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We have implemented a generic framework that allows running existing sequential algorithms in parallel across large data sets. We have demonstrated
the versatility of this framework by parallelising the S A ﬁnders that perform an eﬃcient pattern matching, and other sequence analysis algorithms.

In dieser Arbeit wurde ein Framework entwickelt, welches es erlaubt, einen
bestehenden sequenziellen Algorithmus parallel auf großen Datenmengen
laufenzulassen. Die Anwendbarkeit wurde durch die erfolgreiche Parallelisierung der S A -Finder vorgeführt, welche eine eﬃziente Mustersuche auf
Zeichenketten implementiert. Auch weitere Algorithmen zur Sequenzanalyse wurden erfolgreich parallelisiert.

Au cours de ce travail on a développé un framework permettant d’exécuter
des algorithmes séquentiels existants en parallèle sur de grandes quantités
de données. On a montré son utilité en mettant en parallèle les algorithmes
S A « ﬁnder » qui permettent une recherche de correspondance eﬃcace
des patterns de texte dans une chaîne de charactères. On a de plus mis en
parallèle d’autres algorithmes d’analyse de séquences biologiques.
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Introduction

“

Moore’s Law is dead.*
(Gordon Moore)

Moore’s Law has, for nigh half a century, reliably predicted the growth in eﬃciency of
processors: Moore’s Law states that the number of transistors that can be placed on a
given surface area doubles every two years [Intel Corporation, ]. As a consequence,
the number of transistors – and consequently, the computing power – of processors has
grown exponentially until recently. However, this growth can no longer be sustained
due to a combination of several factors. e most important cause are quantum mechanical eﬀects which raise the electrical resistance of the transistors and thus cause heat
dissipation problems which result in energy loss [Feynman, ; Tanenbaum, ].
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Figure 1: Moore’s Law illustrated
by the number of transistors of typ.
ical processors for each era. Note that the axis is logarithmic.†

Figure 2: Comparison of clock speed and growth of bioinformatical
data. Shown are the growth of the mean clock speed of Intel processors ( .
) and the number of sequenced genomes ( .
).‡

On the other hand, we’re dealing with ever increasing amounts of data that our programs have to process. Figure  illustrates this using the example of the number of se* Dubash

[]

† en.wikipedia.org/wiki/Moore’s_law,
‡ www.intel.com,

––

vi

retrieved on ––
retrieved on ––; www.ncbi.nlm.nih.gov/genbank/genbankstats.html, retrieved on
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quenced base pairs of : anks to steady improvementes of machines and chemistry, culminating in the advent of so-called next generation sequencing techniques, we
are observing an exponential growth in the available sequence data that has to be processed. Just a decade ago, the ﬁrst complete sequence of the human genome was published [Venter & al., ]. Not even ten years later, this number has increased by three
orders of magnitude with the  Genomes Project [ Genomes Project Consortium,
].
So our programs don’t actually get faster on newer machines, they merely don’t get
slower: In bioinformatics we are truly in the Red een’s country, and “it takes all the
running [we] can do, to keep in the same place”.
is means that while the amount of raw data continues to grow exponentially, and
processing logic continues to grow more complex, computers do no longer get faster
– not only is performance gain no longer exponential, it has in fact all but stopped:
“e free lunch is over”, in the words of Herb Suer. is refers to the fact that until
now soware developers had a “free lunch”: existing soware would run faster on nextgeneration machines, simply due to the fact that these machines were faster than the
previous generation. No modifcation of the soware was necessary. But approximately
in , this development has come to a halt (ﬁgure ): Processors bought in  have
(approximately) the same clock speed as processors bought in .
But as we can see in ﬁgure , the increase in the transistor count in computers has not
(yet) slowed signiﬁcantly; it just no longer goes into the making of a single processing
unit (). Instead, the number of processing units () per computer has recently
started to increase from just one to several, and, in the near future, many.

i) Parallel programs
Unfortunately, conventional applications cannot beneﬁt from this increase in the number
of s, in the same way that a car wouldn’t drive faster if we built in a second engine.
In order to get a performance increase from a second  a program has to be designed
such that it can distribute its work across more than one processing unit.
Ideally, a program would spread its work evenly across all existing processing units,
thus reducing its overall running time proportionally to the number of available s. If
we can achieve that, we have re-enabled the free lunch: our soware will, once again,
run faster on the coming generations of hardware that have more s than the current
generation. Unfortunately, spreading a program’s work evenly across multiple s is
not a trivial task, and even in situations where it is easy to do, it is still a lot of work to
re-write the many existing implementations.
When performance plays a role, the next big task is therefore to harness the computational power of these multiple s.

vii

Contents

ii) Outline
In the ﬁrst part of this thesis, we will look at the technical background of parallelisation
and which problems arise from it. We will see how a parallel program must be designed
and how this process may be structured so that it can be supported by a parallelisation
framework. Special focus will be on problems that are, due to their structure, “easy” to
parallelise, exhibiting so-called embarrassingly parallel structures.
e second part will focus on the design of the framework and which goals we wanted
to fulﬁl. We will deﬁne a public interface for the framework and we will discuss some of
the issues of its implementation.
Finally, in the third part, we will analyse the performance of the framework using
several algorithms that we have parallelised in the course of this thesis.

viii

Part I

Background And Related Work
What is parallel programming? Why do we need it? How can algorithms be
implemented in parallel?



Parallel Programming

I

e following exposition is based in parts on the brilliant introduction by Barney [].
Other sources are Foster []; Kumar & al. []; Sanders [] and Pankratius & al.
[].
To understand parallel programming, it is useful to ﬁrst have a look at the alternative
– namely, sequential programming. Here, a program is a sequence of commands that
are executed by a processor* . Any given command potentially relies on the result of a
previous command (for example a user input, or simply subsequent steps in a calculation
such as 𝑥 = 𝑐 × (𝑎 + 𝑏)). is mandates that the sequence of commands is executed
sequentially, and every command waits for its predecessor to conclude.
Formally, let a program 𝐶 = 𝑐 … 𝑐
be a sequence of executed commands. is
bounds the running time of 𝐶 in Θ(𝑛) (note that 𝑛 is not the number of statements of
a program, since each statement can be executed multiple times, as in a loop, or not at
all, as in a non-executed branch of a conditional statement). Let us consider a simple
program where each command depends on its predecessor.
Precondition: 𝐴 = 𝑎 … 𝑎

is an array of length 𝑛 = |𝐴| consisting of numbers

for 𝑖 ∈ [1 … 𝑛[ do
if 𝑎
> 𝑎 then
𝑎 ←𝑎 ×2
Algorithm I.1: A simple sequential program

Clearly, in order to compute the element located at position 𝑖 we must ﬁrst know the
value of the element at position 𝑖 − 1 in the array. is imposes a strict ordering on the
* this

already uses a marked simpliﬁcation by excluding strict evaluation of functional programs and interpreted expression trees
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order of execution of the statements.
However, it is immediately obvious that not all commands really depend on their predecessor and thus don’t logically need to await their conclusion before being executed.
As a simple example, consider a program that transforms every character in a string into
its upper-case variant† :
Precondition: 𝑆 is a string
for 𝑠 ∈ 𝑆 do
𝑠 ← TU(𝑠)
Algorithm I.2: Transform a string to upper-case

For this algorithm, the sequence of executed instructions loosely corresponds with the
characters of the string and in fact its running time is bounded by Θ(|𝑆|). But it’s obvious
that the instructions are not dependent on each other: the character at position 𝑖 doesn’t
have to wait until the character at position 𝑖 − 1 has been transformed. In fact, since
there are no dependencies between the statements whatsoever, this is a perfect example
of an embarrassingly parallel program.
Conventionally, a program is executed one statement at a time. e running time of a
program is therefore directly proportional to the number of commands that were executed: 𝑇 = Θ(|𝐶|) (if we operate under the usual assumption that the execution time
of individual commands is bounded in 𝒪(1)).
However, it is sometimes desirable to break up this sequential ﬂow of control.

1.1 Diﬀerent types of parallelism
1.1.1 Aims of non-sequential execution
ere are several fundamentally diﬀerent aims to parallelisation [Suer, ]:
• To augment the responsiveness of an interactive program (e. g. when reading data
from a network socket, or when accepting user input, all while executing computations in the background);
• to implement distributed systems, for example banking applications which need to
show a consistent state of the system at all time and thus require synchronisation;
• and to increase the throughput of a computationally heavy algorithm.
† ignoring

peculiarities like the fact that capital-“ß” is usually wrien with two leers
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We are only concerned with one of these aims, namely with improving the running
time and thus the throughput of a program by executing independent statements in parallel. More speciﬁcally, we aim to make the program use all available processing resources
and re-enable the “free lunch”.
Diﬀerent architectures are amenable to diﬀerent solutions for parallel programming.
In order to deﬁne our target architecture, we will ﬁrst give a brief overview over diﬀerent
architectures and accentuate the diﬀerences between them.

1.1.2 Flynn’s taxonomy
As we have seen, a program execution consists of an ordered list of instructions, operating
on input data, which is thus transformed into output data. One commonly-used way of
classifying diﬀerent kinds of parallel programming is as follows.
We distinguish between programs that execute a single or multiple instructions at the
same time, and, on another dimension, between programs that process a single point of
data or multiple points of data simultaneously.
ese diﬀerent kinds of programs are summarised in ﬁgure I.. e four diﬀerent
paradigms shown there are implemented on diﬀerent architectures (except for 
which arguably has no relevant real-life equivalent). We will therefore have a look at
diﬀerent architectures and match them to the kind of parallelism that they support.
Multiple
instructions

Multiple data

Single data

Single
instruction

Figure I.1: Flynn’s taxonomy
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1.2 Architectures
1.2.1 Uniprocessor
is is the simplest architecture and corresponds closely to the classical von Neumann
architecture. ere is a single processor that can execute one instruction at a time on a
single point of data – it therefore supports the  model and doesn’t allow truly parallel
execution. In particular, the von Neumann model of computation also assumes that there
is a single channel from and to the memory for both the control unit and the arithmetic
logic unit (ALU), and while the von Neumann model is superseded in practice by slightly
diﬀerent architectures, the single data channel (the “memory bus”) has prevailed.
is architecture is important here primarily because it deﬁnes our classical paradigm.
e uniprocessor is the initial point from which our eﬀorts for parallel programming
start oﬀ: Conventional programming implicitly assumes a von Neumann architecture
and we need to be careful when breaking this assumption in parallel programming.

1.2.2 Shared memory,
e parallel random access memory model () is a generalisation of the uniprocessor
across multiple processors that access a common memory module (shared memory). Historically, this has been a symmetric multiprocessing () architecture where all processors access the shared memory via a common bus. In this schema, all processors can
access all the memory equally fast and can thus arbitrarily move memory between processors.
But even before multiprocessing the bandwidth of the memory bus was a boleneck
in computations since s could process memory much faster than they could read it.
is boleneck is aggravated in the  architecture since now many processors need to
share the same bus and while the computation power has increased 𝑃-fold, the memory
bandwidth has stayed the same.

!"#

!"#

!"#

!"#
$%&'()

!"#

!"#

$%&'()

$%&'()

!"#

!"#

$%&'()

$%&'()*+,-

$%&'()
Figure I.2:
architecture: Four processors are connected to a common memory module.

Figure I.3:
architecture: Four processors, each with their own
memory module and interconnections.
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at’s why there has been a shi away from  to ‡ , which allows non-uniform
memory access by giving each processor a dedicated access to its local memory. is
makes access to local memory much faster but can in turn lead to slowdowns if a processor needs to access nonlocal memory of another processor. Furthermore, this leads
to a complication due to the use of caches:
Since access to the main memory is so slow, modern processors use a small additional
memory that is built directly onto the chip. Its purpose is to hide the main memory
latency by storing recently accessed values directly on chip, making access to nearby
addresses much faster. For single processors, it ends here.
/12

/12

/$%"

/$%"

/$%"

/$%"

'0*,-,."

'0*,-,."

'0*,-,."

'0*,-,."

'"(")*+*,-,."

'"(")*+*,-,."

!"#$%&
Figure I.4: Level 1 and level 2 caches. A possible conﬁguration of two processors with two
cores each, where cores have their own level 1 cache but share a common level 2 cache.

However, with multiple processors there’s the problem that each processor has its
own non-shared cache and when it writes a value into the cache, this value isn’t directly
commied to main memory. at way, even when memory accesses across diﬀerent
processors are properly serialised (i. e. there is only ever one write operation at a time),
processors will have inconsistent views of the memory. In practice, this is mitigated by
an additional piece of hardware which maintains cache coherence. Such an architecture
is called cache coherent
, cc-.
Since maintaining cache coherence is expensive, parallel programs can suﬀer a performance loss if diﬀerent processors oen access the same memory.
Shared memory multiprocessors usually run an operating system that tries to schedule
computation resources fairly to all running processes. As a consequence, no single program has exclusive access to all processors. In practice, we can approximate this by
saying that a process on average has access to 𝑃 processors where 𝑃 < 𝑃 the number
of processors. is must be considered in the runtime analysis of programs that assume
an exclusive access to the processors.
‡ lse.sourceforge.net/numa/faq/,
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1.2.3 Distributed memory
In contrast to a shared memory architecture, there exist systems with distributed memory.
On the ﬁrst glance, this may seem equivalent to a  architecture. However, in 
the memory is fundamentally still one unit, even if diﬀerent processing units can access
diﬀerent parts of it at diﬀerent performance. In a distributed memory system, memory
and processors are physically distinct components that need to communicate via explicit
channels.
A simple example of this are computers that are connected with each other via the
Internet or a local area network. Each individual node in such a network consists of an
autonomous system that can perform computations locally. Oen, such a system is itself
a  architecture. Since individual computers cannot access each others’ memory,
and sending data to and fro between machines is extremely expensive, we would like to
prevent them altogether. is requires extra care on the part of the algorithm designer.
Both shared memory and distributed memory execute instructions in parallel on different data and are thus instances of the  paradigm.

1.2.4
In many ways,  and  programming are similar. With , this changes. Like
in shared memory architecture,  architectures have multiple processing units that
(usually) access shared memory. However, all processing units are controlled by a single
global control unit which issues one instruction at a time to all processing units.
)*&+,*-.&/0'&*-1/20
!"

!"

!"

!"

#$%&'(
Figure I.5:
control unit.

architecture. Multiple processing units (PUs) being controlled by a global

at way, all processors, while running in parallel, are tightly synchronised and always
execute the same instruction at the same time. e only diﬀerence between the individual
processing units is that they execute their instruction on diﬀerent data. is makes it
possible to apply a uniform operation to a lot of data in parallel. Conversely, it makes
it very diﬃcult to perform computations that vary even a lile in parallel. For example,
code that contains if conditionals may perform perfectly well on  architectures as
long as all processing units evaluate it to the same value (i. e. all evaluate either to true or
to false). However, if diﬀerent processing units need to take diﬀerent code paths, these



I Parallel Programming

code paths need to be evaluated serially while the processing units in the other code path
wait their turn.
is makes  programming especially suitable for applications where a lot of identical computations have to be performed on a lot of data. e prime example of this is image processing, which is why  programming is today mainly implemented in graphics cards processors.

1.3 Limit of parallelism
A sequence of executed commands 𝐶 = 𝑐 … 𝑐
has parts that are executed in parallel
and invariably also parts that are executed sequentially because they cannot be parallelised. Ideally, we want to keep these parts as small as possible to achieve the maximal
speed-up. Let 𝜋 be the runtime of the parallel section of a program and let 𝜎 be the
runtime of the sequential part. en
𝑇 =𝜎+

𝜋
𝑝

(I.)

is the running time of the program on 𝑝 processors.
𝑇 = 𝜎 + 𝜋 is a special case since it corresponds to the sequential execution of the
program: It is proportional to the total number of executed instructions |𝐶| which is
also called the work of a program. 𝑇 corresponds to the length of the longest path of
subsequent instructions in the execution, which in turn corresponds to the sum of the
length of the sequential parts (the assumption is that with inﬁnitely many processors,
the parallel part of a program takes no time at all). is is called the critical path length.
e speed-up 𝑆 of a program is consequently determined by dividing the work of the
program by its path length, that is, by
𝑆 =

𝑇
𝑇

(I.)

e goal of parallelisation is to have this speed-up as high as possible. A value ≤ 1
means that there is no speed-up. We strive for a speed-up proportional to the number of
available processors, i. e. 𝑆 ≈ 𝑝.
ê
ere is an upper bound of how much any program can beneﬁt from parallelisation. is
limit is formalised in an argument posited by Amdahl [], hence called Amdahl’s law.
eorem  (Amdahl’s law). e speed-up 𝑆 of any given program is limited by the portion
of the program that cannot be parallelised. Assuming we can parallelise a fraction 𝜑 =
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𝜋/(𝜋 + 𝜎) of a program’s control ﬂow. en 𝑆 is limited as follows, assuming an inﬁnite
number of processors:
1
𝑆 =
(I.)
1−𝜑
at is, the speed-up through parallelism is inversely proportional to the serial fraction of
the program’s execution. In practice we only have 𝑝 processors, further limiting the speed-up
that can be aieved realistically:
𝑆 =

1

(I.)

+ (1 − 𝜑)
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Figure I.6: Amdahl’s law illustrated. Speed-up of diﬀerent programs with varying degree of
parallelism, given in percent.

However, in bioinformatics, this upper bound is of lile concern for the time being:
As we have seen, the problem size (i. e. the size of the input data that has to be processed)
is becoming ever larger due to the increasing availability of biological data. If the actual
data processing is the part of the program which can be parallelised, that fraction of the
program’s overall runtime will likewise increase, thus improving the achievable speedup further. is intuitive argument has been formalised in Gustafson’s law [Gustafson,
]:
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eorem  (Gustafson’s law). e speed-up of a program gets closer to being proportional
to the number of processors the smaller its sequential fraction is. at is,
𝑆 = 𝑝 − 𝜒 ⋅ (𝑝 − 1)

(I.)

where 𝜒 = 𝜎/(𝜋 + 𝜎) is the sequential fraction of a program. Assuming that the bulk of
the data processing is amenable to parallelisation, 𝜒gets smaller the larger the input data
is.
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Designing a Parallel
Program

“

Too many cooks spoil the broth.
(Anonymous)

When implementing an algorithm for execution in parallel, we need to accomodate this
in the algorithm’s design. In particular, since diﬀerent s work on diﬀerent parts of
the data, we must make it explicit which part of the input is processed by which resource.
Foster [] describes a general way of reasoning about the design of a parallel program. He calls the necessary steps in this process : partitioning, communication,
agglomeration and mapping.
.

Partition

Communication Agglomeration

Mapping

Problem
Figure II.1:

illustrated (adapted from Foster [1995])

In the ﬁrst step we partition the problem into tasks that are as small as possible. is decomposition helps us to ﬁnd parts of the algorithm that can be run in parallel. We classify
the decomposition into two kinds: functional decomposition and domain decomposition.
In functional decomposition, tasks are identiﬁed by the function that they perform,
and diﬀerent tasks will perform diﬀerent functionalities. Basically, we will end up with
diﬀerent tasks where each task describes one (or several) steps of the original algorithm
that can (hopefully) be executed in parallel. is is also called task parallelism.
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In domain decomposition, the focus is on the data instead of the algorithm. e decomposed tasks will thus all have the same functionality, but performed on a diﬀerent
part of the input data. is is also called data parallelism, since the same algorithm will
be executed in parallel on diﬀerent data.
In practice, most algorithms can be decomposed either way, and it oen makes sense to
apply both decompositions. Consider a program which reads a ﬁle containing a  sequence, ﬁlters out all non- content (such as whitespace, annotations and comments),
transforms the  to upper-case (see algorithm I.) and writes it back to a ﬁle. is
program can be functionally decomposed into the following parts: the reading of the
input, the ﬁltering, the mapping to upper-case and the writing of the ﬁle.
On the other hand, it could additionally be decomposed to beneﬁt from data parallelism, by applying the mapping to upper-case on the leers in parallel.
In the next step, we analyse the communication between the tasks that result from our
partition. “Commmunication” is here synonymous with “dependencies”, that is we want
to know which requirements any given task has. Ultimately, these requirements determine which other tasks have to be processed before a given task can be processed and thus
they guide our parallelisation.
In our example, there would be a dependency between all functional tasks since they
rely on the data from the previous step. Additionally, we can note that there are no
dependencies between our domain decomposed tasks: all leers can indeed be mapped
in parallel. e absence of communication is also an important information that this step
seeks to establish.
Aer having decomposed the problem into small tasks in the ﬁrst step, we now seek to
agglomerate tasks with identical requirements and group blocks of data to beneﬁt from
cache locality. is reduces the overall number of tasks which in turn reduces the overhead of managing all the tasks – both mentally when implementing the parallel algorithm
and on the computer at runtime.
In the case of the transformation of  to upper-case, this could mean that instead
of transforming each leer individually, we divide the input data into contiguous, nonoverlapping blocks and transform each of those blocks in parallel. is has the advantage
of reducing the overall need of data transfers which is particularly important on distributed architectures but also in the simple  model, where diﬀerent s could each
load one data block and process it eﬃciently.
e last step in  is mapping: We map the tasks obtained in the previous step to our
hardware. In distributed systems, this can be an intellectual challenge since we strive
to localise communication. However, for the  target architecture this step is done
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automatically by the operating system scheduler which maps individual tasks (and the
threads that execute them) to processors on the ﬂy.

2.1 Data dependencies and data decomposition
Data can oen be decomposed in structured ways that, while dependent on the algorithm,
can be categorised into a few broad groups. We use this classiﬁcation to investigate
automated ways in which existing algorithms may be parallelised.

2.1.1 Independent data
In the simplest case, there are no dependencies between the elements in the input. If
that is the case we call a program embarrassingly parallel since the lack of communication
makes parallelisation trivial: execution can happen in any order. Figure II. illustrates
this by using diﬀerent colours for the diﬀerent  cores that process a data element; in
this case, we’re using only two cores but the principle is general. It is important to note
that the processor allocation is arbitrary; it doesn’t need to follow a strictly alternating
paern as in the ﬁgure.
A common class of algorithms that follow this schema is the map operation that transforms a container by applying a uniform operation to each element.

Figure II.2: No dependencies allow
for trivial parallelisation by processing each element of the input
data on any of the processors.

procedure M(𝑋)
for 𝑥 ∈ 𝑋 in parallel do
Process 𝑥
Algorithm II.1: The general map schema adapted to parallel execution.

2.1.2 Reduction
Two other common classes of algorithms are reductions (also known as accumulation or
folding) and scans (also known as preﬁx sums). In both cases, an intermediate result depends on previous intermediate results. ey can be parallelised in a similar manner, if
the operation that is applied happens to be commutative (and with a bit more eﬀort even
if it isn’t). Blelloch [] has studied this class of dependency extensively and describes
a simple schema for its eﬃcient parallelisation.
Despite the fact that such algorithms do have a relevance in bioinformatics (e. g. in
the creation of 𝑞-gram indices, see e.g. Rudolph []), they were – for the time being –
omied from the framework and shall therefore not be considered further here. Instead,
this thesis focused on another common kind of non-trivial data dependency.



Figure II.3: Reduction algorithms
introduce a dependency between
the data elements that can be resolved by systematic, structured
distribution of the computation.

II Designing a Parallel Program

2.1.3 Divide & conquer

Figure II.4: & algorithms introduce another kind of structured,
exploitable dependency.

Divide & conquer (&) algorithms solve a problem by dividing it into several smaller parts
which are solved recursively, and merging them back together. Tasks are divided until
they have become small enough to be trivially solvable (base case). Consider the case of
sorting algorithms, which are oen & algorithms: An array of length less than two
are always sorted because they are either empty or consist of a single element. A trivial
base case for sorting algorithms is therefore aained as soon as the individual problem
parts contain less than two elements.
e handling of the base case (and indeed determining whether a base case is reached),
dividing and merging are algorithm dependent. However, at every point in the algorithm
work is only done on a locally known part of the data, and this data is non-overlapping
on the same recursion depth. is means that & is highly amenable to parallelisation
because non-overlapping parts of the input data can be processed in parallel.
In the simplest case, every “layer” of the recursion (i. e. every invocation with the same
recursion depth) is processed at the same time, in parallel. Diﬀerent layers are processed
sequentially. is would be easiest to implement but we shall see later that this simplistic
parallelisation can be improved.

procedure DAC(𝑋)
if 𝑋 is a base case then
Process base case 𝑋
return
Divide 𝑋 into [𝑌 … 𝑌 [
for 𝑌 ∈ [𝑌 … 𝑌 [ in parallel do
DAC(𝑌)
Merge [𝑌 … 𝑌 [ back into 𝑋
Algorithm II.2: The general & schema naively adapted to parallel execution.

2.1.4 Other dependencies
Unfortunately, not all algorithms fall into one of the above categories – many algorithms
exhibit complex dependencies that require a manual case-by-case treatment. We call
these arbitrarily dependent and they are not handled by our framework.

2.2 Parallel patterns
Other approaches than  exist for the design of parallel programs. We had initially
pursued such an approach based on a pattern language to describe parallelisation.
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e idea of using a special language to describe common paerns of problems and their
solutions was initially put forward by Alexander & al. [] for use in architecture. e
approach was adapted to soware design by Gamma & al. [] to describe common
paerns in object oriented design.
In a paern language, a commonly occurring paern is described using a semi-formal
language by detailing how and why it can be applied, what problem it solves and how
it relates to other paerns (i. e. other commonly encountered problems). It also oen
includes a concrete example that is discussed in detail. Paerns are grouped according to
common characteristics. e intent is to make paerns searable so that they can serve
as a handy reference, and making their names pervasive to create a common vocabulary.
e laer has been particularly successful with the original design paerns of Gamma
& al.. e names of most of the paerns described there have entered common speech
in object-oriented design and thus facilitate communication.
Massingill & al. [] have developed a set of such paerns to guide the design of
parallel programs. In this framework, the parallel paerns were of limited usefulness because we are only dealing with a handful of well-structured dependencies. For arbitrarily
dependent algorithms on the other hand, the paerns provide a powerful tool set.

2.3 Scheduling / Load balancing
A schedule* is responsible for distributing the task threads on diﬀerent processor cores.
An important goal is to keep all cores busy all the time: As soon as a core has ﬁnished
its work on a task, it becomes idle (eﬀectively wasting computation resources); the goal
of a scheduler is to prevent idle time by assigning a new task to be executed on the idle
core.
One can think of a scheduler as the chef in a busy kitchen: her most important task
isn’t the cooking itself (although she may also lend a hand with the actual process of
cooking), nor to provide the recipes. Her task is to supervise the other cooks and make
sure that everybody is busy – which is exactly what the scheduler does.
Several diﬀerent strategies exist to achieve this. In particular, we distinguish between
static and dynamic load balancing. In the ﬁrst case, the execution schedule is decided
upon and ﬁxed before the parallel execution begins. In the laer case, the schedule can
be adjusted dynamically during the parallel execution to take new information about
the load distribution into account. is adds more overhead at runtime, but promises a
more evenly balanced schedule that can react to unevenly distributed work. Figures II.
and II. illustrate static and dynamic load-balancing on independent data in an array.
* ere

is no universally agreed-on terminology in the literature. To avoid confusion, I will use the terms

schedule as in the OMP speciﬁcation [OMP Architecture Review Board, ], and synonymously
with scheduling and load balancing
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Figure II.5: Static schedule. Tasks are distributed at the start of the
computation. Diﬀerent colours indicate diﬀerent threads. Dark shading indicates work that is already done. Light shading indicates work
that has not yet been processed. The numbers indicate at which time
step a task has been completed.
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Figure II.6: Simple dynamic schedule. Tasks are requested by threads
as they go. Hollow tasks have not yet been processed. In this example, the grey thread executes its tasks much faster than the blue
thread.

ere exist more sophisticated dynamic schedules. One particularly interesting schedule was proposed by Blumofe & Leiserson [] and is called work-stealing.
Figure II. illustrates an example of work-stealing where the tasks have been evenly
distributed to all threads at the beginning of the computation. is isn’t always necessary
– it is also conceivable that only one thread starts oﬀ with work and all other threads start
by stealing work as it becomes available from the ﬁrst thread. is will be useful in cases
where the data decomposition is dynamic, i. e. & dependencies.
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Figure II.7: Work-stealing schedule. Initially, all tasks are evenly distributed. Diﬀerent colours indicate diﬀerent threads. As soon as a thread is out of work it steals tasks from another thread. In this example, the blue thread has executed all its tasks and steals from the grey
thread.

Arora & al. [] have adopted it to the  architecture and proved that it schedules
tasks optimally: Given 𝑃 processors of which 𝑃 are on average available to the computation, a computation which uses the work-stealing schedule completes in expected time
𝒪(𝑇 /𝑃 + 𝑇 /𝑃 ) – that is, in time proportional to length of the serial portion of the
program, plus length of the parallel execution on 𝑃 processors. In particular, Blumofe &
Leiserson [] have shown that work-stealing is superior in runtime to another class of
schedulers known as work-sharing (which are implemented in some OMP constructs).
We have therefore chosen to implement work-stealing in this thesis in addition to the
schedules provided by the underlying threading framework OMP.
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OMP [by the OMP Architecture Review Board, ] is an  standard for a
compiler extension to C and Fortran to enable a simple operating system independent
parallelisation on shared memory multiprocessors. Our main focus lies in its support for
so-called fork/join parallelism.

3.1 Fork/join parallelism
.
Sequential execution

Parallel execution

Sequential execution

Figure III.1: Fork/join parallelism control ﬂow. Arrows indicate the execution of a sequence
of statements. Diﬀerent colours symbolise execution in diﬀerent threads but more than two
threads are in fact possible.

e default state in fork/join parallelism is the sequential execution in a single thread
until the execution ﬂow reaches a directive that tells the thread to fork into a team of
several child threads, of which the previously single thread is now one (the master).
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Now the execution resumes in parallel with each thread working on a piece of work
that it was assigned (OMP has diﬀerent mechanisms for assigning work to a thread,
depending on the chosen schedule). Aer a thread is done with its work it reaches a
barrier which causes it to wait until all other threads of its team have completed their
work.
When all threads of a team have reached the barrier, all except for the master thread
are destroyed and the master thread resumes sequential execution of the program ﬂow.
e runtime is advised to spawn thread teams through special instructions in the code.
OMP is graed on to C++ through the use of #pragma directives. For instance, to make
OMP parallelise a simple for loop with no data dependencies, a single command is
suﬃcient:

directives: commands that are
executed by the preprocessor of
a compiler and usually transform
the code

1 #pragma omp parallel for
2 for (int i = 0; i < a.size(); ++i)

a[i] *= 2;

3

Listing III.1: A parallel for loop in O

MP

OMP takes care of managing the thread teams and scheduling the tasks. It even
supports several diﬀerent schedules which include simple static and dynamic schedules
and a so-called guided schedule which behaves much like a dynamic schedule but in
addition dynamically adapts the block size of a task. is has the advantage of having
a low scheduling overhead at the beginning (where large blocks are used) and a ﬁnegrained control at the end, when most of the work is done.
Furthermore, the completely automatic management of the threads implies that O
MP implementations can realise a more sophisticated handing of threads: spinning up a
thread is relatively costly on modern operation systems. Creating new threads for each
parallel region in a fork/join program would therefore imply a massive overhead of each
section. Modern OMP implementations mitigate this by managing a thread pool.
A thread pool manages idle threads such that they only need to be created once and
can be re-used subsequently as they are needed. is means that while the ﬁrst parallel
region will still have a runtime overhead for creating the threads, subsequent parallel
regions don’t have this overhead, in the best case. e overhead of creating threads,
and hence the savings associated with the use of a thread pool, can be enormous. For
example, under Windows, “[a]ssuming an x, single core, dual processor the threadpool
takes about ms to startup.”*
Clearly, OMP is a clean and simple solution to parallelise existing algorithms that
exhibit no data dependencies. However, other data dependencies are supported much
less completely. For instance, support for reductions is only rudimentary and support for
& is non-existent. Furthermore, direct usage of OMP means that we need to make
changes to existing code, even though these changes are sometimes straightforward.
* msdn.microso.com,
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At the time of writing, the current version is OMP . which greatly improves the
degree of control one has over the thread management. Furthermore, it allows parallel tasks to be speciﬁed which maps closely to the abstract description of a functional
problem decomposition. Unfortunately, the Microso C++ compiler doesn’t yet support
version of OMP, and nor do older versions of other C++ compilers that we nevertheless want to support. is made OMP  unsuitable for our purposes although it would
have greatly facilitated some tasks.
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e following sections discuss several existing frameworks and s geared at parallel
programming. is chapter ﬁrstly tries to identify potential candidates to solve the same
kinds of problems that OMP and our framework does. It also takes a step back and
looks at some fundamentally diﬀerent approaches of parallel programming that target
diﬀerent hardware and use diﬀerent paradigms; these are notably stream programming
and distributed computing.

4.1 Low-level libraries
On the most basic level, support for multithreading, and thus concurrent programming,
is provided by the operating system libraries. e most widespread library for this is
the  threads library (pthreads) [Open Group, ] that works on most operating
systems except Windows.
Since platform dependence is a serious problem and since low-level s are always
wrien with a C interface, there exist C++ wrappers for such libraries to make them platform independent and oﬀer a cleaner, easier to use interface. e default implementation
is without a doubt Boost.read [Williams, ].
e upcoming C++ standard C++0x will also include multithreading support both in
its core language and in the standard library [C++ Standards Commiee, ]. Once
this part of the standard is widely implemented, there won’t be any need to use other
libraries, and indeed it would be beneﬁcial not to do so since using the language facilities
will mean optimal portability. But at the time of writing this isn’t widely adopted by C++
compilers yet. Furthermore, if backwards compatibility with older C++ compilers is a
requirement, it cannot be relied on either.
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4.2 High-level libraries
ere are several high-level approaches to multithreading that are complementary to
the framework described in this thesis. A similar approach to what we have tried here is
pursued by the  parallel mode extension that is based on the  project [Singler
& al., ].* Rather than oﬀering an own interface, this library works mostly “behind
the curtains” by parallelising some algorithms from the C++ standard library. Apart from
parallel implementations for speciﬁc algorithms (such as std::sort) it also parallelises
general-purpose algorithms that can be used as building blocks of other algorithms. If an
existing implementation makes good use of the C++ library algorithms, its parallelisation
is a mere maer of switching on the compiler’s extension.
e Microsoft C++ compiler oﬀers a similar concept with their Parallel Patterns Library† by oﬀering three basic functionalities: generic algorithms similar to the ,
support for task parallelism and thread-safe adaptations of generic standard containers.
e task parallelism functionality is essentially a replacement for OMP that uses library features instead of language extensions.
A similar approach is also taken by Intel’s reading Building Blos library‡ [Willhalm & Popovici, ].
All these libraries have in common that they start oﬀ from some general purpose algorithms (such as the ones found in the C++ standard library <algorithm> header) and
oﬀer appropriate support structures.

4.3

Programming
 is an  developed by Nvidia [] geared at highly parallel  programming
using a modiﬁcation of the  paradigm (Nvidia calls this  for “single instruction,
multiple threads”). Although this  targets the graphics card hardware, it isn’t exclusively or even primarily geared at graphics programming. Rather, it aims to make
the graphics card hardware accessible to general purpose applications. is principle is
called , short for “general purpose
programming”.
While  is a proprietary library that currently only works with Nvidia’s s,
OCL is an open standard initially developed by the Khronos Group [] consortium for cross-platform  programming, notably also targeting s. Both libraries
oﬀer mostly low-level support for  on specialised hardware. For  in particular
there exist high-level wrappers (e.g. rust [Hoberock & Bell, ]) that approximate
the functionality of the other high-level C++ threading libraries.
Modern general purpose s also oﬀer limited support for  under the trade name
.  instructions allow performing several predeﬁned uniform operations on short
* gcc.gnu.org/onlinedocs/libstdc++/manual/parallel_mode.html,

retrieved on ––
retrieved on ––
‡ threadingbuildingblocks.org, retrieved ––
† msdn.microso.com/en-us/library/dd.aspx,
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vectors of integer or ﬂoating-point numbers in parallel. To take advantage of the instructions, the programmer either has to program directly in assembly language or use
compiler extensions (so-called “intrinsics”). On the other hand, modern C++ compilers
have the ability of using  instructions automatically where it makes sense. is has
become part of the default optimisations performed by any good compiler. Some modern compilers go even further and try to optimise certain loops to use  instructions
instead. is feature is known as auto-vectorisation.

4.4 Distributed computing
e message passing interface () [by the Participants of the  Forum, ] describes and standardises a communication protocol for running soware on a distributed
memory system. ere exist libraries (so-called bindings) for several languages, including
C++. In contrast to the above-mentioned alternatives,  was designed to work across
several physical machines; it can thus be used to execute programs in parallel on whole
clusters instead of just single machines.
MR [by Dean & Ghemawat, ] is an implementation for parallelisation
over clusters provided by Google that uses a strict interface based on the subsequent
application of two functions to a data set, namely the functional map operation, followed
by a reduction. Due to the strict communication interface that it imposes on the algorithm
the program can be parallelised extremely eﬃciently and the implementation has several
mechanisms that ensure fault tolerance (e.g. when individual nodes in the cluster cease
to respond). ere exist several other implementations of the MR programming
model, most notably H [Apache Hadoop project members, ].
ê
ere are two factors that drove us to use OMP rather than any of the above solutions. Firstly, OMP has some tangible advantages over low-level threading libraries:
it works on more platforms and hides much of the complexity of manual thread management. Even though pthreads are portable in theory this falls down in practice as soon as
we want to support the Windows ecosystem. e only viable practical solution would
have been to encapsulate system-speciﬁc s in a low-level layer or to use an existing
layer, such as Boost.read. is would avoid the platform dependency issue but still
only provides a low-level .
Secondly, we could have used a high-level library. e only viable (because platform
independent) option here would be the reading Building Blocks library. Still, this is
a good solution and the option to use this library could be revisited in the future. On
the other hand, there were some reasons not to use it here, too. e level of abstraction
oﬀered by the  actually isn’t well-suited as the basis of our framework; it’s too highlevel. Rather than using it as a basis, it could serve as a substitute of our framework. So
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why implement a new framework at all, instead of relying on an existing one?
While there are similarities and overlaps between  and the framework we are
designing, there are also diﬀerences.  and related libraries focus on algorithm building blocks, small routines that can be reused in the implementation of algorithms. Our
goal was diﬀerent: we wanted to provide an automated way of parallelising existing code
without rewriting it. Using , this is only possible as long as the original algorithm has
already been wrien with concurrency in mind, or at least relying heavily on algorithmic
functions as building blocks which could be parallelised.
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e framework developed in the course of this thesis is geared towards sequence analysis
and we focused especially on a set of algorithms that are of particular interest in the
context of SA, and aractive targets for parallelisation.
e following algorithms were parallelised in the course of the thesis. ey were used
to test the usability of the parallelisation library interface as well as the correctness of
the task scheduling algorithms. ey also served as the basis for the benchmarks and to
showcase the functionality of the framework.
e criteria for choosing these algorithms were thus their usefulness in the context of
a bioinformatics library and their amenability to parallelisation.

5.1 String matching
e ﬁrst group of algorithms that we will look at concern string matching in biological
sequences. is corresponds to the find module in SA which is a rewarding area for
parallelisation because it is a central part of many sequence analysis algorithms, corresponds to a large portion of the total runtime, and exhibits few data dependencies, thus
being easy to parallelise.
Deﬁnition  (Naming conventions). In the following, sets or sequences are abbreviated
with upper-case leers (such as 𝐴). eir elements are enumerated using the lower-case
equivalent, aﬃxed with an index denoting their position in the sequence. e ﬁrst element of a sequence shall always be addressed by the index 0 (i. e. 𝐴 = 𝑎 𝑎 … 𝑎| | ). In
particular, we will use 𝑇 to denote an arbitrary (comparably large) text and 𝑃 to denote
a (comparably small) paern that shall be searched in the text. Both sequences use elements from the ﬁnite alphabet denoted by Σ, and their respective lengths will be denoted
by 𝑛 = |𝑇| and 𝑚 = |𝑃|. 𝑡 , shall denote a substring (inﬁx) of the string 𝑇 starting at
position 𝑖 and stopping at position 𝑗 and is a short-cut for 𝑡 … 𝑡 .
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Deﬁnition  (Exact string matching). Let 𝑇 = 𝑡 … 𝑡
be a string of length 𝑛 and
𝑃 = 𝑝 …𝑝
be a string of length 𝑚 over a ﬁnite alphabet Σ.
Exact string matching is the problem of ﬁnding some or all positions 𝑖 such that 𝑡 ,
=
𝑝 holds.
Sometimes it is desirable to also ﬁnd inexact matches, that is matches that allow for a
few errors. To allow this, we can deﬁne an error threshold and use approximate matching.
Deﬁnition  (Approxiate string matching). Let 𝑇 = 𝑡 … 𝑡
be a string of length 𝑛 and
𝑃 = 𝑝 …𝑝
be a string of length 𝑚 over a ﬁnite alphabet Σ.
An approximate match is a match between 𝑃 and 𝑡 , (for some 𝑙) that contains at
most 𝑘 errors. Depending on our usage, there exist diﬀerent deﬁnitions of what an error
is. In bioinformatics, the following types of errors are practical:
• A mismatch between characters 𝑡 and 𝑝 – for example, consider 𝑇 = “post” and
𝑃 = “past” which has a mismatch at positions (1, 1).
• An insertion, where a character in the paern 𝑝 does not correspond to any character in the text – 𝑃 = “posit” has an insertion of the leer “i” at position 3
relative to 𝑇.
• A deletion, where a character is removed in the paern – 𝑃 = “pot” has a deletion
of the leer “s” at position 2 in 𝑇.
Other types of errors exist (e. g. inversions) but are not treated by most common string
matching algorithms. Matches that use the above errors are oen characterised as having edit distance 𝑘, also called the Levenshtein distance aer Левенштейн (Levenshtein)
[].
An alternative way of deﬁning approximate string matching is to search for matches
with an 𝜖 distance.
Deﬁnition  (Finding 𝜖 matches). An 𝜖 match is a match between two strings 𝐴 and
𝐵 with an error rate of 𝜖 and a minimum length 𝑛 . at is, there are at most 𝑘 =
𝜖 ⋅ min {|𝐴|, |𝐵|} errors and 𝑛 ≤ min {|𝐴|, |𝐵|} (otherwise we would allow spurious
matches with the empty string).
ere are several diﬀerent approaches to solving the string matching problem that
can be classiﬁed into diﬀerent groups according to several desirable properties. In this
thesis, we have focused on a group of algorithms selected as noteworthy by Navarro
& Raﬃnot [] and more speciﬁcally on those that are also already implemented in
SA.* Section A. highlights some of them.
* http://trac.mi.fu-berlin.de/seqan/wiki/Tutorial/PatternMatching
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5.2 Sorting
sorting: rearranging the elements
in a collection according to some
ordering criterion

A typical example of divide & conquer (&) algorithms is sorting, which also plays a
big role in bioinformatics† . e implementation of two sorting algorithms was used to
demonstrate the versatility of the & data speciﬁcation. First of all, we implemented
quicksort [Hoare, ] as an eﬃcient general-purpose sorting algorithm that, with some
care, performs well on most input data and that runs in-place (i. e. does not require more
than constant extra memory), which is an important property especially with very large
data sets. icksort usually performs in 𝒪(𝑛 log 𝑛) expected time and generally outperforms other sorting algorithms despite its worst-case running time of 𝒪(𝑛 ).
Despite quicksort’s superior performance in most cases, its potential worst-case running time may still be problematic. For this reason, modern C++ standard library implementations use a slight variation known as introsort [Musser, ]. Introsort starts out as
quicksort but keeps track of the recursion depth. If it recurses too deeply, it switches its algorithm to heapsort which has a guaranteed worst-case running time of 𝒪(𝑛 log 𝑛). is
performs almost as well as quicksort and has the worst-case running time of 𝒪(𝑛 log 𝑛).
Secondly, we implemented merge sort (described e.g. in Cormen & al. []). Merge sort
has the advantage of being stable, i. e. the order of two elements 𝑎 and 𝑏 that compare
equal for the sake of the sorting will not swap their respective position. is property
may be important when sorting according to one criterion and subsequently by another.
Unfortunately, merge sort with a worst-case runtime of 𝒪(𝑛 log 𝑛) requires Θ(𝑛) extra
memory which may be too much for very large data sets, where parallel processing makes
the most sense. ere exist in-place variants of merge sort which have running time
𝒪(𝑛 log 𝑛) but these were not implemented here since we were only aer a proof of
concept anyway.

† for
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VI

e framework we develop is part of the sequence analysis library SA which is written in C++. Consequently, that is the language that was used for the implementation of
this thesis. Since the design of the language C++ has a rather direct bearing on the design
of our framework, it might nevertheless be helpful to revisit the reasons for choosing C++
over other languages in the ﬁrst place.
Originally, C++ was developed as a replacement of the C programming language to support object orientation more readily (hence the original name “C with classes”). However,
several changes, in particular the introduction of templates and a standard template library [Stepanov & Lee, ] have shied the focus away from object orientation and
towards other programming paradigms, hence the currently popular description of C++
as a “general purpose programming language with a bias towards system programming”
[Stroustrup, ].
In this context, the properties of strong typing, an extensible type system and template
programming are our primary interest. Combined, they allow the design of highly reusable, conﬁgurable, extensible algorithms that provide a very high level interface without
a runtime abstraction penalty.

6.1 Templates
Besides ordinary class and function declarations, C++ also allows the declaration of templates for classes and functions. Such templates are ﬁlled in with the appropriate “shape”
(usually a type) when they are instantiated. Consider the following example of a conventional class declaration:
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1 struct pair {

int first;
int second

2
3
4 };

Listing VI.1: A simple class holding two data members

is is a class (struct and class are largely equivalent in C++) holding a pair of values.
We can refactor this into a template that can hold arbitrary types:
1 template <typename T>
2 struct pair {

T first;
T second

3
4
5 };

Listing VI.2: A simple class template

Here, pair acts as a “stencil” where each usage of T can be ﬁlled in appropriately. at
way, we can declare diﬀerent usages:
1 pair<int> int_pair = { 1, 2 };
2 pair<float> float_pair = { 1.0f, 2.4f };
Listing VI.3: Two diﬀerent instantiations of the class template

C++ allows the usage of multiple template arguments. e same works very similarly
for functions.
is provides a very straightforward mechanism for generalisation: we can now deﬁne
container types for arbitrary types, and general algorithms that work on these containers.
One such algorithm is the sort function which sorts a linear container according to some
criterion. To illustrate what’s so special about sort, we will oﬀset it from its close kin,
the C function qsort.
Like sort, qsort sorts a linear container. Its declaration looks something like this* :

* according



to ’s man 3 qsort
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void qsort(
void *base, size_t nel, size_t width,
int (*compar)(const void *, const void *));

1
2
3

Listing VI.4: The qsort declaration

base is a pointer (of arbitrary type) that points to the ﬁrst element in a contiguous
block of memory of elements to be sorted. nel is the number of elements to be sorted.
width is the size, in bytes, of one element (note that each element must have the same
size). Finally, compar is a pointer to a function which compares two elements (given by
their pointers) according to some arbitrary relative ordering that satisﬁes a strict weak
ordering.

Deﬁnition  (Strict weak ordering). A strict weak ordering is a relation ⋖ that satisﬁes
the following conditions for all elements 𝑎, 𝑏 and 𝑐:
irreﬂexivity 𝑎 ⋖ 𝑎 is always false.
asymmetry 𝑎 ⋖ 𝑏 ⟹ ¬(𝑏 ⋖ 𝑎)
transitivity 𝑎 ⋖ 𝑏 ∧ 𝑏 ⋖ 𝑐 ⟹ 𝑎 ⋖ 𝑐
transitivity of equivalence 𝑎 ≐ 𝑏 ∧ 𝑏 ≐ 𝑐 ⟹ 𝑎 ≐ 𝑐

where 𝑎 ≐ 𝑏 ⟺ ¬(𝑎 ⋖ 𝑏) ∧ ¬(𝑏 ⋖ 𝑎)
– In practice, most intuitive ordering relations fulﬁl this deﬁnition.
qsort is remarkable because it works on arbitrary types, and can use any arbitrary
ordering criterion. For example, we could sort integer numbers by their value modulus
 (e. g. sorting times by their minute value only):
1 int cmp_mod_60(const void* a, const void* b) {
2

return ((*(const int*) a) % 60) - ((*(const int*) b) % 60);

3 }
5 int times[] = { 153, 134, 49, 250, 232, 50, 348, 292 };
6 qsort(times, sizeof times / sizeof times[0], sizeof times[0], &cmp_mod_60);
Listing VI.5: Invoking qsort with an arbitrary comparer in C

Despite its generality, this method has several disadvantages:
. It only works on contiguous arrays, not on other container data structures
. It requires casting in the comparer
. It uses a function pointer, which incurs a runtime overhead compared to calling a
normal function
. Its interface is somewhat diﬃcult to use
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Point  in particular is worth noting since we are conceivably calling the comparer
function very oen in a sort routine. Furthermore, using an indirection (via the function pointer) here prevents the compiler from optimising this call away (inlining), and
replacing the code for a function call with the code of the function’s body.
e C++ function sort solves all these disadvantages rather elegantly. Not only does it
work for arbitrary element types, it also works for arbitrary container types and due to
the use of templates it requires no casting in the comparer. But arguably most importantly of all, the comparer is also a template argument, which allows the compiler to take
its code and put it directly into the sorting loop.
1 struct cmp_mod_60 {

bool operator ()(int a, int b) const { return (a % 60) < (b % 60); }

2
3 };

5 int times[] = { 153, 134, 49, 250, 232, 50, 348, 292 };
6 sort(&times, &times + sizeof times / sizeof times[0], cmp_mod_60());
Listing VI.6: Invoking sort with an arbitrary comparer in C++

We have exchanged the function cmp_mod_60 for a functor here. A functor is just a
small object that behaves like a function – in C++ parlance, this means that it declares
an operator () which makes an object of this type callable as if it were a function. Due
to the use of templates, the C++ compiler will generate special code for this call to sort
which has the type of the container (int*) and of the comparer hard-wired and thus it
is able to optimise aggressively and reduce the comparer function call down to very few
comparison instructions.
e speed-up that this yields varies greatly depending on usage but it can be phenomenal. For example, Meyers [] reports a speed-up of % when sorting a vector of a
million doubles.
Other programming languages use other means of implementing a generic sorting
function. But it universally holds that either of the following conditions is true:
• e code decides at run-time which comparer function to call, just like C’s qsort.
For example, most object-oriented libraries provide an interface that deﬁnes how
equal types can be compared, and let classes implement that interface. is uses
so-called subtype polymorphism via virtual functions; since virtual functions work
similar to function pointers, they have the same run-time characteristics.
• Separate code is wrien for each type that can be sorted. For example, the Java runtime function java.util.Arrays.sort is redeﬁned for each of the fundamental data
types.† Since the implementations are essentially identical (with few exceptions),
this results in large quantities of duplicate code that is hard to maintain.
† At
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• Code is generated separately for each set of parameter types, as done in C++ via
templates.
is seems to indicate that reusable object oriented code fundamentally incurs a runtime overhead that cannot be elided completely. Since performance is of utmost importance for a sequence analysis library that deals with huge data sets, C++ is a worthwhile
candidate.

6.2 Iterators
An avid reader may have noticed that our invocation of sort in listing VI. still used
pointers to delimit the start and the end of the range to be sorted, and yet we have
claimed that this works for arbitrary containers. C++ abstracts over the concept of pointers by introducing the more general concept of iterators, of which pointers are but one
instance. In reality, sort works for arbitrary iterators.
Deﬁnition  (Iterators). Formally, let 𝐶 = 𝑐 , 𝑐 … 𝑐
be a collection of elements. Notice that this collection need not be (but may be) well-ordered. We only introduce the
ascending positions here to have a way of addressing individual elements. An iterator
over 𝐶 is an entity that represents any element at position 𝑖, or the special “one-pastend” position 𝑛. at is, a valid iterator either refers to an element of the collection or is
one-past-end.
In practice, pointers belong to a sub-category of iterators called random access iterators.
ey refer to elements in memory via their respective memory addresses. e one-pastend pointer of a given array is simply a pointer that points to the address directly behind
the last element. Furthermore, a random access iterator also knows how many elements
lie between itself and another random access iterator of the same container (pointer
arithmetic lets us simply subtract two pointers to get that value), and conversely, can
jump to other elements by adding an oﬀset (hence the name).
Other classes of iterators are more restricted, for example the forward iterator which
only knows how to get to next element in the order of the container, but not to any other
element. A typical example of such an iterator is a reference to a list node in a linked list:
to get to the next element it is suﬃcient to follow the link to that element.
ê
Two iterators of the same container delimit a range. is, ﬁnally, explains the usefulness of iterators: we can model any arbitrary range in any container (even “inﬁnite” containers such as sequences), by the half-open interval [𝑎, 𝑏[ generated by two iterators 𝑎 and 𝑏. A full range of a container 𝐶 is deﬁned simply by [𝑐 , 𝑐 [. In listing VI.
we have passed the array times to the sort function via the range [times, times + 𝑛[ with
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𝑛 = sizeof times / sizeof times[0]. e same can be done using any other container
type in C++. e container types of the standard library deﬁne member functions begin
and end that return the start and end iterator, respectively. Using this, we can sort a
std::vector, which, like the C array used previously, deﬁnes a contiguous storage of
elements with random access.
1 std::vector<int> elements;
2 // Fill elements …
3 sort(elements.begin(), elements.end());
Listing VI.7: Calling sort on C++ container classes

(is uses the default ordering for elements, which is deﬁned by the functor std::less
that simply implements a natural ordering of the elements.)
ê
is is merely a demonstration of a general guiding principle that pervades the design
of algorithm libraries in C++. SA has appropriated and extended this concept.
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SA is a sequence analysis framework developed in C++ by Döring & al. []. It
uses a specially developed techique dubbed template subclassing instead of conventional
subtype polymorphism to achieve a very high level of abstraction and polymorphism while
still outperforming object-oriented frameworks considerably on common tasks.
e following exposition merely touches on those aspects that are of special importance for this thesis. For a more general overview see Gogol-Döring & Reinert [] or
visit the website at www.seqan.de.

7.1 Template subclassing
Conventional subclassing works by inheritance: one class is deﬁned as inheriting from
another class, and thus takes on its public interface (with few exceptions) and also its
implementation. On the other hand, it can extend the inherited interface and reﬁne the
inherited implementation.
In SA, the same is achieved by adding a template argument called TSpec to a base
class. In order to sublass the base class, the programmer deﬁnes a new type tag to identify
the subclass and creates a (partial) specialisation of the base class.
Deﬁnition  (Type tag). A type tag is an empty class. Its sole purpose is to distinguish
one (class or function) template instantiation from another. is makes use of C++’ strong
typing. In SA, type tags by convention extend a common base template, Tag⟨⟩.
As an example, let us deﬁne a base class Base and extend it:
1 template <typename TSpec = void>
2 struct Base { };
4 // Declare a type tag for the subclass
5 struct TagDerived_;
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6 typedef Tag<TagDerived_> Derived;
8 // Define the subclass
9 template <>
10 struct Base<Derived> { };
Listing VII.1: A simple class hierarchy with a base class and a subclass.

Neither the class Base⟨⟩ and its subclass Base⟨Derived⟩ do anything particularly interesting but we have now deﬁned a class hierarchy and can implement functions for them.
1 template <typename TSpec>
2 inline void echo(Base<TSpec> const& me) {

std::cout << ”Hello from Base” << std::endl;

3
4 }

Listing VII.2: A method implemented by Base⟨⟩

is deﬁnes a method echo that takes an instance of Base and prints a message. is
method can be used with any object of type Base, in particular also with a subclass object:
1 Base<> b;
2 Base<Derived> d;
3 echo(b);
4 echo(d);
Listing VII.3: Calling echo

is will print the same message twice. But now we can override this method for
instances of the subclass, just as we could override virtual methods in object-oriented
programming:
1 template <>
2 inline void echo(Base<Derived> const& me) {

std::cout << ”Hello from Derived” << std::endl;

3
4 }

Listing VII.4: Overriding the base class method

late binding: resolution of a type
or call at run-time

If we now execute listing VII., a diﬀerent message will be printed for the object d,
thanks to C++’ rules for overload resolution. is also ensures that, unlike in conventional
subtype polymorphism which relies on late binding, the call dispatch happens at compile
time and thus has no overhead at run-time.
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7.2 Containers
Due to its signiﬁcance in sequence analysis, the central data structure in SA is a
special container, the string, which is just a sequence of uniform data. Most algorithms
in SA are deﬁned in terms of strings. SA allows parametrising the container to
any type, so that strings can be used to store any kind of data, not only the obvious
text characters. us, strings are, at the bare minimum, just linear, contiguous storage
space for data of a uniform type. at way, they completely replace other contiguous
containers commonly employed, such as arrays or vectors.
Strings in SA can be parametrised in two ways: by their type of data that they store,
and by their specialisation, as explained above. us, the conventional string in SA is
wrien as String⟨T, TSpec⟩. e default specialisation is the Alloc string which behaves
much like a C++ std::vector.
However, the concept of a string can be generalised even more to a container. For
example, there are containers which provide views into strings, such as segments, that
abstract over inﬁxes in strings.
When implementing algorithms for SA, it is important to keep the interface as general as possible. In particular, since strings aren’t the only containers, this must be taken
into account. Like the std::sort function introduced in chapter VI, it is oen suﬃcient
to deﬁne the algorithm in terms of a range. is works since the contract of containers
in SA mandates the existence of appropriate iterators. However, sometimes having
just the iterators isn’t enough, and further information about the type is required. is
is solved in SA (and in other modern C++ libraries) via metafunctions.

7.3 Metafunctions
For example, assume that we want to write a function that reverses an arbitrary container.
Implemented for a well-known range, it might look as follows:
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1 void reverse(CharString& str) {

unsigned const len = length(str);
for (unsigned i = 0; i < len / 2; ++i) {
char tmp = str[i];
str[i] = str[len - 1 - i];
str[len - 1 - i] = tmp;
}

2
3
4
5
6
7
8 }

Listing VII.5: The function reverse implemented for CharStrings

But what if we don’t want to use a string over characters? How can we declare the
tmp variable for an arbitrary type? If we just had to care about strings then it would be

suﬃcient to make element type a template:
1 template <typename T> void reverse(String<T>& str) …
Listing VII.6: A ﬁrst attempt to make reverse generic

But since we want to work with arbitrary containers, this no longer works. Enter
metafunctions. A metafunction declares a type as a function of another type. In this
case, we need the Value metafunction which, given a container, tells us the element type
of the container.
1 template <typename C>
2 void reverse(C& str) {

unsigned const len = length(str);
for (unsigned i = 0; i < len / 2; ++i) {
typename Value<C>::Type tmp = str[i];
str[i] = str[len - 1 - i];
str[len - 1 - i] = tmp;
}

3
4
5
6
7
8
9 }

Listing VII.7: A better generic version of reverse

Here, Value⟨C⟩::Type yields the correct type for each container.

7.4 Multiple dispatch
We have shown how template subclassing realises dynamic method call dispatch at compile time by relying on class template specialisation and overloading. is means that
SA can be used very much like an object-oriented framework, but without incurring
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the runtime overhead. But there is one noteworthy diﬀerence between conventional subtype polymorphism and the mechanism provided via overloading: Conventional subtype
polymorphism only works on the calling object’s type* . Consider the following method
call (in a conventional object oriented language, e.g. C++ or Java):
1 a.method(b);
Listing VII.8: Method call in object-oriented notation in a C++-like language.

Here, the actual target method is inﬂuenced by the dynamic type of a but never by
the dynamic type of b: A method call is dispatched depending only on one type (disregarding overloading, which doesn’t work with dynamic types, only with static types).
By contrast, overloading and template specialisation work on any number of arguments.
is means that SA’s template subclassing allows dynamic dispatch depending on
multiple dynamic types. In OOP parlance, this is called multiple dispatch and is very hard
to realise.
However, it is an integral part of SA. For example, multiple dispatch is necessary
to determine dynamically which find method to call in SA’s Finder module: Finders
implement the string matching algorithms brieﬂy discussed in chapter V. To perform a
string matching, the method find is called with two arguments: a ﬁnder and a pattern,
both of which are reﬁned via template subclassing. ose two arguments control diﬀerent aspects of the paern matching algorithm. In order for SA to call the correct find
method depending on ﬁnder and paern, it relies on multiple dispatch.
As we will see, the parallelisation framework also relies on multiple dispatch. Other
designs would have been possible as well but since the mechanism already exists in S
A it seemed natural to adapt the interface to convention.
ê
By designing our own framework within SA, we must ensure two things: First of
all, that the framework is as general as possible and works well with all SA types
which it aims to support. We achieve this by programming against interfaces, rather than
implementations, and by using the methods and metafunctions deﬁned by the container
concept.
Secondly, that types in the framework adhere to these same concepts: Our framework
contains container-like classes – we need to make sure that those fully implement the
SA sequence interface to ensure that they can be reused by other SA modules.

* With

few notable exceptions, such as Common Lisp [ XJ commiee, ]



Part II

Methods & Implementation
A description of the interface and the implementation of the framework and
a walk-through example illustrating its usage.
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8.1 Design goals
e time alloed for a master thesis isn’t nearly enough to implement, from scratch, a
complete framework of the complexity envisaged here. One of the design goals from
the start was therefore to ﬁnd just the right balance between immediate usefulness and
extensibility. We picked out two particular scenarios which we judged to be of great interest in a sequence analysis library and implemented these. Furthermore, the framework
was designed in such a way as to accommodate other typical scenarios for parallelisation.
e scenarios that were implemented cover two domains:
. Independent execution of a calculation on one-dimensional data sets (i. e. strings),
and
. the & paradigm.
Both concepts are very general and of direct applicability to sequence analysis; in
particular, most string search and sequence comparison algorithms can be performed in
parallel by dividing the input data into independent blocks, and performing the computation on these blocks. On the other hand, several algorithms commonly used in sequence
analysis rely on & strategies. Among these are quicksort, Hirshberg’s (and related)
algorithms for approximate sequence comparison and linear-time suﬃx array construction.
e modularity of the framework design guarantees that the framework can be extended and improved in two directions:
. Outwards extension by adding new features such as schedulers and data dependency schemas, and
. Downwards substitutions by improving speciﬁc modules.
As an example of the former, consider scan or reduction data dependencies (see section .) which were omied from the current framework, but which can be added easily.
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As for the laer, consider the work-stealing schedule for independent data whose implementation in this thesis is based on the implementation in the  parallel extension*
[Singler & Konsik, ]: several improvements upon the original algorithm exist (see
chapter XIV) and could be implemented here.
ê
e design of the framework is speciﬁcally targeted at the large quantities of uniform
data usually found in sequence analysis. Since most data exists in the form of sequences
anyway, oﬀering support for a data decomposition seems obvious. Although the framework does not oﬀer direct support for task parallelism, there exists a direct mapping so
that modelling task parallelism isn’t diﬃcult.†
e framework should make it easy to adapt existing algorithms to parallel execution;
in particular, it shouldn’t be necessary to modify the actual algorithm at all, if possible.
at means that the framework needs to provide an infrastructure that delegates work
to the existing algorithm. e main work of the framework is to distribute the data to
the concurrent threads so that each thread can process its local data. at means that in
many cases the original algorithm implementation needs not be modiﬁed at all; it will
merely be called with diﬀerent arguments (namely, a small portion of the whole input
data) and there will be a wrapper call to invoke the algorithm in parallel, and gather the
results.
However, this isn’t always possible. Even in the simplest case, a & algorithm needs
some modiﬁcation to scale across multiple processors because & algorithms are not
generally implemented by making the divide and merge steps explicit. In these cases, the
framework still strives to make adapting the algorithm as eﬀortless as possible. It does
so by oﬀering a standard interface for each type of data decomposition that corresponds
to the general outline of these algorithms (see section .).

8.2 Scope
Our framework targets the  aritecture: this is a promising target since it exploits
the parallelism that is already available in today’s machines, without the need to buy
separate, specialised hardware or expensive cluster architectures. Furthermore, this is
an area where we can expect enormous growth in the near future.
We have decided to target common dependencies between one-dimensional data. We
are well aware of the relevance of multi-dimensional data decomposition (e. g. in parallel
* the

implementation can be found in the  C++ standard library header ﬁle parallel/workstealing.h
to data parallelism works by creating an array of the tasks, although this simplistic approach may
be prohibitive for a large number of tasks; a lazy data structure must then be employed

† reduction
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matrix multiplication) but we have decided that catering to more general decompositions
would make the  signiﬁcantly more complicated and there is actually not a lot of
common ground between these decompositions that could be exploited in a systematic
manner. Furthermore, one-dimensional data has a special relevance in the context of the
SA library which deals almost exclusively with sequence data.
We also did not implement a collection of parallel algorithm building blocks, as other
parallel programming libraries do. Our main focus was to make existing algorithms run
in parallel without changing them where possible (independent data) so parallel data
structures have a limited usefulness. However, this is a decision that could be revisited
in the future to make parallel implementations of new algorithms easier.
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“

IX

Cooking is like Asynchronous Programming
without any synchronisation primitives.
(@chrisoldwood)

e implementation was done in two stages aer the initial design: ﬁrst, an incomplete prototype was developed and tested by implementing an interface for the ﬁnder
algorithms. Based on the experience from that implementation, the  of the protoype
was reﬁned and missing parts were implemented. e ﬁnal  design is described in
detail in the next chapter.
e initial prototype only used a naive parallelisation approach since the goal was to
keep it simple, and only the interface was of actual importance. e main properties we
looked for in the prototype were ease of use, and the ability to easily and eﬃciently adapt
existing algorithms, i. e. without incurring an overhead in either writing the code nor its
execution.

9.1 Blocked decomposition
In our classiﬁcation of algorithms the strongest guarantee we can make is that the algorithm has no data dependencies between individual tasks. We have furthermore noted
that paern searching in a string is independent: Each position in a string can be tested
independently whether it matches with a paern.
But this is not how eﬃcient paern searching algorithms work; this naive approach in
the worst case has to compare every position in the reference string with every position
in the paern. Advanced paern searching algorithms strive to prevent just that. ere
exist two general strategies to do this.
One strategy is to avoid looking at every single position in the reference sequence. A
preprocessing collects information about the paern that makes it possible to skip some
portions of the reference. Horspool’s algorithm is an example of this.
A second alternative is to maintain a state in the paern matcher that allows to make
multiple comparisons at the same time, either in the reference or in the paern (or both).
e bit-parallel paern matchers are an example of this. In both cases, the strict independent data model breaks down because diﬀerent threads need to share information
about either the position or the state.



Figure IX.1: Naive pattern matching. Patterns are matched position by position against a reference string (above) simultaneously by two diﬀerent threads
(blue and grey).
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Figure IX.2: Skipping pattern
matching. After matching at the
ﬁrst position, the algorithm can
skip several positions.

e problem can be solved by coalescing adjacent positions into blocks, and have each
thread process one block. In fact, this makes sense even for truly independent data to
increase locality of reference and corresponds to the agglomeration step in . By
having such blocks, we can run the paern matching in parallel in diﬀerent blocks and
within these blocks the algorithms can skip positions or share state. However, this is not
enough: If blocks are non-overlapping then two adjacent blocks have a common border.
Any hit of the paern that would span this border will never be found since neither of
the blocks checks for such a hit because the underlying paern matching algorithm only
checks for hits that lie completely within the range that they are given.
is must be solved by making adjacent blocks overlapping so that every possible
position is checked. e size of the overlap varies and is determined (in the case of
paern matching) by the length of the paern and the number of allowed errors: If we
allow insertions and deletions then the ending position of a paern may be shied by as
many as 𝑘 positions, where 𝑘 is the number of allowed errors.
We can generalise this overlapping of blocks by noting that some algorithms, when
working on a given range within a container, may require a history of previous positions.
e framework accommodates this by allowing users to override a function getHistory
for the blocked data decomposition that determines by how many positions each but the
ﬁrst block is extended backwards. However, this means that two threads may access
the same (overlapping) memory at the same time. It is therefore forbidden to modify
this memory and it is undeﬁned what happens if one thread modiﬁes the overlapping
memory.

9.2 Work-stealing for independent data
locks: abstract data type to forbid
concurrent execution of a piece of
code
critical sections: code which
yields undeﬁned behaviour when
executed concurrently

For an independent data decomposition, the work-stealing is rather straightforward. We
have implemented two variants of it, one using locks to secure critical sections, and one
lock-free implementation.
Both the locked and lock-free implementation of the work-stealing algorithm for independent data follow the same general outline which is summarised in algorithm IX..
e call to yield in line  allows other threads to progress. is is important to prevent
thread starvation when the operating system schedules threads in an adaptive manner
and with more threads than can be executed in parallel, as noted by Arora & al. [].
e work per thread is managed in a queue (implemented as a simple array with indices
pointing to the ﬁrst and last element). In the lock-free implementation, work is removed
from the queue by incrementing or decrementing these pointers atomically. However, an
atomic increment is actually not enough here since we also need to retrieve the current
value (so that the thread knows which element it has removed from the queue). is
doesn’t work with the atomic pragma of OMP: this only allows modifying a value,
not reading it at the same moment.
e operation we need here is know as fetch and add (a single-threaded implementation
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S(work) into small chunks (of ﬁxed size)
Distribute tasks evenly to threads 𝑇
for 𝑡 ∈ 𝑇 in parallel do
Mark 𝑡 as busy
while at least one thread is busy do
while 𝑡 still has unﬁnished work do
Retrieve next chunk of work 𝑡𝑎𝑠𝑘
P(𝑡𝑎𝑠𝑘)
Mark 𝑡 as idle
while nothing was stolen do
Y()
Pick random thread 𝑣
Try to steal work from 𝑣
if all threads are idle then breakfrom parallel section
Mark 𝑡 as busy
M(processed tasks) into result
Algorithm IX.1: Work-stealing schedule for independent data decomposition. The client
needs to provide the methods Process, Split and Merge.

is shown shown in listing IX.). It can be implemented via locks but most processors
implement this instruction directly. Unfortunately, there is no compiler independent
way to access this instruction so we had to rely on compiler intrinsics.
1 template <typename T> T fetchAndAdd(T& value, T increment) {

T old = value;
value += increment;
return old;

2
3
4
5 }

Listing IX.1: Single-threaded implementation of the fetch-and-add operation

e benchmarks (chapter XII) indicate that in practice both the locking and non-locking
work-stealing variants for independent data performed on par – but the variant using
locks was much easier to implement because fewer possibilities for race conditions exist.
Race conditions constitute one of the main diﬃculties to implementing multi-threaded
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code. We had the advantage that at every point in the framework the dependencies
between threads are very explicit. is reduces the opportunity for such errors.
Nevertheless, several hard to track race conditions found their way into the lock-free
work-stealing code. Because they trigger only very rarely, unit tests did not reliably
ﬂag them and the debugging process necessary to unearth them took several days. is
proved the folk wisdom that lock-free programming is a lot harder than programming
with locks. We therefore decided to only implement a locking version for the & workstealing scheduler.

9.3 Divide & conquer
Näher & Schmi [] have noted that the class of & algorithms can be further subdivided into sub-categories which invite diﬀerent solutions. While there exists a general parallel implementation for all & algorithms, this is not the most eﬃcient for
some cases. In particular, algorithms which have a trivial* “merge” step (compare algorithm II.) can be parallelised more easily than those which have a non-trivial “merge”
step.
Ideally, this diﬀerence would have no bearing on the public interface; but leing C++
ﬁgure out whether or not an algorithm implements the recursiveMerge method (which
performs the merging) isn’t reliably possible.† As a consequence, there are now two
classes for & algorithms: DivideAndConquer⟨⟩ and its specialisation TrivialMerge.
e & framework works by dividing a task into sub-tasks unless that task is already
a leaf. If the task is a leaf, then it is processed. Tasks that are processed are then merged
back together into their parent task. It is necessary that every task remember its parent
to percolate partial solutions in the correct order to the top (unless no merging takes
place).
Furthermore, in order to merge back into a task 𝑋, all its children have to be processed.
In a recursive implementation this happens automatically – but in the work-stealing code,
this has to be made explicit. We solved this by having each thread manage two task lists:
the ﬁrst is a queue of tasks that have not yet been started; the second is a stack of tasks
that have been divided and await merging. Other threads can only steal from the queue,
not from the stack. e implementation is summarised in algorithm IX..
For TrivialMerge, the algorithm is simpler because we don’t have to manage a stack of
started jobs. In particular, this means that the code from line  to line  as well as the
other related checks are missing. is renders the data structure that represents a single
task vastly more simple: It does no longer need to maintain references to its children and
the number of busy children. is in turn means that the trivial merge algorithm can be
implemented relying solely on thread-local stack space.
* meaning,

†a



they perform no operation
detailed discussion can be found at stackoverﬂow.com/q/, retrieved on ––.
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e general-purpose algorithm on the other hand needs to maintain pointers to tasks
which were in our case realised via raw pointers to freestore memory. Such a use of
manual memory management and raw pointers is usually not a good idea but SA
lacks a cheap smart pointer mechanism that could be used here. Implementations such
as std::tr1::shared_ptr or boost::shared_ptr [Dimov, ] were not used because the
code should work on older compilers and SA generally strives to minimise the reliance on external libraries.
Create root task and assign it to thread 𝑡
Mark 𝑡 as busy
for 𝑡 ∈ 𝑇 in parallel do
while at least one thread is busy or 𝑡 has started tasks do
while 𝑡 can successfully dequeue 𝑡𝑎𝑠𝑘 from its task queue do
if IL(𝑡𝑎𝑠𝑘) then
P(𝑡𝑎𝑠𝑘)
Mark 𝑡𝑎𝑠𝑘 as done
else
D(𝑡𝑎𝑠𝑘) into [𝑐ℎ𝑖𝑙𝑑 … 𝑐ℎ𝑖𝑙𝑑 [
Push 𝑡𝑎𝑠𝑘 onto started tasks
Enqueue 𝑐ℎ𝑖𝑙𝑑 tasks to task queue in decreasing order of size
while 𝑡 has started tasks do
Inspect the top 𝑡𝑎𝑠𝑘 on stack
if 𝑡𝑎𝑠𝑘 has busy children then break
M(children) into 𝑡𝑎𝑠𝑘
Pop 𝑡𝑎𝑠𝑘 from stack
Mark 𝑡 as idle
if at least one thread is busy then
while nothing was stolen do
Y()
Pick random thread 𝑣
Try to steal work from 𝑣
if all threads are idle then break
if nothing was stolen then continue
Mark 𝑡 as busy
Algorithm IX.2: Work-stealing schedule for & data decomposition. The client needs to
provide the methods Divide, Merge, IsLeaf and Process.
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9.4 Thread-local storage
e Algorithm speciﬁcation needs to store the thread-local algorithm state whose type
is speciﬁed via a template argument. Now the question arises: what to do when no
state needs to be stored? We cannot simply use void as the state type since it is illegal
to declare member of type void. One possibility would be a partial specialisation for a
void state but we opted for a slightly diﬀerent solution, providing a custom class called
EmptyStorage which is just an empty class.
But a member of an empty class type still requires storage due to the object identity
rules in C++. Instead of specialising the Algorithm class for an empty state, we employ
a trick to ensure that the state member will only consume space if it is non-empty: We
inherit from the state template type. at way, we proﬁt from empty base class optimisation which ensures that an empty base class of any class will not consume any memory
[Vandevoorde & Josuis, ].
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In the simple case of an algorithm without data dependencies, there are only the following operations that need to be implemented for each algorithm:
. Dividing the work into independent tasks,
. Perform one independent task,
. Merge the results back together.
In practice, at least the ﬁrst step is oen a no-operation since dividing the work is
trivial.
For &, this is slightly more complex; although the operations are similar, the dividing and merging needs to be performed repeatedly (namely, before and aer each
recursive solution of a subproblem). Additionally, the parallel framework needs to know
whether it has reached an atomic subproblem, i. e. a leaf in the computation tree [Näher
& Schmi, ].
Users of the framework need to be able to specify which algorithm should be run –
this entails implementing the already mentioned functions. Furthermore, users must be
able to invoke a parallel computation, and specify how many threads to use, which load
balancing strategy should be used, and which data to run the algorithm on. All this has
to be captured in the public interface of the framework and should be as easy as possible
without restricting extensibility.
e following object model uses an  like format.  itself could not be used since
 cannot model multiple dispatch and tag-based specialisation.
e object model in ﬁgure X. shows the classes and their relationships. Now follow
the methods implemented by these classes. Methods signatures are given as base classes
only, without all template arguments.
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. Algorithm

DataSpec
⟨ String: Sequence type,

⟨ Algorithm: specialization tag,
ThreadLocalStorage: algorithm data ⟩

Dependency: Data dependencies,
Scheduler: Load balancing scheduler ⟩

Algorithm
OnlineSingleNeedleFinder

Dependency

Sort

Independent
Atomic
Blocked

TaskData
Scalar

Reduction

Range

DivideAndConquer
TrivialMerge

Scheduler
Static
Dynamic
WorkStealing

Figure X.1: The ﬁnal draft of the framework object model. Base classes are set in rectangles.
The available specialisations of some of their template arguments are shown.

10.1 parallelFor
To execute an algorithm in parallel, users need to invoke parallelFor. ere exist several
overloads of the method:
1 parallelFor(Algorithm&, DataSpec&)
2 parallelFor(Algorithm&, DataSpec&, unsigned int)
3 parallelFor(Algorithm[], DataSpec&)
Listing X.1: parallelFor client interface

If a third argument is given, it indicates the number of threads that should be used.
If the argument is omied, the framework uses as many threads as there are  cores.
Alternatively, the user may pass an array of Algorithm instances. In this case, it is assumed that there is one Algorithm instance for every thread and the size of the array
indicates the number of threads to be used. is only works for the independent data
decomposition.
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10.2 DataSpec
1 DataSpec(String)
2 host(DataSpec): String&
3 begin(DataSpec): Iterator
4 end(DataSpec): Iterator
5 length(DataSpec): Size
Listing X.2: Methods of the DataSpec class

Specialisations of the DataSpec class may need to override some or all of these methods.

10.3 Algorithm
e Algorithm class itself only deﬁnes constructors and a single method to return the
thread-local state.
1 Algorithm()
2 Algorithm(State)
3 state(Algorithm): ThreadLocalStorage
Listing X.3: Methods of the Algorithm class

Users who want to run algorithms in parallel need to specialise the Algorithm class
by overriding the following methods. Signatures which end in { } have a default implementation and don’t need to be overridden.
1 process(Algorithm&, TaskData&)
2 preprocess(Algorithm&, TaskData&) { }
3 postprocess(Algorithm&, TaskData&) { }
5 split(Algorithm[], Algorithm)
6 merge(Algorithm&, Algorithm[]) { }
Listing X.4: Methods of the Algorithm class for Independent⟨⟩ data

Unlike the process method, the preprocess and postprocess are not run on each task.
ey initialise / tear down the thread-local state for a consecutive execution of tasks. is
means that if thread  executes three consecutive tasks then preprocess is invoked for the
ﬁrst task, process is invoked for each task and postprocess is invoked for the last task.
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1 getHistory(Algorithm, TaskData): Size { return 0; }
Listing X.5: Methods of the Algorithm class for Independent⟨Blocked⟩ data

For & algorithms, diﬀerent methods have to be implemented.
1 recursiveSplit(Algorithm[], Algorithm, TaskData[], TaskData)
2 recursiveMerge(Algorithm&, Algorithm[], TaskData&, TaskData[]) { }
3 isLeaf(Algorithm, TaskData): bool
4 process(Algorithm&, TaskData&)
Listing X.6: Methods of the Algorithm class for DivideAndConquer⟨⟩ data

Recursive spliing and merging is performed on tasks, which consist of task data and
the algorithm state.

10.4 TaskData
e TaskData classes are provided by the framework. Depending on whether an independent atomic decomposition is used, tasks consist of scalar task data or range task data.
1 host(TaskData): String&
2 begin(TaskData): Iterator
3 end(TaskData): Iterator
4 length(TaskData): Size
Listing X.7: TaskData methods

A ranged task is constructed as follows:
1 TaskData(String&, Iterator, Iterator)
Listing X.8: TaskData constructor

For scalar task data, the length is always  and the begin and end iterators return a range
that contains just that scalar value. It has one additional method and a constructor:
1 TaskData(Iterator)
2 value(TaskData): T&
Listing X.9: TaskData⟨Scalar⟩ methods

e value method returns a reference of the scalar value represented by the task.
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is chapter will illustrate the usage of the framework with an example problem. We
will look at two aspects: writing an interface that allows the execution of an existing
algorithm in parallel, and invoking the parallel algorithm via parallelFor.
At the highest level, parallelFor needs to know two things:
. Which algorithm to perform, and
. which input data to perform it on.
Before giving a detailed explanation, let us ﬁrst consider an example problem whose
parallelisation will guide the explanation of the parallel framework.

11.1 An example problem
We will consider a very simple example that we want to parallelise – counting the base
frequencies in a  string:
Deﬁnition  (Counting base frequencies). Let 𝑇 be a  string. We want to know,
for each base, how oen it occurs in the string relative to the other bases; that is, its
frequency.
Sequentially, this could be wrien as shown in the following listing:
1 template <typename TString, typename TChar>
2 inline void countBaseFrequencies(
3
4

TString const& str,
Map<Pair<TChar, double> >& frequencies)

5 {
6
7

typedef typename Iterator<TString const>::Type TIterator;
unsigned counts[ValueSize<TChar>::VALUE] = { 0 };
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for (TIterator i = begin(str); i != end(str); ++i)
++counts[ordValue(*i)];

9
10

for (unsigned c = 0; c < ValueSize<TChar>::VALUE; ++c)
insert(frequencies, static_cast<TChar>(c),
double(counts[c]) / length(str));

12
13
14
15 }

Listing XI.1: countBaseFrequencies function

is algorithm has two phases: counting and normalising. e aim of this example is
to parallelise the counting step.*

11.2 The algorithm
Every parallel algorithm needs an own specialisation of the Algorithm class. is class
encodes information that is speciﬁc to that algorithm:
First of all, the actual algorithm needs to be identiﬁed, and implemented. Since the
purpose of this framework is to reuse existing code rather than having to rewrite it, most
implementations of the Algorithm will only be a thin wrapper that accept arguments and
call existing algorithm implementations. us, an Algorithm speciﬁes whi algorithm to
use, and invokes it at the right time.
Every algorithm needs a unique name:
1 template <typename TChar>
2 struct CountBaseFrequencies;
Listing XI.2: The algorithm specialisation tag

To perform the algorithm, an Algorithm implementation merely needs to override a
speciﬁc function, process, that is invoked by parallelFor on some part of the input data:

* Parallelising

the normalisation would also be possible, but not particularly interesting, since the number
of operations here is limited by the alphabet size, which is comparably small in general and for  in
particular. Furthermore, parallelising access to a dictionary data structure has its own share of problems
which will not be discussed here.
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1 template <typename TChar, typename TTaskSpec>
2 inline void process(

Algorithm<CountBaseFrequencies<TChar> >& algorithm,
TaskData<TTaskSpec>& data);

3
4

Listing XI.3: Declaration of the process method

process is invoked separately for each thread and works on an independent piece of
input data. TaskData is described later; for now it’s suﬃcient to know that data refers to
some part of the input data that corresponds to a single task, i. e. that can be processed
by a single thread at a time.
Now we need some place to store the intermediate results of the calculation (the counts
variable) in listing XI.. Every Algorithm instance is thread-local; that is, there is exactly
one thread that owns, reads from and writes to a given algorithm instance. Each Algorithm has an associated thread-local storage. By default, this thread-local storage is
empty (EmptyStorage, in fact). e users can write their own thread-local storage for an
algorithm.
1 template <typename TChar>
2 struct CbfStorage {

unsigned counts[ValueSize<TChar>::VALUE];

3
4 };

Listing XI.4: The storage class for the CountBaseFrequencies algorithm

But we need to tell the Algorithm class that this storage is to be associated with our
algorithm. We do this by specialising the DefaultThreadLocalStorage metafunction:
1 template <typename TChar>
2 struct DefaultThreadLocalStorage<CountBaseFrequencies<TChar> > {
3

typedef CbfStorage<TChar> Type;

4 };
Listing XI.5: Assigning the default storage

Now the process function can be implemented:
1 template <typename TChar, typename TTaskSpec>
2 inline void process(
3
4

Algorithm<CountBaseFrequencies<TChar> >& algorithm,
TaskData<TTaskSpec>& data)

5 {
6

typedef typename Iterator<TaskData<TTaskSpec> const>::Iterator
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TIterator;

7
9

CbfStorage& store = state(algorithm);

11

for (TIterator i = begin(data); i != end(data); ++i)
++store.counts[ordValue(*i)];

12
13 }

Listing XI.6: process method for the base frequency count.

e above code is suﬃcient to specify the algorithms’ description fully. It can now be
executed in parallel by instantiating a data speciﬁcation of the input data, and calling
parallelFor.

11.3 The data speciﬁcation
Everything related to the input data is fed into parallelFor via an object of type DataSpec,
short for data speciﬁcation. First and foremost, it stores the input data in the form of a
generic container (see section .). Notably, this also allows specifying only segments of
an existing container as the input data.
Secondly, the data speciﬁcation contains information about the kind of data dependencies that the algorithm has. Since our example has no data dependencies, this is
Independent⟨⟩.
irdly, a data speciﬁcation states which load balancing schedule should be used for
the parallel execution. Since the work in the example algorithm is evenly distributed
over the complete data range, it makes sense to choose a static schedule since that has a
reduced run-time overhead compared to more sophisticated schedules.
Puing it all together, we end up with a declaration that looks as follows:
1 typedef DataSpec<DnaString, Independent<>, StaticSchedule> TCbfDataSpec;
Listing XI.7: Declaration of a data speciﬁcation for the input

We can do a bit beer by specifying that our process method works on a range instead
of on individual data elements. is allows the paralleliser to coalesce adjacent blocks
of data, rendering the computation slightly more eﬃcient. is is achieved by using a
specialisation of the Independent data decomposition that works on ranges:
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1 typedef DataSpec<DnaString, Independent<Range>, StaticSchedule> TCbfDataSpec;
Listing XI.8: Declaration of the data speciﬁcation using ranged tasks

To recap, the data speciﬁcation encodes the following information:
• e element and container type of the input data,
• the data decomposition that the algorithm presupposes, and
• the load balancing schedule to be used for the parallel execution.

11.4 The task data
e process method has two arguments: the thread-local algorithm description, and an
object of type TaskData. A task corresponds to a part of the input data that is processed
by one thread. Formally, it is an inﬁx of the input data. At any given time, busy threads
are working on disjunct tasks; that is, it is guaranteed that no two threads access the
same task data at the same time. As long as a process method restricts its access to
the task data and the thread-local algorithm state, it is therefore safe from cross-thread
contention. Race conditions cannot occur, and no synchronisation or locking has to be
employed.

11.4.1 Range tasks
A task is either scalar or a range.
Of course, in a truly independent data decomposition (like in our example) the computation can be performed on each element separately. However, this is not always the
case. Consider string matching: in order to determine whether a paern matches at a
given position in a text, it is not enough to examine that position. Instead, we need to
examine several consecutive positions.

11.4.2 Scalar tasks
A scalar task comprises a single, independent data element of the input data. It is represented by an instance of the class TaskData⟨Scalar⟨TString⟩⟩, where TString is the type
of the underlying container. To access the data associated with a scalar task, the value
function is invoked. We could rewrite the process function from above using a scalar
task:
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1 template <typename TChar, typename TString>
2 inline void process(

Algorithm<CountBaseFrequencies<TChar> >& algorithm,
TaskData<Scalar<TString> >& data)

3
4
5 {

CbfStorage& store = state(algorithm);
++store.counts[ordValue(value(data))];

6
7
8 }

Listing XI.9: Implementation of the process function

Of course, we now also need to change the DataSpec deﬁnition back since we’re no
longer dealing with range tasks. Independent⟨Atomic⟩ corresponds with TaskData⟨Scalar⟩
(and furthermore, Atomic is actually the default so we omied it above). In addition to
the value function, scalar tasks also implement the Range interface, and act as a range of
length . As a consequence, we don’t actually have to rewrite the process method when
switching from a ranged to an atomic decomposition, we just need to keep the method
signature general enough so that it ﬁts either type, as we have done in listing XI..

11.5 Divide & conquer
So far, we have implemented an algorithm that works on independent data. We will now
very brieﬂy turn to & algorithms. In fact, the general work ﬂow is very much identical.
e only diﬀerence is that other methods have to be implemented.
To illustrate the usage, we will implement a very simple quicksort version. To keep
the implementation simple it will only work on values of type int and the default comparison. is can be trivially generalised. e interested reader is referred to the actual
implementation that was used for the benchmarks.
Once again, we will start by declaring our algorithm. icksort is in-place and requires
no additional thread-local storage so we do not need to specialise the ThreadLocalStorage.
1 struct TagQuicksort_;
2 typedef Tag<TagQuicksort_> Quicksort;
Listing XI.10: The quicksort algorithm tag

e ﬁrst thing any & algorithm needs is the isLeaf function which determines
whether a leaf task has been reached. We use a simple size threshold to decide whether
a leaf task has been reached.
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1 template <typename TTaskData>
2 inline bool isLeaf(Algorithm<Quicksort> const&, TaskData<TTaskData> const& task) {

return length(task) < 1000;

3
4 }

Listing XI.11: Have we reached a leaf task?

And once we have reached a leaf task we need to process it. We do this by invoking
the standard library sort routine.
1 template <typename TTaskData>
2 inline void process(Algorithm<Quicksort>&, TaskData<TTaskData>& task) {

sort(begin(task), end(task));

3
4 }

Listing XI.12: Process a leaf task

Now there needs just one thing to do: the divide step which partitions the data into
two parts where all elements in the ﬁrst half a less than a pivot element and all elements
of the second half are larger than or equal to the pivot. Again, we use standard library
functions for the task. To keep maers simple, we choose the ﬁrst element as the pivot.
recursiveSplit must ﬁll two arrays: the child algorithm speciﬁcations and the child
tasks. e child algorithm speciﬁcations aren’t interesting in this case since the algorithm
has no thread-local state. Nevertheless, the childTasks array must be resized to the correct size since this tells the parallel framework how many divisions are needed. e child
tasks are created based on the two partitions (the pivot element is excluded – it already
is at the correct position).
1 template <typename T, typename TComp, typename TTaskData>
2 inline void
3 recursiveSplit(
4
5
6
7

String<Algorithm<Quicksort> >& children,
Algorithm<Quicksort> const& algorithm,
String<TaskData<TTaskData> >& childTasks,
TaskData<TTaskData> const& task

8 ) {
9
10
12
13
14
15

typedef Task<TTaskData> TTask;
typedef typename Iterator<TTask>::Type TIterator;
resize(children, 2);
TIterator split = partition(begin(task) + 1, end(task),
bind2nd(less<int>(), *begin(task)));
iter_swap(begin(task), split);
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appendValue(childTasks, TTask(host(task), begin(task), split));
appendValue(childTasks, TTask(host(task), split + 1, end(task)));

16
17
18 }

Listing XI.13: The divide step

Calling the algorithm is also simple. We only need to pay aention to one bit – telling
the data speciﬁcation that our algorithm has a trivial merge step. is is important because the framework unfortunately cannot ﬁgure this out automatically.
1 String<int> array;
2 // Fill array …
3 DataSpec<String<int>, DivideAndConquer<TrivialMerge>, WorkStealing<> > spec(array);
4 parallelFor(Algorithm<Quicksort>(), spec);
Listing XI.14: An example call of the parallel quicksort algorithm
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12.1 Benchmark design
We expect to observe a linear speed-up with the number of processors. e benchmarks
will therefore examine how the framework behaves with diﬀerent algorithms when run
with diﬀerent numbers of threads. We also want to know how large the overhead of using
the framework is; we do this by comparing the running times with a non-parallelised
version of the algorithms, which we will call the baseline.
For the benchmark of the independent data decomposition we have implemented the
string matching algorithms showcased in section A.. We have compared these implementations to the equivalent implementations already available in SA. e re-implementation was done in order to see whether the current ﬁnder interface in SA incurred any overhead.
For the benchmark of the & data decomposition we have implemented the sorting
algorithms shown in section A.. We have tested two use-cases: shuﬄed data and sorted
data – all the while bearing in mind that this wasn’t a benchmark evaluating the respective qualities of sorting algorithms and their implementations, merely a good eﬀort to
evaluate a parallel sorting implementation of representative data.
Furthermore, we want to compare how the diﬀerent load-balancing strategies perform.
In particular, we need to analyse whether work-stealing keeps all processors busy even
if work is distributed unevenly to begin with. To measure this, we have generated a list
of tasks of diﬀerent sizes (so that their processing takes a diﬀerent amount of time) and
have shuﬄed this list. We have then replicated this task list so that we ended up with
one copy for each thread. Now, a copy was made of this list of tasks and sorted by task
size.
We now end up with two arrays of tasks, one sorted and one unsorted. e arrays are
now processed in parallel using the static and the work-stealing schedule.
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Figure XII.1: Task arrays used in the work-stealing benchmark. Diﬀerent shades denote differently large tasks. In this case, we are using four threads. The above array is the shuﬄed
variant and below is the sorted variant.

In the case of the shuﬄed array, we expect that all schedules take about the same time
since the static schedule divides the whole array into ﬁxed-size chunks which correspond
exactly to one another; every thread has the same amount of work to do. is allows us
therefore to measure the runtime overhead of the work-stealing schedule compared to
the static schedule.
For the sorted array, one thread in the static schedule will have substantially less work
to do than another thread. We expect therefore that processing takes longer. But when
using the work-stealing schedule this imbalance should be mitigates – the processing
should take the same time as with the unsorted array. e ratio between these run-times
gives us the eﬃciency of the work-stealing schedule.
Finally, we need to remember that some of our work-stealing implementations do not
stall unnecessarily due to one thread having to wait for another. is was tested by taking
times before and aer the acquisition of locks and comparing the time spent waiting with
the overall progress of the program.

12.2 Results & discussion
e benchmarks were performed on a Linux machine with  ... e speciﬁcations of
the hardware are shown in table XII.. All programs were compiled with high optimisations enabled (-O3) and with debug symbols disabled. No further speciﬁc optimisations
(such as -funroll-loops) were enabled.
Hyper-threading is Intel’s name for hardware threads which is a support for concurrent
threads built into the  hardware. Hardware threads cannot execute concurrently but
the  reserves to separate instruction pipelines for two threads. us, if one thread is
busy waiting for main memory, the other thread can resume executing instructions from
its instruction pipeline. is masks memory latencies.
In our benchmarks, we compared the scalability of diﬀerent algorithms. We also compared diﬀerent parallelisation schedules. Finally, we compared the performance of our
frameworks against the performance of other frameworks. In particular, were interested
* Table

adapted from Martin Riese’s master thesis. Used with permission



XII Performance Analysis

Part

Conﬁguration

Processors
Cores
Hardware threads
Clock speed
Cache level 
level 
level 
Main memory

 Intel Xeon X with hyper-threading
 per processor
 per core
. GiHz
 KiB per core (data & instructions each)
 KiB per core
 MiB shared
 GiB

Table XII.1: Conﬁguration of the machine used for the benchmarks*

in the overhead incurred by our framework. To establish this, we benchmarked against a
“raw” OMP implementation of some algorithms that does not rely on our framework.
Furthermore, we have measured the performance of using the  parallel extensions
instead of our framework. e  parallel extensions acted as a stand-in for other libraries such as the  which use a similar principle and thus we expect their performance
to diﬀer only slightly. Furthermore, examining the implementation of the  parallel
extensions did not reveal any obvious abstraction overhead so we can reasonably expect
it to perform competitively.
We do not need to worry about the scalability with increasing input size, therefore we
have only performed benchmarks with one input size to determine the speed-up factor
depending on the number of threads.
e implementations of the various load-balancing schedules contain a number of
hard-coded tuning parameters. e values for these parameters were adapted from the
code in the  parallel extensions [Singler & Konsik, ].

12.2.1 Independent data
Figure XII. shows some discrepancies between the implementations already found in
SA and those wrien for the benchmarks of this framework. However, the Horspool
algorithm showcases that the overhead of the SA  is not substantial. For the naive
ﬁnder, SA uses the std::search from the C++ standard library which turns out to be
more eﬃcient than a naive loop.
On the other hand, SA performs substantially worse on the bit-shiing algorithms.
e most probable reason for this is the fact that SA supports paern lengths that
exceed the machine word size ( on  bit machines). Our own implementation, being
merely a proof of concept, does not do that. In fact, SA tries to mitigate the added
costs of supporting large paern sizes by adding checks for the special case that the
paern length is less than or equal to the machine word size and resorting to a more
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.

Shi-or

Paern matching algorithm
Figure XII.2: Comparison between S A and re-implemented pattern matching algorithms. Algorithms were run sequentially, average was taken over 320 runs. Each run
searched for the occurrence of 100 reads of length 36 in chromosome 2L of Drosophila
melanogaster with a length of 23 011 544 bp.

eﬃcient implementation in this case. However, this check still incurs a small runtime
overhead and as we can see above, this turns out to be quite substantial. We did not
analyse the reasons for this discrepancy any further.
We will focus the remaining analysis on the re-implemented Horspool ﬁnder since it
performs almost equally well in our implementation and in SA and its parallelisation
scales well across many cores.
Figure XII. shows the comparison of diﬀerent parallel implementations of the Horspool algorithm running on varying numbers of threads. e “sequential” variant represents the baseline and does never use more than one thread. It is worth noting that
the version using the  parallel extensions does not scale beyond eight threads. e
machine only has eight cores but every core is able to execute two interlaced hardware
threads.
It is worth nothing that all schedules of our framework perform indistinguishably from
the manual OMP parallelisation. is means that the framework does not incur a
measurable overhead over a manual parallelisation. Furthermore, all three versions perform identical. is is not very surprising since the work is quite evenly distributed over
the whole range and thus over all threads. A static schedule thus does not result in a
large number of idle threads which could be re-distributed using a dynamic schedule.
Figures XII. and XII. show the same benchmark; this time, however, we ploed the
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(relative and absolute) speed-ups instead of the absolute running times. As expected, the
speed-up of the parallel implementations is linear in the number of threads and once
again we can see that the  parallelisation doesn’t scale beyond the number of cores.
ere is no big diﬀerence between the relative and the absolute speed-up. is shows us
that the overhead of using the parallel framework can be neglected (otherwise we would
expect a larger relative than absolute speed-up).
In ﬁgures XII. to XII. we compare the relative speed-ups of diﬀerent ﬁnder algorithms.
Both the naive search and Horspool’s algorithm scale linearly over all  threads. e
bit-shi algorithms do not take advantage of the concurrent hardware threads. is is
readily explained by the fact that hardware threads do not actually run simultaneously
– they can only be used to hide memory latencies.

12.2.2 Divide & conquer
e benchmarks for the & algorithms show some irregularities. Unfortunately, not all
of them can be explained – work in this area is not ﬁnished.
e results in ﬁgures XII. and XII. show the baseline – the un-parallelised C++
standard library sort function – against diﬀerently parallelised implementations. Notably, the work-stealing schedule performs as expected, running faster with an increasing
number of threads. e static load balancing behaves exactly like the other baseline, the
sequential execution using our framework.
e close match of these two curves shows that both must in fact accidentally run the
same schedule instead of diﬀerent ones. In fact, the “sequential” execution does use the
static load balancing, albeit with a ﬁxed thread count of . Clearly, this isn’t working
due to a not yet discovered bug in the implementation. Since the code also runs faster
than the native sort implementation it seems likely that it is always running on multiple
threads.
More interestingly, the  parallel extension version does not scale beyond two
threads. is can be explained by the fact that it parallelises the partitioning step. We
will need to obtain feedback about this behaviour from the programmers. is was not
yet done due to time constraints.
Figures XII. and XII. show the relative speed-up of the quicksort and merge sort
implementations. Note that unlike with the independent data decomposition the speedup is not linear in the number of threads – instead, it seems to follow a logarithmic
growth.
When comparing the parallel quicksort run under a work-stealing schedule with an
implementation that additionally parallelises the ﬁrst partition step (which is otherwise
done sequentially) we see that any speed-up gained by the parallel partition can be neglected (ﬁgures XII. and XII.). However, this may be simply due to the fact that the
general-purpose parallel partitioning algorithm (taken from the  parallel extensions)
performs worse the than the specialised three-ways partition used otherwise.
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Our parallel mergesort implementation doesn’t scale beyond four threads. is can
be seen in ﬁgures XII. and XII.. Our ﬁrst guess was that the non-trivial merging
schedule induces a lot of waiting at locks. We tested this by puing stopwatches around
the locking code and ploed the progression of the algorithm.
e result is shown in ﬁgures XII. and XII.. ese graphs illustrate the progress
made by the execution, i. e. the time not spent waiting for a lock. Every dot in the graph
corresponds to an event, either entering or leaving a critical section. Every diagonal
line corresponds to progress. We expect to see horizontal lines for prolonged waiting
periods. e fact that we don’t see horizontal lines shows that no signiﬁcant time was
spent waiting.
It turns out that prolonged waiting for locks was not the cause of the slowdown.

12.2.3 Work-stealing eﬃciency
Table XII. shows the improvement of work-stealing over the static schedule when working on sorted tasks of diﬀerent size. We note that the highest improvement (of %) is
reached with eight threads. When comparing the performance on shuﬄed tasks (so that
each thread in the static schedule has the same amount of work), static and work-stealing
perform equally well.
reads










Static
.
.
.
.
.
.
.
.
.

Work-stealing Improvement
.
.
.
.
.
.
.
.
.

.%
.%
.%
.%
.%
.%
.%
.%
.%

Table XII.2: Eﬃciency of work-stealing compared to static scheduling for diﬀerent threads.
The columns “static” and “work-stealing” show the speed-up of the static and work-stealing
schedules compared to sequential execution. The last column shows the improvement of
work-stealing over the static schedule.
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Figure XII.4: Relative speed-up of Horspool ﬁnder. The speed-up
is calculated as the ratio between the time of a schedule using
threads by the time of the same schedule using one thread. The legend is identical to that in ﬁgure XII.3.
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Figure XII.6: Relative speed-ups of all ﬁnder algorithms using the static schedule
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Beware of bugs in the above code; I have
only proved it correct, not tried it.
(Donald E. Knuth)

13.1 The framework
Implementing several algorithms has shown the usefulness of the framework in parallelising existing algorithms without having to care about all the complex details of parallelisation, provided one follows a few simple guidelines.
On the other hand, the example implementation of quicksort has clearly shown that
while processing can be delegated to std::sort, the non-trivial divide step still has to
be hand-coded. In the case of quicksort this may seem simple but it actually isn’t since
the choice of the pivot for partitioning is crucial and using std::partition is entirely
inadequate [see Bentley & McIlroy, ].
us, parallel quicksort requires implementing a good pivot choice (we chose pseudomedian of ) and a good partitioning function (we chose three-ways partition which
corresponds to the Dutch ﬂagsort partition by Dijkstra [] but with the improved invariant by Bentley & McIlroy). ese algorithms, though well-documented in literature
and conceptually very simple (once understood), provide opportunities for many subtle
bugs due to oﬀ-by-one errors. In fact, their correctness proof is much simpler than their
correct implementation. All in all, the parallelisation of quicksort counts over  lines of
non-trivial code (including correctness assertions) and covers almost all of the quicksort
implementation proposed by Bentley & McIlroy.
Still, there are substantial gains from the framework even in this case, since the scheduling ensures an eﬀortless parallelisation, even if implementing the algorithm itself isn’t
trivial. In fact, the code very closely approximates a sequential implementation; the only
diﬀerence is a clear separation of the diﬀerent parts of the algorithm which is required
by the parallel framework, but also greatly improves understandability of the algorithm.
ê
A diﬀerent problem comes to light when implementing a code that makes use of the
thread-local storage to save intermediate results, such as our merge sort implementation
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with auxiliary memory. Since we want to prevent redundant copies where ever possible,
the logic becomes non-trivial: Since the result of the merge ends up not in the data
speciﬁcation but in the auxiliary memory, we need to move it back to the actual data
speciﬁcation upon completion of the algorithm. To prevent redundant copies, we only
want to do this once, at the top recursion level. is means that at recursion level 𝑖 > 0
the sorted data aer merging resides in the auxiliary memory.
But this is not the case for leaf nodes; here, the memory was sorted in-place, in the
task data description that maps to the data speciﬁcation. is in-place sorting at the
leaf level is necessary since the whole data speciﬁcation might actually be so small that
it falls below the threshold deﬁned in isLeaf. As a consequence, neither recursiveSplit
nor recursiveMerge is ever called and the result of the sorting should be available directly
in the data speciﬁcation as per the contract of the sort function.
In sequential implementations this kind of reasoning is simpler since all the data is
available at all time. In the parallel implementation, the data is distributed across threads
and we explicitly want to avoid communication, to the point that it is forbidden outside
of the well-deﬁned paths of the & schema.
ê
e framework’s architecture was geared towards extensibility. is was particularly
good to try out and benchmark diﬀerent techniques. For everyday usage, some conﬁgurations may be completely unnecessary, e. g. there’s no good reason ever to use a static
load balancing for algorithms that aren’t totally predictable, such as &.

13.2 Suitability of O

MP

OMP has allowed some very fast prototyping when implementing the framework,
thus allowing to try out ideas with throwaway code. Essentially, OMP makes caring
about threads trivial. is comes at the price of a reduced control over the threads. is
is ﬁne in general: we can control threads via the built-in schedules and some tweaking
parameters.
For greater control, OMP  oﬀers oﬀers the task construct. is would come in
handy in the implementation of our parallel & implementation. Since we couldn’t
rely on OMP  we had to work around the lack of this feature in prior versions.
All in all however, using OMP was certainly much easier than using either raw
threads or an existing threading wrapper for C++, mainly due to the automatically managed thread pool. In a next step, it is worth considering whether this automatic control
is step for step transferred to a SA speciﬁc infrastructure.
is would allow implementing a centralised control for threads that encompass both
this framework as well as code wrien (in SA) outside of this framework. At the
moment, this is diﬃcult to impossible because we can only exert as much control as
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OMP grants us. On the other hand, this could potentially make integration with
other C++ libraries harder, which would of course not use the SA threading control
mechanism.

13.3 Algorithms
Some constraints apply to the algorithm adaptors we have implemented using the parallel framework. We will discuss these restrictions in the following.
When using the parallel paern ﬁnder, long paerns may not be found under some
circumstances. Speciﬁcally, since the ﬁnder uses a blocked decomposition, we are constrained by the size of the blocks. If a paern is larger than the size of a block, it won’t
be found even if it occurs in the reference sequence.
It is the caller’s responsibility to test this because there is no good way for the parallel
ﬁnd algorithm to perform the check. It could test this in the Process method but this
would mean redundant work which contracts both C++’s philosophy of “you only pay for
what you use” and SA’s philosophy of avoiding redundant checks. We could have
added an additional method to the contract of the Algorithm class which does a contract
checking before invoking the algorithm. But this would have bloated the interface and it
is not clear whether this method has general applicability and how it would best report
errors (since SA doesn’t use exceptions). We might need to revisit this decision.
Our unstable sort implementation uses quicksort. However, as we have seen modern C++
libraries use introsort instead to avoid quicksort’s worst-case. We have used quicksort
to keep the implementation simple and in fact we have succeeded in avoiding a common
pathological worst-case – pre-sorted arrays – by a smart choice of the pivot. Nevertheless, an introsort implementation would be beneﬁcial.
Another constraint of our quicksort implementation is the very ﬁrst partition step
which runs sequentially on a single thread in our implementation. In fact however, there
is a well-known parallelisation available for the partition routine and we should take
advantage of it. Unfortunately, this currently breaks the scope of this framework since
the parallelisation of the partition has a diﬀerent data dependency.
In our preliminary tests using the parallel partition that is part of the  parallel
extension we have not been able to observe a substantial speed-up compared to the sequential partition. But the comparison is problematic since the  parallel extension
doesn’t implement the extremely eﬃcient three-ways partition that we have used in the
rest of the algorithm. It would be interesting to see how a parallel three-ways partition
performs.
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ê
e stable sort implementation also has an issue since it always uses additional memory.
For very large arrays (where parallel processing makes the most sense) this is prohibitive. C++ standard library implementations automatically switch to the in-place variant
of merge sort when they fail to allocated enough temporary memory. A solid parallel
implementation should do the same, or even rely exclusively on the in-place variant.
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XIV

14.1 Conclusion
e parallelisation of existing algorithms has showcased the framework’s usefulness in
two ways:
For a lot of algorithms (those without data dependencies) it is actually possible to run
the algorithm in parallel with no change to the algorithm and only minimal additional
code. Furthermore, the parallelisation scales well over a lot of processors and has a small
overhead, so that its application is beneﬁcial even with few processors: it is immediately
useful on today’s machines.
On the other hand, once an algorithm has data dependencies, we actually need to
rewrite the algorithm. Still, we could show that our framework makes this rewrite trivial
because all that needs to be done is the distribution of the code into separate methods,
which is trivial if the code is clearly wrien. Furthermore, local variables used by the
code might need to be transferred to the thread-local storage but this, too, will be trivial
in most cases.
In summary, we could show that the framework supports an eﬃcient, eﬀortless parallelisation of existing code. In that sense, it has achieved its goal. Unfortunately, not every
part of the algorithm is really working as expected. In particular, the parallelisation for
& with non-trivial merge remains unﬁnished because we were unable to determine
and eliminate all the causes for its slowdown.

14.2 Improvements to the framework
e framework still contains a crucial design error: the data dependency is modelled
as part of the DataSpec– we were mislead by the fact that it presumably describes the
data, which would mean that it rightly belongs with the data speciﬁcation. In reality,
the data dependencies are a property of the algorithm and do not describe the data. us,
they should make the Dependency trait part of the Algorithm class instead. is would
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also simplify the  since there are currently methods whose arguments are Algorithm
and TaskData instances but which logically belong to the Dependency trait (e. g. the isLeaf
method which works on an Algorithm but is only present for DivideAndConquer dependencies).

14.3 Improvements to work-stealing
e work-stealing schedules on blocked independent data rely on a chunk size, which is
the number of independent tasks that is stolen from the work queue. At the moment, this
number is ﬁxed in the code but the performance of the work-stealing is very sensitive to
processing time of individual tasks. Consequently, the shorter individual tasks are, the
bigger should the chunk size be.
An improvement could modify the chunk size dynamically at run-time. Two fundamental ways exist to guide this change.
. Using a predetermined function that starts oﬀ with a (very) large chunk size and
decreases in size as the algorithm progresses to allow ﬁne-grained work-stealing
in the last phase of the algorithm when most of work has been ﬁnished. is would
be very similar to the “guided” schedule of OMP which also uses an adaptive
chunk size.
. Alternatively, the scheduler could benchmark the ﬁrst (or even each) iteration and
adapt the chunk size of the next iteration according to the benchmark. is would
require determining a good ratio between chunk size and execution time of an
individual task.
Some research has already been done to improve the work-stealing schedule using
runtime adaptation. is work includes, but is not limited to Tzannes & al. []; Wang
& al. []; Agrawal & al. [].

14.4 Outlook
Despite the fact that there is still some work to do, this is not just a proof of concept.
e framework is usable and most importantly for the immediate usage, most of the
algorithms that have been parallelised during this thesis can be directly used in code and
will provide an immediate beneﬁt on multiple processors.
Furthermore, the code is well tested and we expect it to be robust and reliable. A look
into the code base will reveal a list of “to do” marks. ese should by no means taken to
mean that the code cannot be used.
e code can be found in the SA  repository under the directory seqan/projects/
benchmarks/parallel. is thesis can also be found online at hp://madr.at/msc.
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Appendix
Supplementary material, algorithm pseudo-codes and bibliography.
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A

A.1 Pattern matching
A.1.1 Boyer-Moore-Horspool algorithm
e Boyer-Moore-Horspool algorithm [Horspool, ] (simply called “Horspool” by
Navarro & Raﬃnot []) is a simpliﬁcation of the Boyer-Moore algorithm [Boyer &
Moore, ]. Like the laer, it is a suﬃx-based approach – that is, we start comparing
increasingly large suﬃxes of the paern with a given position of the text. e algorithm
is based on the observation that certain character comparisons in a string search are unnecessary, if we have already gained the information that the current character of the
text cannot occur in the paern at certain positions. e paern is pre-processed to
build a table of the ﬁrst position (from the end of the paern) at which each character
can occur.

A.1.2 Bit-parallel algorithms
e bit-parallel algorithms are a class of algorithms that use eﬃcient bit operations on
bit vectors (machine words) to perform multiple calculations in parallel, thus improving
the algorithms’ overall performance signiﬁcantly. e following variant is due to BaezaYates & Gonnet [] and is also known as “shi-or”. is is a variation of the closely
related “shi-and” variant which we will ignore here since the following is a slight improvement without altering the concept signiﬁcantly.
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Preprocessing
for 𝜎 ∈ Σ do
𝑑[𝜎] ← 𝑚
for 𝑖 ∈ [0 … 𝑚 − 1[ do
𝑑[𝑝 ] ← 𝑚 − 𝑖 − 1
Matching
𝑝𝑜𝑠 ← 0
while 𝑝𝑜𝑠 < 𝑛 − 𝑚 + 1 do
𝑗←𝑚
while 𝑗 > 0 and 𝑝
=𝑡
𝑗←𝑗−1
if 𝑗 = 0 then
Report hit at position 𝑝𝑜𝑠
𝑝𝑜𝑠 ← 𝑝𝑜𝑠 + 𝑑[𝑡
]

do

Algorithm A.1: Boyer-Moore-Horspool string matching

Preprocessing
for 𝜎 ∈ Σ do
𝐵[𝜎] ← −1
for 𝑗 ∈ [0 … 𝑚[ do
𝐵[𝑝 ] ← 𝐵[𝑝 ] & ∼(1 ≪ 𝑗)
Matching
𝐷 ← −1
for 𝑝𝑜𝑠 ∈ [0 … 𝑛[ do
𝐷 ← (𝐷 ≪ 1) | 𝐵[𝑡 ]
if 𝐷 & (1 ≪ (𝑚 − 1)) = 0 then
Report hit at position 𝑝𝑜𝑠 − 𝑚 + 1
Algorithm A.2: Shift-or algorithm
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A.2 Sorting
A.2.1 Quicksort
e following quicksort algorithm is directly adapted from Bentley & McIlroy []. It
uses a pseudo-median of nine (the median of three evenly spaced medians of three) to
ﬁnd a suitable pivot element, and the split-end partitioning algorithm presented in that
paper which itself is an improvement of the original three-ways partition, also known
as the Dutch ﬂag sort [Dijkstra, ]. e partition maintains an interesting non-trivial
invariant which Bentley & McIlroy nicely explain.
It should be noted that a randomised pivot could also be used here; Bentley & McIlroy
decided against it solely on the grounds that “a library sort has no business side-eﬀecting
the random number generator.” is refers to the standard C random generator which
uses a global state. e argument doesn’t apply to SA which provides a strong random number generator that encapsulates the state into class instances and thus doesn’t
suﬀer from this problem.
procedure (𝐴 = [𝑎
if |𝐴| < 2 then return

…𝑎

[)

All the following variables deﬁne indices to elements in 𝐴
𝑚 ← 𝑏𝑒𝑔𝑖𝑛 + |𝐴| /2
𝑠 ← |𝐴| /8
Calculate pseudo-median of  as pivot
𝑙𝑜𝑤𝑒𝑟 ← MO(𝐴, 𝑏𝑒𝑔𝑖𝑛, 𝑏𝑒𝑔𝑖𝑛 + 𝑠, 𝑏𝑒𝑔𝑖𝑛 + 2𝑠)
𝑚𝑖𝑑 ← MO(𝐴, 𝑚, 𝑚 − 𝑠, 𝑚 + 𝑠)
ℎ𝑖𝑔ℎ𝑒𝑟 ← MO(𝐴, 𝑒𝑛𝑑 − 1 − 2𝑠, 𝑒𝑛𝑑 − 1 − 𝑠, 𝑒𝑛𝑑 − 1)
𝑝𝑖𝑣𝑜𝑡 ← MO(𝐴, 𝑙𝑜𝑤𝑒𝑟, 𝑚𝑖𝑑, ℎ𝑖𝑔ℎ𝑒𝑟)
𝑙𝑒𝑠𝑠, 𝑚𝑜𝑟𝑒 ← P(𝐴, 𝑝𝑖𝑣𝑜𝑡)
([𝑎
… 𝑎 [)
([𝑎
… 𝑎 [)
Algorithm A.3: Quicksort

A.2.2 Merge sort
We implemented the basic out-of-place two-ways merge sort found e.g. in Knuth [].
e only interesting bit about this algorithm was how to prevent the copy in line . Due
to the fact that each level in the recursion tree spawns its own thread-local states, the
storage locations of the source and the target of the merge operation are always distinct.
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function MO(𝐴, 𝑖, 𝑗, 𝑘)
if 𝑎 < 𝑎 then
if 𝑎 < 𝑎 then return 𝑗
else if 𝑎 < 𝑎 then return 𝑘
else return 𝑖
else
if 𝑎 < 𝑎 then return 𝑗
else if 𝑎 < 𝑎 then return 𝑘
else return 𝑖
Algorithm A.4: Median of three

Only one copy needs to be made, on the topmost level, when the thread-local temporary
storage is copied back into the original data location.
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function P(𝑋 = [𝑥
…𝑥
S(𝑥
,𝑥
)
𝑎 ← 𝑏𝑒𝑔𝑖𝑛 + 1 , 𝑏 ← 𝑏𝑒𝑔𝑖𝑛 + 1
𝑐 ← 𝑒𝑛𝑑 − 1 , 𝑑 ← 𝑒𝑛𝑑 − 1

[, 𝑝𝑖𝑣𝑜𝑡)

while not done do
while 𝑏 ≤ 𝑐 and 𝑥 ≤ 𝑥
do
if 𝑥 = 𝑥
then
S(𝑥 , 𝑥 ) , 𝑎 ← 𝑎 + 1
𝑏←𝑏+1
while 𝑐 ≥ 𝑏 and 𝑥 ≥ 𝑥
do
if 𝑥 = 𝑥
then
S(𝑥 , 𝑥 ) , 𝑑 ← 𝑑 − 1
𝑐←𝑐−1
if 𝑏 > 𝑐 then break
S(𝑥 , 𝑥 ) , 𝑏 ← 𝑏 + 1 , 𝑐 ← 𝑐 − 1
Swap elements from both ends to middle
𝑠 ← M(𝑎 − 𝑏𝑒𝑔𝑖𝑛, 𝑏 − 𝑎)
𝑙 ← 𝑏𝑒𝑔𝑖𝑛 , ℎ ← 𝑏 − 𝑠
while 𝑠 > 0 do
S(𝑥 , 𝑥 )
𝑙←𝑙+1,ℎ←ℎ+1,𝑠←𝑠−1
𝑠 ← M(𝑑 − 𝑐, 𝑒𝑛𝑑 − 1 − 𝑑)
𝑙 ← 𝑏 , ℎ ← 𝑒𝑛𝑑 − 𝑠
while 𝑠 > 0 do
S(𝑥 , 𝑥 )
𝑙←𝑙+1,ℎ←ℎ+1,𝑠←𝑠−1
return 𝑏𝑒𝑔𝑖𝑛 + (𝑏 − 𝑎), 𝑒𝑛𝑑 − (𝑑 − 𝑐)
Algorithm A.5: Split-end partition

procedure MS(𝐴 = [𝑎
…𝑎
if |𝐴| < 2 then return
𝑚 ← 𝑏𝑒𝑔𝑖𝑛 + |𝐴| /2
MS([𝑎
… 𝑎 [)
MS([𝑎 … 𝑎 [)
𝐴 ← M([𝑎
… 𝑎 [, [𝑎 … 𝑎

[)

[)

Algorithm A.6: Merge sort
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function M(𝑋 = [𝑥 … 𝑥 [, 𝑌 = [𝑦 … 𝑦 [)
𝑍 ← [𝑧 … 𝑧 [ an array of size |𝑍| = |𝑋| + |𝑌|
𝑖←𝑎,𝑗←𝑐,𝑘←0
while not done do
if 𝑎 ≤ 𝑏 then
𝑧 ←𝑎 ,𝑘←𝑘+1,𝑖←𝑖+1
if 𝑖 = 𝑏 then
while 𝑗 ≠ 𝑑 do 𝑧 ← 𝑦 , 𝑘 ← 𝑘 + 1 , 𝑗 ← 𝑗 + 1
break
else
𝑧 ←𝑏 ,𝑘←𝑘+1,𝑗←𝑗+1
if 𝑗 = 𝑑 then
while 𝑖 ≠ 𝑏 do 𝑧 ← 𝑎 , 𝑘 ← 𝑘 + 1 , 𝑖 ← 𝑖 + 1
break
return 𝑍
Algorithm A.7: Two-ways merge
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B

B.1 Software engineering
e content of this section doesn’t pertain directly to the results of this thesis. It is
nevertheless included because we believe that good engineering is an important factor in
every soware endeavour, and that adhering to the principles listed below has improved
the quality (both in terms of performance as well as reliability) of the framework.
We tried to apply soware engineering best practices throughout. In particular, this
includes:
• Fact checking in the form of assertions in the code.
• Extensive (unit) testing. at way, we ensure that the tests are actually run and
test the correct functionality, rather than greenlighting on a whim.
• Code was compiled using the strictest error level provided by the compiler, and
warnings were treated as errors.
• Code coverage to ensure that tests cover all code paths. is was particularly
important to ensure that the correct template specialisations got used.
• Checks for memory leaks using Valgrind [Valgrind Developers, ].
• Proﬁling to identify performance bolenecks in the code using Shark [Apple Inc.,
].
• e SA documentation system was used to provide a detailed documentation
of the framework’s 
• Manual memory management was eschewed in favour of C++’ automatic memory
management mechanisms.
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Assertions and unit testing as well as code coverage reporting were implemented using
SA’s testing framework.* Where it made sense, tests were wrien before the actual
code and a test-driven methodology was used. Combined with assertions, this makes
thinking about edge cases of the algorithms very explicit which aids debuggability as
well as adding to the documentation: well-wrien test cases document algorithm’s edge
cases.
Furthermore, the unit tests include large-scale tests on random input data to improve
conﬁdence in the implementation by the sheer volume of testing. is has turned out
to be useful to discover some subtle race conditions in the parallel code that occur only
very rarely, and turn up only a once in a few hundred test runs.
All in all, there are almost  unit tests in this project. Many of those tests are completely identical, and merely run on diﬀerent conﬁgurations of algorithm, scheduler and
data. To avoid having to write all these tests, the test suite makes heavy use of templates
to generate the code necessary for those tests.
Compiling with warnings treated as errors also helped to keep the code clean since most
warnings in the  compiler actually turn out to be legitimate and the very few that
aren’t can be circumvented easily.
e framework was developed using the  tool chain so  [Free Soware Foundation, ] was the natural choice for the debugger soware.

* An

introduction can be found at trac.mi.fu-berlin.de/seqan/wiki/HowTo/WriteTests.
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Zen Hei Mono. Formulæ use Cambria Math. e types used for the ampersands are TEX
Gyre Pagella and PilGi.
e thesis was wrien using the MacVim editor. Additional soware used to produce
ﬁgures and statistics includes Apple Keynote, Inkscape and Python.
e animal on the cover is an invisible dragon, Draco invisible. It can be found all over
the world but its favourite habitat is reportedly Carl Sagan’s garage. More information
on this peculiar animal can be found in Sagan [].

e following LATEX packages were used to produce this document: nag · scrkbase · scrbase · keyval · scrlﬁle ·
tocbasic · typearea · ﬁxltxe · ifXƎTEX · AMSmath · amstext · amsgen · amsbsy · amsopn · xcolor · xltxtra ·
ifLuaTEX · fontspec · expl · xparse · lnames · -TEX · lbasics · lexpan · ltl · lint · lquark · lseq · ltoks ·
lprg · lclist · ltoken · lprop · lmsg · lio · lskip · lbox · lkeyval · lkeys · lprecom · lxref · lﬁle · lfp ·
lluatex · calc · xkeyval · fontspec-patches · fontenc · xunicode · realscripts · metalogo · graphicx · graphics ·
trig · unicode-math · lkeyse · catchﬁle · infwarerr · ltxcmds · -TEXcmds · trimspaces · ﬁx-cm · ﬁlehook ·
ﬁlehook-scrlﬁle · Π ο λ υ γ λ ω σ σ ι α (polyglossia) · etoolbox · makecmds · microtype · ihen · amsthm ·
suﬃx · natbib · scrpage · xspace · listings · ﬂoat · booktabs · todonotes · TikZ ·  · pgﬀor · pgfrcs · everyshi ·
pgfcore · pgfsys · pgfcomp-version-- · pgfcomp-version-- · pgeys · marvosym · rotating · multirow ·
array · algorithm · algpseudocode · algorithmicx · fancyvrb · caption · caption · needspace · tocstyle · pgfplots ·
wrapﬁg · changepage · mdwlist · titlesec · siunitx · translator · verbatim · url · hyperref · ifpdf · pdTEXcmds ·
kvsetkeys · pdfescape · iVTEX · hycolor · xcolor-patch · letltxmacro · kvoptions · intcalc · bitset · bigintcalc ·
atbegshi · stringenc · rerunﬁlecheck · cleveref · color · nameref · refcount · geitlestring.
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