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Abstract
One of the most challenging tasks in robotics is the perception and compact representation of situations in unstructured, natural environments. The severity of this task
lies also in the high dimensionality of these highly complex environments. The representation should for instance classify situations in a way that is relevant for action
selection and allows for hierarchical decision making. The downscaling of high dimensional states to lower dimensional, potentially symbolic representations is an important
step to solve planning and controlling problems within these environments. This thesis
uses the concept of controllability states as symbolic representations for the states of an
environment. A controllability state specifies, which degrees of freedom are controllable
in a given state. The core contribution of this thesis is to show how such symbolic representations of controllability can be extracted based on the data an agent collects during
the interaction with a continuous environment. The developed method is demonstrated
in a 2-dimensional environment. Based on the learned symbolic representations and
dynamic models associated to each symbol I derive the Controllability Control method:
a controller that is able to provide a sequence of control instructions, that finally lead
to a desired controllability state and hence to the controllability of one or more specific
degrees of freedom. The Controllability Control model has successfully been tested for
the task of moving an object, that is initially not controllable to a desired position.
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Chapter 1

Introduction
One of the most challenging tasks in robotics is the perception and compact representation of situations in unstructured, natural environments. The severity of this task
lies not only in the uncertainty of the informations provided by sensors, but also in the
high complexity of these environments that leads to high dimensional state spaces. The
representation should for instance classify situations in a way that is relevant for action
selection and allows for hierarchical decision making. The downscaling of high dimensional states to lower dimensional, potentially symbolic representations is consequently
an important step to solve planning and controlling problems within these environments.
One approach to the reduction of dimensionality is followed by Katz and Brock
(2008), who extract kinematic models of objects in the environment by interacting with
them and subsequently use those models to obtain actions, that change the kinematic
state of these objects to a desired state.
Another approach to this downscaling problem is based on the symbol grounding
problem that has its roots in the field of cognitive science (Harnad, 1990) as the problem
of connecting words to their meanings. In robotics the symbol grounding problem is the
task of mapping a specific situation to an abstract symbol that represents that situation.
The central question is what aspects of the situation such symbols should represent
and how they can be learnt from experience. In this thesis I will present a symbolic
abstraction of a high dimensional state that is based on a structure which is assumed to
be “inherent in natural worlds” (Toussaint, 2011). The following example will give an
informal description of this structure: Consider a household-robot that interacts with
the human environment. Obviously this robot has many degrees of freedom which it can
actuate directly, as its arms, legs and so forth. Though there are many more degrees of
freedom in its environment which it can not actuate directly, but which might become
manipulable, if the robot is connected to them (Toussaint, 2011).
For example, one task of the robot could be to open the front door when someone
rings the bell. To accomplish that task, the robot has to move to that door, then grasp
the door handle and lower it in order to finally open the door and let the guests in.
(Actually the classification of the people in front of the door as guest or robbers is
another problem, that has to be solved.)
1

2
In this sequence of actions, there are discrete changes of the degrees of freedom, the
robot can affect:
1. At the moment it has grasped the door handle, it can lower the handle.
2. At the moment it has lowered the door handle it can open the door.
Apparently, these changes are important events in the sequence of actions the robot has
to execute in order to succeed. This leads to the assumption, that the symbols obtained
from this structure could be used to provide a symbolic plan of a complex operation.
For the example presented above, the symbolic plan would be:
1. Obtain the ability to actuate the door handle.
2. Obtain the ability to actuate the door.
These symbolic plans could, for example, be provided by a higher level of a hierarchical controller. But they are useless without a translation to the control instructions
that can affect the state of the environment in the desired way. Therefore, a control
model is necessary that takes the desired symbol as input and generates a sequence of
control instructions that eventually lead to a state whose representation is this desired
symbol.
The aim of this thesis is to learn symbols that represent such a notion of “ability to
actuate” purely from the interaction of an autonomous agent with its environment. From
the learned model that maps the state of the environment to its symbolic representation,
I will derive a control model that is able to steer the agent in a way that leads to a desired
transition in the symbol space. I will use a 2-dimensional toy-world – the Disc World –
to develop and evaluate the methods and concepts in order to get a proof of concept for
more complex environments.
If the methods developed in this thesis could be transferred to more complex environments, the proposed symbolic representations for the high dimensional states might
provide a level of abstraction that can be used for hierarchical controlling methods, as
subgoals for reinforcement learning problems (McGovern and Barto, 2001) or to describe
temporal extended actions (activities) for hierarchical reinforcement learning problems
(Barto and Mahadevan, 2003).

Chapter 2

The Disc World
The Disc World forms, as a 2-dimensional toy-world for an autonomous agent, the basic
scenario of this thesis. The algorithms developed in the following chapters are evaluated
using the Disc World as a “benchmark world” (Toussaint, 2011) to get a proof of concept
for more complex environments. The simple design of the Disc World emphasizes on the
structure, that shall be exploited for symbolic representations of the Disc World state.
In this chapter I will first give a formal definition of the Disc World and describe
the basic assumptions I made, regarding the physical behavior of objects. I will then
describe the methods and concepts I used to implement a simulator of the Disc World.

2.1

A formal definition of the Disc World

As described by Toussaint (2011), the Disc World is a 2D environment with a finite
width wDisc World and a finite height hDisc World . The Disc World contains a disc shaped
agent a with radius ra and position pa = (xa , ya ) ∈ R2 as well as n disc shaped objects di
with radius ri and position pi = (xi , yi ) ∈ R2 with i ∈ {1, . . . , n}. Let W = da , d1 , . . . , dn
be the set of all discs in the Disc World.
The physics of the Disc World are simulated in a kinematic and quasi-static manner. Kinematic means, that velocities are applied to the discs without regarding the
forces. The agent can be actuated by setting a wanted velocity u = (ẋa , ẏa ) as control
instruction. This velocity is achieved instantly if there is no obstacle or wall that prevents the movement. The quasi-static model assumes, that the “friction between the
disk and its supporting plane is large enough so that there is no motion after pushing
ceases.” (Agarwal et al., 1997) In other words, discs move only if they are pushed by
the agent, either directly or indirectly. As a consequence there is no need for masses or
friction-coefficients.

2.2

The Simulator

The simulation of the Disc World has four, successively executed core tasks, that will
be described in detail in the following sections. At first a Contact Graph is built, that
3
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stores the connections that exist between the discs in the Disc World. Second, these
connections are used to propagate the velocity of the agent to the other discs in the Disc
World. The third step is the detection of upcoming collisions, which is dependent on
the former computed velocities. The collision detection also calculates the shortest time
to collision, which needs to be taken into account by the final task – the performance of
the simulation step. These four tasks are triggered by a dynamic timer, that depends
on a constant frequency or the time-to-collision, computed by the collision detection.

2.2.1

Computing the Contact Graph

The contact graph is an undirected and unweighted graph, that has the set of discs as
vertices and an edge for each pair of discs that is connected. Consider two discs di ,
dj , with i, j ∈ {a, 1, . . . , n} and i 6= j, positioned at pi and pj , respectively. Then a
connection between di and dj exists, if the distance
δij = |pi − pj |

(2.1)

between the positions of the two discs is less than or equal to ρij . Where ρij is defined
as the the sum of ri and rj , the radii of the discs, and a tolerance ε:
ρij = ri + rj + ε

(2.2)

This gives the formal definition of the Contact Graph as follows: Gcon = (Vcon , Econ )
with
Vcon = {di : i = a, 1, . . . , n} = W
(2.3)
and
Econ = {(di , dj ) : δji ≤ ρij }

2.2.2

(2.4)

Computing the velocities

The computation of the velocities is split into two parts. The first is the forward propagation of the agents velocity to the discs connected to it – either directly or indirectly. The
second part is the backward propagation of feedbacks. Feedbacks are pseudo velocities
that are used to prevent discs from penetrating walls.
The forward propagation of velocities
The forward propagation of the disc velocities is a breadth first search in the contact
graph with these conditions:
• The agent is used as root node.
• Only moving discs (nodes) are visited.
• A disc may be visited multiple times, e.g. if it is pushed by multiple discs.

2
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(a)

(b)

Figure 2.1: The forward propagation of velocities. In (a) disc di is connected to disc dj in point
C. ϑij is the connecting vector between di and dj . vi is the velocity of disc di .
In (b) vi is split into a perpendicular component vi⊥ and a parallel component vik
with respect to the tangent T in point C.

The transfer of the velocity of a moving disc onto one adjacent disc is discussed in the
following paragraphs.
Consider two discs di and dj , as shown in Figure 2.1(a), positioned at pi and pj , respectively. The two discs touch each other at point C. Disc di has the known velocity vi .
T denotes the tangent and N the normal of di and dj in C. Let ϑij = pj − pi be the
connecting vector between di and dj .
Disc dj is only moved by disc di , if the latter moves in the direction of the former.
This can be simply tested using the dot product of vi and ϑij : if vi · ϑij > 0 holds, di
moves in the direction of dj , otherwise they diverge.
The velocity vi , can be decomposed into the parallel component vik and the perpendicular component vi⊥ w.r.t. T , as it can be seen in Figure 2.1(b). Disc dj is only
affected by the perpendicular component, that can be computed as follows:
vi⊥ = cos α · |vi | ·

ϑij
|ϑij |

(2.5)

with the angle α, which is formed by vi and d. The cosine of α can be replaced using
the dot product of vi and ϑij :
vi · ϑij
ϑij
· |vi | ·
|vi | · |ϑij |
|ϑij |
ϑij
= vi · ϑij ·
|ϑij |2

vi⊥ =
vi⊥

(2.6)

Finally, the velocity vj of dj is updated, by adding vi⊥ to it.
vjnew = vjold + vi⊥

(2.7)

This update can be derived from the law of conservation of momentum, treating the
masses to be equal and the speed of the pushing disc to be constant. Due to the quasistatic assumption vjold is in most cases ~0, but there are rare situations in which a disc
has more than one pusher.

6
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(b)

Figure 2.2: Using feedbacks as pseudo velocities to prevent disc from penetrating walls. In
(a) disc di , with the velocity vi , is connected to a wall. vif is the feedback, that
corrects vi . The corrected velocity is vir . In (b) a disc dj is pushed by di . vj is
computed using vir instead of vi .

Feedbacks
Consider a disc di , connected to a wall, that has the velocity vi as shown in Figure 2.2(a).
If vi has a perpendicular component toward the wall, the disc would penetrate it during
the next step. To avoid this illegal state, a pseudo velocity vi,f – called feedback – is
used to correct vi . The feedback is the inverted perpendicular component of vi :
vif = −vi⊥

(2.8)

vir = vi + vif = vik

(2.9)

The corrected velocity vir then is

Since vif is applied instantly to vi during the forward propagation, the velocities of all
subsequently processed discs (as dj in Figure 2.2(b)) are already based on the corrected
velocity vir .
The backward propagation of feedbacks
However, prior processed discs, as dh in Figure 2.3(a), still remain unaffected of the
feedback vif . To solve this, the feedbacks gathered during the forward propagation of
the velocities need to be back propagated to the pushing discs. This is done in a similar
way as the forward propagation, by doing a breadth first search on the contact graph.
Though, there are some differences:
• The root nodes are the discs, that received a feedback from a wall. (There may
be more than one, but this is the same as one pseudo-root with these nodes as
children.)
• Adjacent discs, that experienced an already corrected velocity are left out.

2
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(a)

(b)

Figure 2.3: The backward propagation of feedbacks (qualitatively only). In (a) disc di is pushed
by a disc dh toward a wall and receives a feedback vif . In the back propagation
step vh is corrected to vhr using the perpendicular component vif ⊥ . (b) shows a
critical situation, in which two discs di and dj are located near a corner. di pushes
dj with vir . The velocity vj causes itself a feedback vjf . This results in a loop
of feedback passings from di to dj and vice versa. To break this loop, the norm
feedbacks needs to be greater than a certain limit in order to be passed to adjacent
discs.

• Discs may be visited several times, if feedbacks come from different directions or if
a feedback provokes further feedbacks itself – e.g., when discs are positioned near
or in a corner, as shown in Figure 2.3(b).
The transfer of a feedback from one disc to another disc is the same as the transfer
of velocities (see equations (2.6) and (2.7), replacing vi with vif and vj with vjf ). If
the feedback vif of a disc di has not already been applied to vi during the forward
propagation, this is done after the feedback has been transferred to all eligible adjacent
discs, by adding the feedback to the velocity:
vinew = viold + vif

(2.10)

The updated velocity vinew could itself provoke a further feedback, which then needs to
be propagated again to adjacent discs during a further visit di . In critical situations,
where two discs di and dj are located near a corner, as shown in Figure 2.3(b), this can
lead to loops of passing a feedback from di to dj and vice versa. Those loops are broken
by comparing the feedback against a lower limit before it is transferred to adjacent discs.
If the feedback is smaller than the lower limit, it is considered negligible. This means it
will neither be applied to the velocity of the disc nor will it be transferred onto adjacent
discs.

2.2.3

Collision Detection

The collision detection used for the simulator does not detect if a collision happened
during the last time-step. Instead it detects, if a collision will occur in the next time
step and returns the exact point in time at which this impact will happen. The collision

8
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(b)

(c)

Figure 2.4: Detecting a collision of two discs. In (a) a disc di moves along its trajectory γi
with velocity vi . Disc dj could potentially cause a collision with di . (b) shows
Lij , the closest point of γ to dj . The distance δ(di , Lij ) indicates, if a collision is
possible. (c) depicts the computation of a potential collision point Kij , assuming
that δ(di , Lij ) is less than ri + rj .

detection is separated into two parts. One for detecting collisions between two discs and
one for detecting collisions of discs and walls. Both are processed for each moving disc.
For simplicity, it is assumed, that the simulation time step is infinitely long.
Detecting collisions of two discs
Consider a moving disc di , positioned at pi with the velocity vi , and an idle disc dj ,
positioned at pj , as shown in Figure 2.4(a). The discs have the radii ri and rj and the
current trajectory of di is
γi = pi + a · vi
(2.11)
Let further be ϑij = pj − pi the connecting vector between di and dj .
To skip discs dj that are behind the moving disc, regarding vi , the dot product of
ϑij and vi is compared to 0. If it is less than or equal to 0, a collision of di and dj is
impossible, since di does not move toward dj . Discs dj for which ϑij · vi is greater than 0

2
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can further be skipped, if the distance between γi and dj is greater than or equal to the
sum of the radii ri + rj . In this case di would pass dj without colliding with it.
The distance between γi and dj is the distance between dj and Lij – the closest point
on γi to dj :
δ(dj , Lij ) = |pj − Lij |
(2.12)
Lij can be obtained using lij – the orthogonal projection of ϑij onto vi :
lij = ϑij · vi ·

vi
|vi |2

(2.13)

Lij then is the sum of lij and pi (see Figure 2.4(b)):
Lij = pi + lij = pi + ϑij · vi ·

vi
|vi |2

(2.14)

If the inequality δ(dj , Lij ) ≤ ri + rj holds for dj , then the next step is the calculation
of the collision point Kij . To get Kij the distance kij between Kij and Lij is first
calculated using the Pythagorean equation:
q
kij = (ri + rj )2 − δ(dj , Lij )2
(2.15)
Kij then is located kij times the normalized velocity vi before Lij :
Kij = Lij − kij ·

vi
|vi |

(2.16)

Finally, using Kij , the time to collision tij can be computed as follows:
Kij = pi + vi · tij
Kij − pi = vi · tij
|Kij − pi | = |vi | · tij
|Kij − pi |
tij =
|vi |

(2.17)

Since the only collision of interest is the next collision, we have to compare tij to the
current minimal time tmin and replace it as necessary.
Detecting collisions of a disc and a wall
Since there are only vertical and horizontal walls in the Disc World, the detection of
collisions of discs with walls is a simpler task than the detection of collisions of two
discs.
Consider a disc di located at pi with a velocity vi and a vertical wall w with its
normal nw , as shown in Figure 2.5(a). Let wx be the x-value of any point on that wall.
(I.e. that would be 0 if it is the left wall or the width of the Disc World, if it is the right
wall.) The distance δiw between the wall and the disc can then be computed as
δiw = wx + (nw · ri )x − (pi )x

(2.18)

10
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(a)
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(b)

Figure 2.5: Detecting a collision of a disc and a wall. (a) shows the disc di that has a velocity
vi toward a wall w. δiw is the distance between di and w. nw is the normal of w.
(b) shows the perpendicular component vi⊥ of vi , with respect to w. vi⊥ is used
to calculate the time to collision of di and w.

where (a)x is the x-component of the vector a.
The time to collision is the quotient of δiw and the perpendicular component of vi
w.r.t. the wall (which is shown in Figure 2.5(b)):
tiw =

δiw
δiw
=
|vi⊥ |
(vi )x

(2.19)

Horizontal walls are processed analogous.
Finally, this value needs again to be compared to the current minimal time tmin and
replaced as necessary, as in the previous section.

2.2.4

Performing a step

The last task of the simulator is the performance of the simulation step. That is moving
the discs according to the prior calculated velocities. For each disc – including the agent
– the position at time t + 1 is computed by applying the speed vt to the position xt ,
using the Euler method:
xt+1 = xt + vt · ∆t
(2.20)
Here ∆t = min(tdefault , tcollision ), the minimum of the default time step and the time step
computed by the collision detection.

Chapter 3

Controllability Control
In this chapter I will give a definition of controllability and controllability states in the
Disc World. The controllability states are a symbolic representation for the state of
the Disc World, that can be used in higher levels of hierarchical planning mechanisms.
I will then describe the controllability control model, a low level controller for these
hierarchical planning mechanisms that executes the high level plans in the state space of
the environment. But before going into detail about controllability, controllability states
and controllability control, I will give a formal definition of the states and transitions of
the Disc World.

3.1

Representations of States and Actions

Since the Disc World is simulated in discrete time steps, the states and transitions of
the Disc World can also be described for discrete time steps.
Let st be the state of the Disc World at time t, which is defined as a vector containing
the positions of the agent a and the discs d1 , . . . , dn :
st = (pa , p1 , . . . , pn ) = (xa , ya , x1 , y1 , . . . , xn , yn ) ∈ R2n+2 ,

(3.1)

where n is the number of discs (without the agent) in the Disc World. The single entries
of st are denoted as st,i .
The actions in the Disc World are the control instructions passed to the agent. The
control instruction of the agent at time t is defined as:
ut = (ẋ∗a , ẏa∗ ) ∈ R2 .

(3.2)

Note that this is not the actual velocity of the agent but the wanted velocity set by the
controller (denoted by an asterisk).
A transition of the Disc World from the state st at time t to the state st+1 at time
t + 1 caused by the control instruction ut at time t can be described by the triplet
τt = (st , ut , st+1 ) ∈ R4n+6 .
11
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The transitions of the Disc World for T time steps starting at time t0 = 1 compose the
set T :
T = {τt }Tt=1 = {(st , ut , st+1 )}Tt=1 ∈ RT ×4n+6
(3.4)
S is the set of states st corresponding to the starting points of the transitions in T :
S = {st }Tt=1 ∈ RT ×2n+2

3.2

(3.5)

A Definition of Controllability in the Disc World

Controllability was first defined by Kálmán (1960), as the ability to “‘generate’ a control
function u(x) (. . .), which causes x [the state of the system] to be ‘transferred’ to the
equilibrium state.”
The classical definition of controllability is the following: Given a system, that can
be described by the equation ẋ = A(x)x + B(x)u, where x is the state of the system and
u is the control instruction or input to the system. Then the system is controllable, if
and only if the matrix
C = [B AB A2 B . . . An−1 B] ∈ Rn×mn
has full rank n.
Since these specifications are a more general ones, the following definition of controllability is more specific to the Disc World environment and forms the basis for the
definitions in the following sections.
Definition 1: Given a state st at time t as defined in Equation (3.1):
st = (xa , ya , x1 , y1 , . . . , xn , yn ) ∈ R2n+2 ,
that contains the positions pi,t = (xi , yi ) for each disc di ∈ W at time t. A disc di in
state st is controllable, if there exits a control instruction ut at time t, that transitions
the state st to a state st+1 at time t + 1, such that the position pi,t of di at time t is not
equal to the position pi,t+1 of di at time t + 1: pi,t 6= pi,t+1 .
This definition relies on the fact, that there are no external forces affecting the Disc
World. That means, all movements in the Disc World arise from a control instruction
to the agent.
The definition above implies also the definition of controlling a disc di as applying a
control instruction, that actually changes the position pi of di .

3.3

Controllability States

Toussaint (2011) defined a controllability state (c-state) as “the set of DoFs that are
controllable”. Based on the definition of controllability above, the definition of the
c-state below is more specific to the Disc World and forms as well the base for the
definitions in the following sections.

3
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Definition 2: Consider a function I : di , s 7−→ ci ∈ {0, 1} that specifies if the disc di is
controllable in state s:
(
1 if disc d is controllable in state s
I(d, s) =
.
(3.6)
0 if disc d is not controllable in state s
The controllability state (c-state) c(s) of state s is the vector (I(di , s))i=1,...,n ∈ {0, 1}n ,
with ci = 1 if disc di is controllable or ci = 0 if disc di is not controllable.
The agent is not regarded, since it is obviously always controllable.
Let further C = {c(s) : s ∈ S} be the finite set of all possible c-states, with S the
infinite set of all possible states.

3.4

Controllability Control

The idea behind controllability control is, to steer the agent “in sense of a hybrid control”
(Toussaint, 2011) approach, in which the c-states provide a level of abstraction of the
Disc World state for hierarchical planning. The controllability control model is used
on a lower level to obtain control instructions which – successively executed – cause a
transition of the Disc World state in a way that leads to a transition of the c-state.
Consider a state st at time t with its c-state c(st ) and a desired c-state c∗ that is not
equal to c(st ). The controllability control model
ψ : (st , c∗ ) 7−→ ut ∈ R2

(3.7)

maps the state st and the desired c-state c∗ to a control instruction ut , that causes a
transition from st to st+1 , such that st+1 is closer to any state s∗ with c(s∗ ) = c∗ than
st :
|st+1 − s∗ | < |st − s∗ | ∀ s∗ ∈ {s | s ∈ S ∧ c(s) = c∗ } .
(3.8)
To obtain a proper function for the controllability control model ψ, it can be decomposed
into the following two models:
1. The inverse c-state model χ, that maps the state st at time t and the desired
c-state c∗ to the transition δs of the states st to a successive state st+1 . Where δs
fulfills (3.8):
χ : st , c∗ 7−→ δs
(3.9)
2. The inverse motion model ω, that maps the transition δs and the current state st
to a control instruction u, which – if executed in state st – causes δs:
ω : st , δs 7−→ u

(3.10)

A composition of the inverse c-state model χ and the inverse motion model ω then would
be a solution to the controllability control model ψ:
ψ = ω ◦ χ : st , c∗ 7−→ ut = ω(st , χ(st , c∗ ))

(3.11)

The functions that realize the inverse c-state model χ and the inverse motion model ω
will be derived in the following sections from their non-inverse counterparts.
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The C-State Model

The inverse c-state model χ can be derived from the c-state model γ, that maps a state
st at time t to its c-state c(st ):
γ : s 7−→ c(s) ∈ C.

(3.12)

As the transitions between c-states are discontinuous – either a disc is controllable or not
– this function will as well be discontinuous. But assuming a gradient could be derived
with respect to s as
∂
G(s) =
γ(s),
(3.13)
∂s
with
(γ(s + δs) − γ(s)) = G(s) δs
δc = G(s) δs

(3.14)

it would be possible to get the inverse c-state model as follows:
χ : st , c∗ 7−→ δs = G] (st ) δc.

(3.15)

Where G] (s) is the pseudoinverse of G(s) and δc is c∗ − c(st ).
A solution to the c-state model γ, that is both, continuous and differentiable, is a
slightly modified c-state model that uses a separate decision function for each c-state
c ∈ C of the form
γc : S −→ [0, 1].
(3.16)
Where γc (st ) shall be near or equal to 1, if c is the c-state of st , and near or
0 otherwise. The gradient G(st ) and its inverse G] (st ) can be replaced by the
Gc∗ (st ) and its inverse G]c∗ (st ), respectively. Where Gc∗ is the gradient of
decision function γc that belongs to the desired c-state c∗ . The inverse c-state
then takes the form
χ : st , c∗ 7−→ δs = G]c∗ (st ) [1 − γc∗ (st )] .

equal to
gradient
γc∗ , the
model χ
(3.17)

The function γc can be learned for each c-state separately using two-class logistic
regression with ridge estimators (le Cessie and van Houwelingen, 1992):


γc (s) = σ wT
φ
(s)
(3.18)
c γ
Here σ is the logistic sigmoid function
σ(x) =

1
1 + e−x

(3.19)

and φγ (s) is the feature vector defined below. wc is the learned parameter vector.
In fact, γc (s) can even be seen as P (c = c(s)|s) the conditional probability that c is
the c-state of the given state s.
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The Feature Vector
The c-state model is supposed to map a given state s to its c-state c(s) that specifies,
which of the discs are controllable in s. The controllability of a disc mainly depends on
the following two questions:
(1) Is the disc somehow connected to the agent?
(2) Is the disc connected to a wall?
In contrast, the absolute positions of the discs are rather unimportant and are therefore
not included in the feature vector. Additionally, the features have to fulfill the following
two conditions:
• The feature must not use any data, that cannot be assimilated by the agent, as the
c-states shall be learned solely from interaction of the agent with the Disc World.
• The feature function, that maps the state s to the feature vector has to be differentiable, in order to obtain the gradient G.
The following two feature types hold these conditions and satisfy one of the above posed
questions, respectively.
The first feature type – the existence of a direct or indirect connection between a disc
and the agent – can be represented by the squared distance δi,j (s) between the positions
pi and pj for each pair of discs di and dj with i, j ∈ {a, 1, . . . , n} and i < j:
(1)

2
φi,j (s) = δi,j
(s)

with
δi,j (st ) = |pi − pj | =

(3.20)

q
(xi − xj )2 + (yi − yj )2 .

(3.21)

The second feature type – the connection to a wall – can be represented by the
difference between an element st,i of state st and the minimum and maximum observed
value for this element, respectively:
h
 
i
(2)
φi (st ) = st,i − min st,i , max st,i − st,i
(3.22)
t

t

where mint st,i is the minimum observed value in {si,t : st ∈ S} and maxt st,i is the maximum observed value in {si,t : st ∈ S}.
The overall feature vector φγ (s) is consequently the combination of (3.20) and (3.22)
with an augmented 1 for the intercept parameter:

T
(1)
(1)
(1)
(2)
(2)
φγ (s) = φa,1 (s), φa,2 (s), . . . , φn−1,n (s), φ1 (s), . . . , φ2n+2 (s), 1 ∈ RH

(3.23)
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The Gradient and the Inverse Gradient of γ c
With the feature vector φγ (s) defined above, the gradient of γc with respect to s takes
the following form:
∂
Gc (s) =
γc (s)
∂s

 

 ∂
T
φγ (s)
(3.24)
Gc (s) = σ wT
φ
(s)
1
−
σ
w
φ
(s)
c γ
c γ
∂s
The partial derivative of φγ (s) with respect to s is described in detail in Appendix A.1.
As Gc is a vector, its pseudo inverse G]c has the form
G]c (s) =

3.4.2

GT
c (s)
T
Gc (s) · Gc (s)

(3.25)

The Motion Model

The inverse motion model ω can be derived from the motion model µc , that maps a
given state st and a control instruction ut at time t to the successive state st+1 at time
t + 1:
µc : st , ut 7−→ st+1 .
(3.26)
Since the motions in the Disc World are dependent on which discs are controllable in
state s, this mapping is specific to the c-state c(s) of state s. Thus there is a separate
model µc for each c-state c ∈ C. The appropriate model for state st is chosen beforehand
by the c-state model discussed in Chapter 3.4.1.
As the motions in the Disc World are continuous, there is a gradient for each motion
model µc of the form
∂
Mc (s) =
µc (s, u)
(3.27)
∂u
with
(µc (st , ut ) − st ) = Mc (st ) ut
δs = Mc (st ) ut

(3.28)

With the pseudo inverse Mc] (s) of the gradient Mc (s), the inverse motion model ω, that
maps a transition of state δs and the current state st to a control instruction u, as
defined in Equation (3.10), becomes
]
(s) δs
ω : st , δs 7−→ u = Mc(s
t)

(3.29)

The function for each motion model µc can be learned as a linear mapping from the
feature vector φµ (st , ut ) – which is described below – to the successive state st+1 , using
linear ridge regression (Bishop, 2009; Hastie et al., 2009). The motion model then takes
the form
µc (st , ut ) = vT
(3.30)
c · φµ (st , ut )
with the learned parameters vc . (The learning of the parameters is described in Section 4.3.2.)
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The Feature Vector
The transition from a state st at time t, with a specific c-state c(st ), to the successive
state st+1 at time t + 1 depends on st and the control instruction ut . Furthermore, it
also depends on the orthogonal projection of the control instruction ut on the connecting
vector pj − pi for each pair of discs di , dj with i, j ∈ {a, 1, . . . , n} and i < j, since this is
the component of the velocity of a disc, that is transferred to the adjacent discs. These
three feature types compose together with an augmented 1 for the intercept parameter
the feature vector φµ (s, u):


1


sT
t


T


u
t


 ϑa,1 (ut · ϑa,1 ) 
φµ (st , ut ) = 
(3.31)
 ∈ RW
 ϑa,2 (ut · ϑa,2 ) 




..


.
ϑn−1,n (ut · ϑn−1,n )
where ϑi,j = pj − pi is the connecting vector between di and dj , and pi = (xi , yi )T is the
position of disc di .
The Gradient and the Inverse Gradient of µc
With the feature vector φµ (s, u), it is now possible to derive the gradient of µc with
respect to the control instruction u:
Mc (s) =

∂
µc (s, u)
∂u

Mc (s) = vT
c

∂
φµ (s, u)
∂u

(3.32)
(3.33)

The partial derivative of φµ (s) is described in detail in Appendix A.2. Since Mc is a
matrix, the inverse gradient Mc] is:

−1
Mc] (s) = McT (s)Mc (s)
McT (s)
(3.34)

3.4.3

The Controllability Control Model

Reconsider the controllability control model defined in (3.11):
ψ = ω ◦ χ : st , c∗ 7−→ ut = ω(st , χ(st , c∗ ))
Using the above proposed solutions to the inverse c-state model and the inverse motion
model, the controllability control model takes the form:
]
ψ(st , c∗ ) = Mγ(s
(st ) G]c∗ (st ) [1 − γc∗ (st )]
t)

(3.35)
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]
Since Mγ(s
(st ) and G]c∗ (st ) are derived from local linearizations around st , the control
t)
instruction ut , that is gained by the controllability control model ψ is only applicable
for small steps from st toward the desired state s∗ with c(s∗ ) = c∗ . To get these small
steps, the result is scaled by a small constant factor β to an appropriate norm. This
leads to the following final form of the controllability control model:
]
ψ(st , c∗ ) = β Mγ(s
(st ) G]c∗ (st ) [1 − γc∗ (st )]
t)

3.5

(3.36)

Control within a Controllability State

Consider the following task: A specific disc di , to which the agent is not connected, shall
be moved by the agent from its current position pt,i to a target position p∗i . This task
can be separated into two subtasks. The first subtask is to establish the controllability
of di – which can be achieved using the controllability control model ψ described above.
When the agent has reached a c-state in which di is controllable, the second subtask is
to generate a series of control instructions for the agent such that it pushes di from pt,i
to p∗i .
For this second subtask an additional model, the ζ-model, is necessary that provides
a gradient from the current state st to a state s∗ in which the position of di is p∗i . This
ζ-model can be obtained from inverse kinematic control. The jacobian for disc di then
becomes:
∂
st
∂pi

0 0 ···
=
0 0 ···

J(di ) =

(3.37)
1 0 ···
0 1 ···

0 0
0 0



where all components are 0 except for the components at (1, 2i) and (2, 2i + 1) which
are 1. As the jacobian J(di ) provides δpi the change of the position of di for a given
δs. The pseudo inverse J ] (di ) of the jacobian J(di ) will provide the transition δs that
leads to the transition δpi . Due to the simple structure of J(di ), the pseudo inverse is
the transposed of the jacobian: J ] (di ) = J(di )T . The ζ-model then is defined as
ζ : δpi 7−→ δs = J ] (di ) δpi

(3.38)

Subsequently, the gradient δs can be used with the inverse motion model ω defined in
(3.29) to obtain a set of control instructions ut that leads to the desired transition δpi
of the coordinates of di :
ut = α ω(st , ζ(δpi ))
(3.39)
with a factor alpha that scales the control instruction to a small length, as the inverse
motion model ω is a local linearization around st .

Chapter 4

Evaluation
To evaluate the above presented models, an instance of the Disc World with a width of
600 units and a height of 500 units has been used. This Disc World contains the agent
and three discs. The discs have a radius of 30 units and the agent has half the radius
of 15 units. Note that the agent is not able to detach a disc from a wall, if its diameter
is not smaller than the diameter of the discs. In this case the component of the agent’s
velocity that is transferred to an adjacent disc cannot have a perpendicular component
with respect to the wall the adjacent disc is attached to that points off that wall.
To learn the c-state models γc and the motion models µc , the agent needs to explore
the Disc World to experience the different c-states as well as the movements in these
c-states. The data gathered in this exploration can then be used as training sets for the
learning algorithms that are used for the c-state models and the motion models. The
exploration methods used to obtain a data set in which all c-states are covered in a
sufficient amount are described in Section 4.1.
The data set gained from the exploration of the Disc World needs to be transformed
to appropriate training data sets for the c-state models and the motion models, respectively. This transformation, as well as the results of the learning process are presented
in Section 4.2 for the c-state model and in Section 4.3 for the motion model.
Finally the controllability control model ψ is demonstrated with two experiments in
specific scenarios. These demonstrations and their results are described in Section 4.4.
In the implementation I encoded the c-states as integers using bit i as indicator for
the controllability of disc di . Hence the c-state (1, 1, 0) becomes 011, which is 3. I will use
this encoding also in the following sections to get less cluttered diagrams and equations.

4.1

Exploration of the Disc World

The exploration of the Disc World is the process of moving the agent through its environment and in doing so, assemble a data set for the learning algorithms of the c-state
models γc and the motion models µc . Both of these models are trained for each c-state
separately so that each c-state has to occur in an sufficient amount in the collected data
set. To obtain an appropriate data set an Exploration Controller has been implemented
19
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that steers the agent based on one of several heuristics. The controller and the five
heuristics will be described in detail in the following sections. Note that this implementation of the Exploration Controller is specific to the evaluation setup of the Disc World
with three disc besides the agent. If other setups are used, it would be necessary to
adjust this implementation.

4.1.1

The Exploration Controller

The purpose of the Exploration Controller is to assemble a data set T , containing T
transitions τt , with t = 1, . . . , T , as specified in (3.4). As noted above, in this data set all
possible c-states have to be covered by a subset of data points that is large enough to act
as a standalone data base for the separate learned motion models and c-state models.
To gather this data set, the controller is triggered in discrete time steps to set a
new control instruction ut for the agent and to save the current state st and the control
instruction ut at time t together with the state st+1 at time t + 1 after ut has been
applied as transition τt in T .
The heading of the control instruction is based on one of five different heuristics,
called strategies, which will be explained in-depth in the following paragraphs. Additionally the heading is biased by a random angle that is chosen from the interval
[− 21 π, 21 π] in every 50th time step. Finally a constant speed is applied to the heading to
obtain the control instruction that is passed to the agent. The strategy that is taken to
determine the heading is randomly picked every 1500th step.
The random strategy
The first strategy is the most random of the five strategies. It is intended for the
generation of complete random movements of the agent.
The heading of the agent is

1
1
rotated by a random angle of the interval − 16 π, 16 π in every step. In practice, this
leads mainly to situations in which the agent does not push any disc.
The follow-disc-strategy
The second strategy has the purpose to generate movements where the agent pushes at
least one disc. To realize this, the agent always moves toward the position of a target
disc, that is randomly chosen from the set of discs in the Disc World. A new target disc
is picked every 500th step. This strategy mostly leads to situations in which the agent
moves a disc along a wall and gets eventually stuck in a corner of the Disc World.
The push-one-disc-strategy
The third strategy has the purpose to produce movements where the agent a pushes a
disc di that is positioned at pi without the guidance of a wall. To implement this, the
heading of the agent is always set to a target point Ta at the side of the disc that opposes
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the center of the Disc World cDisc World :
Ta = pi +

%
|pi − cDisc World |

· (pi − cDisc World )

(4.1)

Where % is an arbitrary factor greater than 0 and less than the sum of the radii ra of
the agent and ri of disc di . The disc to be pushed is chosen every 500th step.
The push-two-discs-strategy
The fourth strategy is an extension to the push-one-disc-strategy, with the intention to
generate situations in which two discs di , positioned at pi , and dj , positioned at pj are
pushed by the agent without the guidance of walls. To implement this, an additional
target point Ti for for the first disc di is needed, which is defined analogously to the
target point of the previous strategy:
Ti = pj +

%i,j
· (pj − cDisc World )
|pj − cDisc World |

(4.2)

Subsequently the target point for the agent is
Ta = pi +

%a,i
· (pi − Ti )
|pi − Ti |

(4.3)

Again, %i,j and %a,i are arbitrary factors greater than 0 and less than the sum of the
radii ri of disc di and rj of disc dj and ra of the agent and ri , respectively.
In the resulting situations, di , which is pushed by the agent, collides with dj and
subsequently dj is pushed indirectly by the agent a. The two discs are chosen every
500th step.
The push-three-discs-strategy
The fifth strategy is a further extension of the push-two-discs-strategy, that has been
implemented after the first evaluations of the data generated with only the four strategies
above have shown that the c-state, in which all three discs dj , dj and dk are controllable,
is heavily underrepresented. To generate these situations, this strategy uses – besides
the two targets Ta and Ti – a third target point Tj that is defined analogous as follows:
Tj = pk +

%j,k
· (pk − cDisc World )
|pk − cDisc World |

(4.4)

The second target point Ti then takes the form
Ti = pj +

%i,j
· (pj − Tj )
|pj − Tj |

The target for the agent Ta is the same as in Equation (4.3).

(4.5)
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Learning and Evaluation of the C-State Model

To learn the separate c-state models γc , the data set T gathered by the Exploration
Controller has to be transformed into a training data set Tγ,c for each c-state c ∈ C.
This transformation is described in Section 4.2.1. With these training data sets Tγ,c , the
parameters wc of the c-state models have been learned with two-class logistic regression
with ridge estimators (see le Cessie and van Houwelingen, 1992), using the data mining
tool WEKA (Hall et al., 2009). The results of this learning are presented in sections 4.2.2
and 4.2.3.

4.2.1

The Training Data

Each training set Tγ,ci contains the feature vector φγ (st ) for each state st ∈ S as well as
a label l that specifies if ci is the c-state of s or not. The set S can be obtained from
the data set T as S = {st : (st , ut , st+1 ) ∈ T }.
The label l shall be 1 if c(s) = ci or 0 otherwise. As the c-state model is supposed
to be learned by the agent while it explores the Disc World, these labels have to be
observed by the agent itself rather than obtained from an analytic function.
I therefore propose the k-state, which is the c-state observed by the agent, as the label
l. The k-state is a vector specifying the observed controllability for each disc di in the
Disc World between a state st at time t and its successive state st+1 at time t + 1. It is
defined as

k(s, s0 ) = Ik (di , s, s0 ) i∈{1,...,n} ∈ Rn ,
(4.6)
with
0

Ik (d, s, s ) =

(
1
0

if the position of disc d has changed from s to s0
if the position of disc d has not changed from s to s0

(4.7)

Using the feature vector φγ (s) defined in (3.23) and as label the k-state defined in (4.6),
the training data set takes the form
Tγ,c = (φγ (st ), I(k(st , st+1 ) = c))Tt=1

(4.8)

Where I(proposition) is 1 if proposition is true and 0 otherwise.
The principle idea behind the k-state is that in state st the agent applies a control
instruction ut and thereby causes a transition from st to st+1 . Afterward the agent can
decide, which discs presumably have been controllable in state s.
I think this is also the way, in which humans or rather animals label their “training
data”. For example, if you grasp an object like a door handle for the first time, you do
not know if this door is openable or not. You have to try to open it and thereafter you
memorize if it actually has been openable or not.

4
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Figure 4.1: Precisions for each c-state model. The models have been learned using the original
training data sets Tγ,c . Class ’1’ denotes the class of states, that are in c-state c,
class ’0’ denotes the class of states, that are not in c-state c.

4.2.2

The C-State Model as Classifier

The performances of the c-state models as classifiers for the c-state c(st ) of a given state
st are shown in Figure 4.1 and Figure 4.2 as the precision and recall values for both
classes of each trained c-state model γc .
The precision of a classifier for a class x is the ratio of the number instances, that
are correctly classified to the total number of instances classified as x, whereas the recall
value of this classifier is the ratio of the number of correctly classified instances to the
number of all instances of class x.
In figures 4.1 and 4.2 class ’1’ denotes the class of states that are in c-state ci and
class ’0’ denotes the class of states that are not in c-state ci , for all ci ∈ C. The precision
and recall values have been determined using 10-fold cross validation.
The models underlying the results shown in Figure 4.1 have been trained with the
original training data sets Tγ,c . Whereas the results shown in Figure 4.2 are obtained
from models that have been learned from training data sets which are resampled with
repetition from Tγ,c . These resampled sets are equally distributed with respect to the
class attribute I(k(st , st+1 ) = c) (see (4.8)).
Figure 4.1 shows, that the c-state models, learned from the original training data
sets Tγ,c , only give poor results, especially for the c-state models γ0 , γ5 , γ6 and γ7 , where
the recall value for class ’1’ lies under 0.5, which means, that most of the instances of
class ’1’ are not correctly classified. But also the precision value for class ’1’, that is
between 0.6 and 0.75 for all c-states is not a good result, compared to the results of a
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Figure 4.2: Precisions for each c-state model. The models have been learned using resampled
equally distributed training data sets. Class ’1’ denotes the class of states, that are
in c-state c, class ’0’ denotes the class of states, that are not in c-state c.

decision tree presented below.
In contrary, the c-state models learned from the resampled data have much better
precision and recall values, as shown in Figure 4.2. The only exception is the c-state
model γ0 , where the resampling of the training data has only little (for class ’1’) or even
a negative effect (for class ’0’). This latter effect is due to the fact, that the training data
set for the c-state model γ0 is already nearly equally distributed w.r.t. its class attribute.
Additionally, I think, the classification of the c-state 0 is also the most difficult one, as
there are many situations, in which a disc is stuck in a corner of the Disc World and the
agent is connected to it but does not observe a controllability, when it pushes the disc
toward the corner.
Summarized, the c-state models γc compose only a mediocre classifier for the c-state
c(st ) of a given state st . Experiments showed, that especially states in which, the agent
is near a disc di but not already connected to di are classified as a c-state in which di
is controllable. But, as the classification of the c-state is not the primary task of the
c-state model, it can be replaced easily by a classifier that gives better results. E.g.,
much better performances can be achieved using decision trees as shown in Table 4.1.
Here a training data set with the feature vector φγ and the k-state as class attribute has
been used to train a C4.5 decision tree (Quinlan, 1993) (again with the data mining tool
WEKA (Hall et al., 2009)).
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c-state
precision
recall

0
0.997
0.993

1
0.990
0.993

2
0.993
0.997

3
0.992
0.992

4
0.993
0.996

5
0.988
0.979

6
0.987
0.989

7
0.978
0.987

Table 4.1: The precision and recall values of a C4.5 decision tree as classifier for the c-state
c(st ) of a given state st . The features are the same as those of c-state models. The
class attribute is the k-state.
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Figure 4.3: The first two elements of the gradient G]1 (st ) plotted as arrows for different states
st . The positions of the discs d1 , d2 and d3 are constant, whereas the position of
the agent is variable. The origins of the arrows are the different positions of the
agent. The arrows are scaled to a constant length.

4.2.3

The Inverse C-State Model

The core intention of the c-state model γ is the derivation of the inverse c-state model χ.
Hence, the performance of the inverse c-state model plays a major role compared to the
performance of the c-state model as classifier. Given a desired c-state c∗ and a state
st at time t, the inverse c-state model χ provides a gradient δs = G]c∗ (st ) that points
toward the state s∗ which has the highest probability of being in the desired c-state c∗ .
To evaluate this gradient, its first two elements have been plotted at different states of
the Disc World for different desired c-states c∗ . The first two elements of the gradient are
the transition of the coordinates of the agent toward the state s∗ . These two elements
would also be extracted as control instruction by the inverse motion model ω if the Disc
World is in c-state 0.
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Figure 4.4: The first two elements of the gradient G]3 (st ) plotted as arrows for different states
st . The positions of the discs d1 , d2 and d3 are constant, whereas the position of
the agent is variable. The origins of the arrows are the different positions of the
agent. The arrows are scaled to a constant length.

In Figure 4.3 and Figure 4.4 the first two elements of the gradient have been plotted
for different states si of the Disc World. In these states si the position of the agent
is variable, where the positions of the other discs in the Disc World are constant. In
Figure 4.3 the desired c-state c∗ is 1 in which only d1 is controllable. For the c-states
2 and 4 in which only d2 and d3 , respectively, are controllable, analogous results have
been achieved. In Figure 4.4 the desired c-state c∗ is 3 in which the discs d1 and d2
are controllable. Also, for the other c-states 5, 6, and 7 in which multiple discs are
controllable, the results are comparable.
Figure 4.3 shows the expected results that would lead to a movement of the agent
toward the disc d1 and thus to a transition from the current c-state 0 to the desired
c-state 1. In contrary, as Figure 4.4 shows, the Gradient for a desired c-state in which
multiple discs are controllable, starting from a state st in which no disc is connected
to another, does not lead to a movement of the agent toward one of the discs, that
should be controllable, but to a movement toward some point between these discs. In
consequence, the transition from, for example, c-state 0 to c-state 3, if discs d1 and d2
are not connected, has to be composed of two tasks. The first task is to establish the
controllability of one of the two discs. The second task then is to move this disc in a
way to gain finally the controllability of both discs.
Figure 4.5 shows that the inverse c-state model χ returns anyhow valid gradients for
a state st and a desired c-state c∗ , where in state st no disc is connected to another disc
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Figure 4.5: In the visualized experiment, the gradient G]3 (st ) is added to the state st to obtain
the successive state st+1 for 2000 steps. The experiment shows, that the inverse
c-state model χ delivers valid gradients for situations in which two unconnected
discs shall become controllable.

and in c-state c∗ multiple discs are controllable. The visualized experiment starts in a
initial state s0 and runs for 2000 time steps up to state s2000 . Note that these states are
not generated by the simulator and are also not each valid states, as there are obviously
states in which discs are overlapping. The state st+1 is generated by adding the the
gradient G]3 (st ) to the state st . As it can be seen clearly, the gradient provided by the
inverse c-state model χ would lead to the desired c-state c∗ if all discs in the Disc World
could be actuated directly.

4.3

Learning and Evaluation of the Motion Model

As for the c-state models γc , to learn the motion models µc , the data set T has to be
transformed into separate training data sets Tµ,c for each c-state c ∈ C. This transformation is described in Section 4.3.1. With these separate training sets Tµ,c , the
parameters vc for each separate motion model µc have been learned with linear ridge
regression (Bishop, 2009; Hastie et al., 2009). The results of this learning are evaluated
in Section 4.3.2.
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4.3.1

Learning and Evaluation of the Motion Model

The Training Data

To build the separate training data set Tµ,c , the data set T , gathered using the Exploration Controller, is at first partitioned into |C| subsets Tc . Each subset Tc contains only
transitions τt in which the discs that are controllable according to the c-state c, have
been controlled by the agent:
Tc = {(st , ut , st+1 ) : (st , ut , st+1 ) ∈ T ∧ k(st , st+1 ) = c} .

(4.9)

The transitions τt are filtered using the k-state defined in (4.6).
Based on these separate data sets Tc , the training data sets Tµ,c can be composed of
the feature vector for the motion model φµ (st , ut ) and the successive state st+1 for each
tuple (st , ut , st+1 ) ∈ Tc :
Tµ,c = {(φµ (st , ut ), st+1 ) : (st , ut , st+1 ) ∈ Tc } .

(4.10)

The successive state st+1 will act as the target for the ridge regression.

mean squared error
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Figure 4.6: Mean squared error versus regularization factor λc for each motion model µc . The
regularization factor λc goes from 10−16 to 104 . The exponent is incremented by 1
in each measurement.

4.3.2

Learning the Motion Model

As noted above, the motion models µc have been learned with linear ridge regression.
The parameters vc then are gained by the following equation:
−1 T
vc = (λc IM + ΦT
c Φc ) Φc tc

(4.11)
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Figure 4.7: Demonstration of the controllability control model ψ. The initial c-state c0 is 0
and the desired c-state c∗ is 1. The agent has been moved toward disc d1 using the
control instructions gained from ψ. The experiment stopped after T time steps in
state sT when the desired c-state c∗ has been reached.

Here λc is the regularization coefficient and IM is the M ×M identity matrix, where M is
the dimensionality of the feature vector φµ . Φc is the |Tµ,c | × M matrix that contains all
feature vectors in {φµ (st , ut ) : (φµ (st , ut ), st+1 ) ∈ Tµ,c } as row vectors and t is the |Tµ,c |×
2n + 2 target matrix that contains all successive states in {st+1 : (φµ (st , ut ), st+1 ) ∈ Tµ,c }
also as row vectors.
Figure 4.6 shows the mean squared error versus the regularization factor λc for all
motion models µc . The mean squared errors have been determined using 10-fold cross
validation. It can be seen that the learning of the motion models µc requires no regularization, as the mean squared error remains approximately constant between λc = 10−16
and λc = 10 for all models µc . Experiments with λc = 0 gave the same results.

4.4

Demonstration of the Controllability Control Model

The first demonstration of the controllability control model ψ is shown in Figure 4.7. In
the initial state s0 no disc is connected to another disc thus the initial c-state c0 is 0. As
the agent shall obtain the controllability of disc d1 , the desired c-state c∗ is 1. It can be
seen, that the control instructions provided by the controllability control model ψ lead
to a motion of the agent toward the disc d1 . The motion is stopped after T time steps
when the agent is connected to d1 the c-state cT is 1. This stopping criterion has not

30

4.4

0

0

100

200

Demonstration of the Controllability Control Model

300

400

600
agent in state s0
agent in state sT
discs in state s0
d1 in state sT
target of d1
agent trajectory
d1 trajectory

d1

100

500

200

300

400

d3

d2

500

Figure 4.8: Demonstration of an appliance of the controllability control model ψ in a hierarchical control mechanism. The task is to move disc d1 to the desired position p∗1 .
A top level controller uses at first the controllability control model ψ to obtain
the controllability of d1 . When d1 is controllable, the top level controller uses the
ζ-model to push d1 toward p∗1 .

been tested with the c-state model γ but by comparing the distance between the agent
and d1 with the sum of their radii, similar to the classification of the current c-state
using a decision tree (compare to Section 4.2.2).
The second experiment with the controllability control model ψ demonstrates the
appliance of ψ in a hierarchical control mechanism. This experiment is adopted from
the task depicted in Section 3.5: Disc d1 , to which the agent is not connected, shall be
moved by the agent from its initial position p0,1 to a desired position p∗1 . This experiment
starts in the initial state s0 and stops in the final state sT in which d1 reached the desired
position p∗1 . As noted above, this task has to be separated into two subtasks, where the
first task is to gain the controllability of disc d1 and the second task is to push d1 toward
the target position p∗1 .
The first task equates to the experiment above and can be solved using the controllability control model ψ with the desired c-state c∗ .
The second task can be solved using the gradient obtained from the ζ-model, as
described in Section 3.5. The problem for the second task is, that the motion model has
been learned for instantaneous motions. These motions are simulated using the Euler
method with the perpendicular component of the pushing discs velocity with respect to
the tangent between the pusher and the pushed disc. Consequently the learned motions
are always along this perpendicular component, regardless of the agents heading. To
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solve this problem, the motion model has to be learned with a different data set T ,
where each transition τt is recorded over multiple simulation steps between the state st
and its successive state st+1 . But since the inverse motion model ω is not the principal
problem of this thesis, I used a heuristic as a shortcut to map the gradients δs given
by the ζ-model to a control instruction ut . This heuristic is similar to the push-onedisc-strategy of the Exploration Controller except that the target Ta for the agent is
computed using the two components of the gradient δs corresponding to d1 as follows:
Ta = p1 − α

%
· δp1
|δp1 |

(4.12)

Here α is a scaling factor between r1 , the radius of d1 , and r1 + ra , the sum of the radii
of d1 and the agent. α is dependent on the distance between the current position pt,1
and the desired position p∗1 of disc d1 .
A top level controller monitors the current state st of the Disc World and decides
which model is used to generate the control instruction ut . This decision is based on the
current c-state ct that is classified as in the first demonstration above, by comparing the
distance between the agent and d1 to the sum of their radii.
Figure 4.8 shows the initial state s0 and the final state sT of this experiment, as well
as the trajectory of the agent and disc d1 between s0 and sT . It can be seen, that the
hierarchical control mechanism successfully controls the agent in a way that leads to a
transition of d1 from the initial position p0,1 to the desired position p∗1 .
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Demonstration of the Controllability Control Model

Chapter 5

Conclusions
The first main problem that has been addressed in this thesis is the exploitation of
a controllability structure that is inherent to natural worlds in order to obtain symbolic representations for the high dimensional states of an environment. This has been
achieved by learning the c-state model γ (see Section 3.4.1) using the perceptions of
an agent that interacts with the 2-dimensional Disc World. The evaluations of the the
inverse c-state model χ in Section 4.2.3 show that the controllability states provide a
valid abstraction from the state of the Disc World.
The second main problem of this thesis was to plan on the abstract level of the
controllability states and then using a control method that translates the transitions in
these plans to sequences of control instructions that lead to a specific transition in the
state space with the effect of the desired transition in the symbol space. This problem
has been solved for the Disc World environment with the controllability control model ψ.
The demonstrations in Section 4.4 show that the controllability control model is capable
of generating a set of control instructions that lead to a transition of the controllability
state and hence makes a specific disc controllable that can consequently be pushed to a
desired position.
This thesis shows that plans on the level of controllability states in combination with
the controllability control model provide a useful abstraction from the state space of the
Disc World for appliances in hybrid control mechanisms. However, in future research
the models have to be expanded to more sophisticated environments or evaluated for
more complex tasks to obtain a better grading of the usability of the controllability
structure. If the methods also succeed these problems a further objective could be
their employment as activities in hierarchical reinforcement learning problems (Barto
and Mahadevan, 2003) or as subgoals for reinforcement learning agents (McGovern and
Barto, 2001).
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Appendix A

Differentiations
A.1

The Partial Derivative of φγ

The function:

T
(1)
(1)
(2)
(2)
φγ (s) = φa,1 (s), . . . , φn−1,n (s), φ1 (s), . . . , φ2n+2 (s)
The partial derivative with respect to s:
d
ds1 φγ (s)




∂
φγ (s) = 

∂s

Where

d
dsi φγ (s)



..
.
..
.






d
φ
(s)
ds2n+2 γ

is:


d
d  (1)
(1)
(2)
(2)
φa,1 (s), . . . , φn−1,n (s)φ1 (s), . . . , φ2n+2 (s)
φγ (s) =
dsi
dsi


d (1)
d (1)
d (2)
d (2)
=
φ (s), . . . ,
φ
(s),
φ (s), . . . ,
φ
(s),
dsi a,1
dsi n−1,n
dsi 1
dsi 2n+2
Where

d (1)
dsi φf,g (s)

is:

d (1)
d
φf,g (s) =
(xf − xg )2 + (yf − yg )2
dsi
dsi


2 · (xf − xg ) si = xf




 2 · (yf − yg ) si = yf

d (1)
φ (s) = −2 · (xf − xg ) si = xg

dsi f,g


−2 · (yf − yg ) si = yg




0
else
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And

A.2
d (2)
dsi φj (s)

The Partial Derivative of φµ

is:
d (2)
φ (s) =
dsi j



 d 

d 
sj − min sj ,
max sj − sj
t
t
dsi
dsi

with

A.2


d 
sj − min sj =
t
dsi

(
1
0


d 
max sj − sj =
t
dsi

(
−1
0

i=j
i 6= j
i=j
i 6= j

The Partial Derivative of φµ

The function:



1
sT
uT
ϑa,1 (u · ϑa,1 )
ϑa,2 (u · ϑa,2 )
..
.













φµ (s, u) = 
 ∈ RW








ϑn−1,n (u · ϑn−1,n )
The partial derivative with respect to u:
∂
φµ (s, u) =
∂u
=



T
d
d
φµ (s, u),
φµ (s, u)
dux
duy
0 ···
0 ···

0 1 0
0 0 1

d
dux
d
duy

[ϑa,1 (u · ϑa,1 )] · · ·
[ϑa,1 (u · ϑa,1 )] · · ·

d
dux
d
duy

!
[ϑn−1,n (u · ϑn−1,n )]
[ϑn−1,n (u · ϑn−1,n )]

With
h
i
d
[ϑi,j (u · ϑi,j )] = (xj − xi )2 , (xj − xi ) (yj − yi )
dux
And
h
i
d
[ϑi,j (u · ϑi,j )] = (yj − yi ) (xj − xi ) , (yj − yi )2
duy
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