameterizations requires suitable input
frame-fields. In principle, an arbitrary field (e.g. constant
frames) can always be used. It often makes sense to have
specific control over the frame-field since it fully defines
the location and type of hexahedral mesh singularities: in-
ner singularities are given by the matchings Πst , boundary
singularities are introduced wherever the fixed coordinate at
the boundary changes. Most volumes cannot be tesselated by
hexahedra without singularities; if badly placed, they may
induce high distortion.

Meta-Mesh. The automatic volumetric frame-field design
is an unsolved issue and part of independent research as in
the case of 2D surface parameterization. We propose a sim-
ple method for generating a frame-field from a meta-mesh.
It consists of a (coarse) set of hexahedra with possible T-
junctions and fully encloses the input volume V .

By mapping each hexahedron onto the unit cube, the stan-
dard orthonormal basis frame induces a trilinear frame-field
in the actual hexahedron. The frame-field is evaluated at the
barycenters of all inner tets providing a frame-field on the
tetrahedral input mesh.

The matchings Πst and therefore the singularities are also
induced from the meta-mesh: Let s, t be adjacent tets which
lie in the hexahedra cs, resp. ct . If cs = ct , then Πst is set
to identity. Otherwise, it is defined as transformation which
maps the axes of cs to those of ct (in the image of the unit
cube).

Finally, the boundary conditions are induced from the
frame-field: In each boundary tet, the frame vector that is
best aligned with the surface normal is used to constrain the
corresponding coordinate function.

Relaxing. Since singularities always run along edges of the
tet mesh, they are usually not smooth, but start to zigzag. In

practice, this is no problem and CUBECOVER runs very sta-
ble even when the singularity curves are not smooth. How-
ever, the cubes of the output mesh stick to singularities, i.e.
the edges of the cube mesh which align to singularities are
still not smooth. We handle this issue by relaxing the mesh
afterwards allowing the cubes to become more regular. Po-
sitions of all vertices are iteratively altered by adding a dis-
placement vector. Each hexahedron defines a displacement
vector for all of its vertices which deformes this hexahedron
into a perfect cube. Per vertex, the displacement vectors are
then averaged. After each iteration step, boundary vertices
are projected back onto the boundary (Fig. 8).

Figure 8: Left: Frame-field singularity in the input mesh
runs along tet edges. Middle: Singularity in the cube mesh
after parameterization with CUBECOVER. Right: Relaxed
cubes with smoother singularity.

4. Results

We applied the CUBECOVER algorithm to various synthetic
and general models. In all our experiments, the algorithm
runs very stable and the results are regular and smooth. Skull
and Hand model are provided by the Aim@Shape Reposi-
tory. The bush model is courtesy of the authors of [ZB06].

Fig. 9 shows the parameterization of a torus. The frame-
field was designed manually with two singularities. The red
singularity runs exactly along the axis of the torus. The blue
singularity circulates 5 times around the torus with a slight
twist. The parameterization generates a regular hexahedral
mesh. A slice of this mesh corresponds to a 2D parameteri-

Figure 9: Twisted torus.
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zation of a solid 2-ball with 5 index 1/4 singularities and 1
index −1/4 singularity. The fandisk (Fig. 10) is computed
using a constant frame-field pointing in direction of the co-
ordinate axes. Notice the exact alignment of the parameteri-
zation to sharp features of the surface since they are exactly
represented by boundary singularities.

Figure 10: Feature alignment at the fandisk.

The rockerarm is shown in Fig. 1. The frame-field was
constructed using 26 cubes as meta-mesh (Fig. 14, top right).
The parameterization contains 5 singularities which emanate
through the volume from the front side to the backside.

Fig. 11 shows the hexahedral meshes generated for artifi-
cial genus 4 and 5 volumes. For the genus 4 model, an axis
parallel frame-field is used whereas the genus 5 model was
parameterized with a simple meta-mesh containing 15 cubes
(Fig. 14, bottom middle).

Figure 11: Volumetric parameterization of artificial shapes
of genus 4 and 5.

Fig. 12 and 13 show parameterizations of the Hand and
the Skull model. The hand model shows that it is less im-
portant whether the meta-mesh is an approximation of the
volume itself. Even if several fingers are represented by one
meta-cube, the correct boundary singularities are induced on
each individual finger.

Designing a Meta-Mesh. Creation of a meta-mesh is much
simpler than producing a hexahedral tessellation of the input
volume. The meta-mesh may be very coarse, may contain
T-junctions and does not have to fulfill any boundary condi-
tions. CUBECOVER then optimizes the hexahedra for equal
cube sizes and alignment to the meta-mesh. E.g. in Fig. 15

Figure 12: Digital hand model.

Figure 13: Parameterization of the skull. Left: Coarse cube
meta-mesh used for defining a frame-field in the volume.
Right: Remeshed hexahedral model.

(top), we re-parameterized the volume of Fig. 2 given a sin-
gle axis aligned cube as meta-mesh. Notice how the num-
ber of hexahedra between the two red stripes adapt locally
(6 hexahedra in the middle part, 10 hexahedra at the ends)
which is not inherited from the meta-mesh.

The most important task for designing a meta-mesh is to
consider where to put singularities. In our tests, we observe
an increasing distortion near singularities, similar to effects
appearing in 2D quad parameterizations. Thus, singularities
should be used sparsely and put at meaningful locations.

For comparing the influence of different meta-meshes, we
parameterized the same volume with a slightly twisted con-
stant frames (Fig. 15, bottom). Notice that both frame-fields
induce boundary singularities which do not always fit to
highly curved regions of the boundary surface. As a con-
sequence, hexahedra in the vicinity of such singularities are
distorted. More precisely, if a boundary singularity is placed
where the boundary surface is almost planar, then it may
force inner angles to become nearly 180 degrees (Fig. 16,
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Figure 14: Meta-meshes for defining a frame-field. Top:
Pretzel (Fig. 2), Rockerarm (Fig. 1). Bottom: Hand (Fig. 12),
genus 5 model (Fig. 11), Bush (Fig. 17).

Figure 15: Model from Fig. 2, parameterized with constant
frames, parallel to axes (top) and slightly twisted (bottom).
Boundary singularities are drawn in black.

left). This issue can be resolved by adapting the meta-mesh:
If the boundary is mostly smooth and contains no sharp
edges, all singularities should be offset into the inner of the
volume (Fig. 16, right). This will improve the quality of di-
hedral angles significantly.

Figure 16: Boundary singularities can cause bad inner an-
gles (left). Offsetting into the inner (right) enhance quality.
The two meshes were produced with different meta-meshes.

Comparison. The following table shows properties of
the hexahedral mesh (number of hexahedra, the aver-
ages/standard deviation of dihedral angles, edge lengths,
cube volumes).

Model |H| Angle Length Volume
Pretzel (Fig. 2) 528 90/17.4 .92/.26 .74/.32
Pretzel (15 top) 1256 90/14.8 .69/.11 .32/.09
Pretzel (15 bottom) 1452 90/16.3 .66/.12 .27/.08
Genus 4 (11) 11602 90/11.9 1.1/.17 1.4/.2
Genus 5 (11) 9459 90/9 1.8/.35 6.1/1.9
Torus (9) 7120 90/6.6 1.9/0.5 6.8/2.3
Fandisk (10) 268 90/9.65 4.2/1.0 76/29
Rockerarm (1) 35502 90/8.4 0.84/0.17 .58/.16
Hand (12) 4904 90/10.3 4.4/1.2 86/45
Skull (13) 40687 90/18.6 1.5/.4 3.0/1.5
Bush (17, [ZB06]) 87885 90/12.2 .49/.09 .12/.03
Bush (17, Ours) 96054 90/5.2 .48/.07 .11/.02

Fig. 17 (left) shows a hexahedral mesh produced with the
method from [ZB06]. The inner hexahedra are axis aligned
and perfect cubes. Notice that the standard deviation of dihe-
dral angles is lower in the mesh from CUBECOVER (right),
since it distributes the distortion evenly in the volume.

For the time complexity, the algorithm has to solve two
sparse linear systems of equations. We implemented CUBE-
COVER in Java and did not optimize it for performance yet.
The time for setting up the matrix takes around 1 or 2 min-
utes. The main time is used for solving the system of equa-
tions the first time. The second system is smaller and uses
the solution of the first one as start value in the conjugate
gradient method. Thus, it is solved much faster. The follow-
ing table shows the number of tets from the input mesh and
the time used for setting up the matrix and solving the sys-
tem (1st and 2nd time). Times were produced on a dual core
processor with 2.8 GHz.

Model |T| Matrix Solve 1 Solve 2
Pretzel (Fig. 2) 82944 54.7 s 57 s 3.7 s
Genus 4 (11) 27235 9.3 s 5.1 s 562 ms
Genus 5 (11) 36142 20.4 s 10 s 703 ms
Torus (9) 17280 55.2 s 3.3 s 266 ms
Fandisk (10) 23327 5.9 s 2.8 s 656 ms
Rockerarm (1) 55979 43.6 s 46 s 3.6 s
Hand (12) 125131 92.4 s 15:40 min 3.9 s
Skull (13) 156137 99.1 s 2:43 min 6 s
Bush (17) 79936 100 s 3:52 min 4.6 s

Figure 17: Bush model with [ZB06] (left) and CUBECOVER

(right). The histograms show dihedral angles ranging from
60 to 120 degrees in 15 bins, peaks are 49% and 61%.
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5. Conclusion and Future Work

We proposed the CUBECOVER algorithm to compute a 3D
hexahedral mesh of a given volume. The hexahedra are
aligned to a guiding frame-field and to the volume boundary.
We also derived several theoretical conditions on the singu-
larities and the gradient frame-field. Finally, we proposed a
method for designing a frame-field using a manually gener-
ated meta-mesh.

Limitations. We observed similar limitations known from
2D surface parameterizations methods: Badly placed sin-
gularities can lead to distortion. Tets with flipped orienta-
tion may appear in the parameterization if the distortion is
too high. For now one can handle such situations by post-
processing, or try to avoid by preprocessing the frame-field
(e.g. smoothing).

Automatic generation of 3D frame-fields is a yet unsolved
issue. The design of suitable frame-fields on surfaces is fo-
cus of ongoing research. We expect intensive research on 3D
frame-fields in the near future.

References

[BZK09] BOMMES D., ZIMMER H., KOBBELT L.: Mixed-
integer quadrangulation. ACM Trans. Graph. 28, 3 (2009). 2

[FH05] FLOATER M. S., HORMANN K.: Surface parameteriza-
tion: a tutorial and survey. In Advances in Multiresolution for
Geometric Modelling (2005), Springer, pp. 157–186. 2

[FKR05] FLOATER M. S., KÓS G., REIMERS M.: Mean value
coordinates in 3d. CAGD 22, 7 (2005), 623–631. 2

[GY03] GU X., YAU S.-T.: Global conformal parameterization.
In Symposium on Geometry Processing (2003), pp. 127–137. 2

[HAT∗00] HAKER S., ANGENENT S., TANNENBAUM A., KIKI-
NIS R., SAPIRO G., HALLE M.: Conformal surface parameteri-
zation for texture mapping. TVCG 6, 2 (2000), 181–189. 2

[HPS08] HORMANN K., POLTHIER K., SHEFFER A.: Mesh
parameterization: Theory and practice. In SIGGRAPH Asia
2008 Course Notes (Singapore, Dec. 2008), no. 11, ACM Press,
pp. v+81. 2

[HWFQ09] HE Y., WANG H., FU C.-W., QIN H.: A divide-
and-conquer approach for automatic polycube map construction.
Comput. Graph. 33 (2009), 369–380. 2

[HXH10] HAN S., XIA J., HE Y.: Hexahedral shell mesh con-
struction via volumetric polycube map. In Proceedings of the
14th ACM Symposium on Solid and Physical Modeling (New
York, NY, USA, 2010), SPM ’10, ACM, pp. 127–136. 2

[JSW05] JU T., SCHAEFER S., WARREN J.: Mean value coordi-
nates for closed triangular meshes. Siggraph 2005. 2

[KNP07] KÄLBERER F., NIESER M., POLTHIER K.: QUAD-
COVER - surface parameterization using branched coverings.
Comp. Graph. Forum 26, 3 (2007), 375–384. 1, 2, 4

[KNP10] KÄLBERER F., NIESER M., POLTHIER K.: Stripe pa-
rameterization of tubular surfaces. In Topological Methods in
Data Analysis and Visualization. 2010. 2

[KSS06] KHAREVYCH L., SPRINGBORN B., SCHRÖDER P.:
Discrete conformal mappings via circle patterns. Trans. Graph.
25, 2 (2006). 2

[LGW∗07] LI X., GUO X., WANG H., HE Y., GU X., QIN H.:
Harmonic volumetric mapping for solid modeling applications.
In Solid and physical modeling (2007), pp. 109–120. 2

[LGW∗09] LI X., GUO X., WANG H., HE Y., GU X., QIN H.:
Meshless harmonic volumetric mapping using fundamental solu-
tion methods. Autom. Sci. Engin. 6 (2009), 409–422. 2

[LL10] LÉVY B., LIU Y.: Lp centroidal voronoi tessellation and
its applications. ACM Transactions on Graphics 29 (2010). 2

[LLWQ10] LI B., LI X., WANG K., QIN H.: Generalized poly-
cube trivariate splines. In Shape Modeling International (2010),
pp. 261–265. 2

[MC10] MARTIN T., COHEN E.: Volumetric parameterization
of complex objects by respecting multiple materials. Comput.
Graph. 34 (2010), 187–197. 2

[MCK08] MARTIN T., COHEN E., KIRBY M.: Volumetric pa-
rameterization and trivariate b-spline fitting using harmonic func-
tions. In Solid and physical modeling (2008), pp. 269–280. 2

[NP09] NIESER M., POLTHIER K.: Parameterizing singularities
of positive integral index. In Mathematics of Surfaces (2009),
pp. 265–277. 4

[RLL∗06] RAY N., LI W. C., LÉVY B., SHEFFER A., ALLIEZ

P.: Periodic global parameterization. Trans. Graph. 25, 4 (2006),
1460–1485. 2

[RVAL09] RAY N., VALLET B., ALONSO L., LÉVY B.: Ge-
ometry aware direction field processing. ACM Transactions on
Graphics (2009). 2

[RVLL08] RAY N., VALLET B., LI W. C., LÉVY B.: N-
symmetry direction field design. ACM Trans. Graph. 27 (May
2008), 10:1–10:13. 2, 6

[SERB98] SHEFFER A., ETZION M., RAPPOPORT A.,
BERCOVIER M.: Hexahedral mesh generation using the
embedded voronoi graph. In 7th International Meshing
Roundtable (1998), pp. 347–364. 2

[SPR06] SHEFFER A., PRAUN E., ROSE K.: Mesh parameteriza-
tion methods and their applications. In Foundations and Trends
in Computer Graphics and Vision (2006), vol. 2, pp. 105–171. 2

[SSP08] SPRINGBORN B., SCHRÖDER P., PINKALL U.: Confor-
mal equivalence of triangle meshes. vol. 27. 2

[STSZ06] SHEPHERD J. F., TUTTLE C. J., SILVA C. T., ZHANG

Y.: Quality Improvement and Feature Capture in Hexahedral
Meshes. Tech. rep., SCI Institute Utah, 2006. 2

[TACSD06] TONG Y., ALLIEZ P., COHEN-STEINER D., DES-
BRUN M.: Designing quadrangulations with discrete harmonic
forms. SGP (2006), 201–210. 2

[TBM96] TAUTGES T. J., BLACKER T., MITCHELL S. A.: The
whisker weaving algorithm: A connectivity-based method for
constructing all-hexahedral finite element meshes. International
Journal for Numerical Methods in Engineering 39 (1996), 3327–
3349. 2

[WGTY04] WANG Y., GU X., THOMPSON P. M., YAU S. T.:
3d harmonic mapping and tetrahedral meshing of brain imaging
data. In Med. Imag. Comp. and Comp. Assist. Interv. (2004). 2

[XHH∗10] XIA J., HE Y., HAN S., FU C. W., LUO F., GU X.:
Parameterization of star-shaped volumes using green’s functions.
In Adv. Geom. Model. Proc., vol. 6130. 2010, pp. 219–235. 2

[XHY∗10] XIA J., HE Y., YIN X., HAN S., GU X.: Direct-
product volumetric parameterization of handlebodies via har-
monic fields. In Int. Conf. Shape Model. (2010), pp. 3–12. 2

[ZB06] ZHANG Y., BAJAJ C.: Adaptive and quality quadrilat-
eral/hexahedral meshing from volumetric data. Comp. Meth. in
Appl. Mech. and Engin. 195 (2006), 942–960. 2, 7, 9

c© 2011 The Author(s)
Journal compilation c© 2011 The Eurographics Association and Blackwell Publishing Ltd.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


