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is thesis deals with the problem of post-processing readmapping data to resolve ambiguously
mapped reads, i.e. regions within the multi-alignment produced by a read mapper that are
covered by reads that actually originate from different regions. For that purpose, an algorithm
work flow was designed, implemented and evaluated for different read mapping scenarios.
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I
I

iswork discusses an approach to handle ambiguity in read-mapping applications. Ambiguity,
in this scenario, describes the case where regions in the reference sequence have reads mapped
against them, which are not all of common origin.

In this chapter, an introduction to DNA sequencing methods and the computational process-
ing of the resulting data, namely sequence assembly and read mapping is given. Furthermore,
the impact of read ambiguity during these processes is discussed for different scenarios and
applications. e chapter then closes with previous work on the subject and a description of
the goals of this thesis.

1.1. DNA Sequencing

DNA sequencing methods can be roughly divided into two categories – the automated Sanger
method, sometimes also referred to as first generation sequencing, and the recently developed
next generation sequencingmethods, a term describing a group of recently emerged high through-
put methods [1].

Automated Sanger sequencing has been the de facto standard for sequencing for almost 20
years and has been involved in most of the major accomplishments in the field of DNA se-
quencing, including the human genome project. e principle of the Sanger method [2] is
to determine the sequence by interrupted DNA replication using primers, dNTPs and DNA
polymerase similar to those used in PCR setups. To add a known primer binding site and for
clonal amplification, the target fragment is inserted into a vector and incorporated into a bac-
terial cell. It is then clonally amplified, extracted and cut out of the vector. e resulting DNA
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Figure 1.1.: A simplified scheme of the Sanger sequencing approach. e DNA strand of in-
terest (template) is inserted into a vector ..1 and incorporated into a bacterial cell.
Aerwards, the host cell is cloned ..2 and the insert of each vector is transcribed
using primers sensitive to the vector and a mixture of regular dNTPs as well as
transcription terminating ddNTPs with fluorescence markers ..3 . e sequence is
recovered with high resolution gel electrophoresis using the segments lengths and
the detected fluorescence ..4 .

molecules are then replicated in vitro, where in addition to the regular dNTPs a small fraction
of dideoxynucleotides (ddNTPs) is added that, if used by the DNA polymerase to elongate the
DNA strand currently created, terminate the elongation of the new strand. e ddNTPs of each
base type are labeled with different fluorescence markers. e replication is then performed on
the clonally created copies of the same fragment. Due to the mixture of dNTPs with ddNTPs
the transcription of each copy is terminated at a different stage and fragments of different
lengths are produced. e sequence of the original strand can then be recovered by analysing
the length and terminating base of each fragment by gel electrophoresis and fluorescence anal-
ysis [3]. Sequences recovered from DNA molecules using DNA sequencing are called reads.
e basic work flow of the Sanger sequencing method is illustrated in Figure 1.1.

Next generation sequencing methods also use the DNA replication mechanism with fluo-
rescent terminal ddNTPs to recover the base types. However, in contrast to original Sanger
sequencing, these methods allow to read multiple bases from the same DNA molecule while it
is being elongated and can process many different template fragments at the same time. ere
are two major requirements for this to be possible: for one thing, the different template frag-
ments needs to be spatially separated and immobilized, such that the subsequent fluorescent
events for each base can be associated with the fragment they originate from. Secondly, the
elongation termination needs to be reversible, such that the elongation can continue aer the
most recently added base type has been detected. Different approaches have been developed
to meet both requirements, resulting in different sequencing platforms. As an example, in the
Illumina/Solexa sequencer the template DNA molecules are immobilized using a glass plate
with forward and reverse primers aached to it. e template fragments bind to those primers
and are then amplified while spatially fixated using free neighboring primers, a process called
bridge amplification. is way, each template builds up a cluster of spatially fixated copies on
the glass plate. Aer this amplification step, the base by base replication is started by adding
dye labeled nucleotides containing a termination group. Aer the replication of the first base
is completed for all fragments, the free nucleotides are washed away and the signal is detected.
en, the termination groups and the dyes are cleaved from the nucleotides and the process is
repeated until the elongation has finished.
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Figure 1.2.: An illustration of the shotgun sequencing steps. e original DNA strand is copied
various times ..1 and then cleaved at random positions ..2 . ose fragments that
have the right length for the chosen sequencing method are selected ..3 and both
ends of each fragment are sequenced ..4 .

Developments as the Illumina/Solexa sequencer and other next generation sequencing plat-
forms have caused a significant decrease in costs for DNA sequencing. Before 2007, when the
first of these platforms appeared, the costs for automated Sanger sequencing had dropped to
about 500 USD per megabase. With next generation sequencing platforms these costs have
dropped further and more rapidly to less than 0.5 USD per megabase until 2011 [4]. A disad-
vantage of next generation platforms however are the read lengths, which have been signif-
icantly smaller for the early platforms (approx. 30 base pairs) and still have not reached the
read lengths of automated Sanger sequencing, which produces about 500-1000 base pairs per
read. e read lengths for next generation platforms are however increasing rapidly, e.g. newer
Illumina/Solexa platforms produce reads of length 150.

Nevertheless, independent of first or next generation sequencing methods being used, the
maximum read length is a limitation in many applications. Available sequencing methods
cannot be used to directly sequence entire genes (a human gene spans in average a region
of 25-30,000 base pairs [5]) or even genomes (the human genome contains about 3.3 billion base
pairs [5]). e most popular approach to deal with this limitation is the so called shotgun se-
quencing method, as illustrated in Figure 1.2. e original sequence is duplicated several times
and each copy is cleaved into smaller pieces at random positions (e.g. using ultrasonic waves).
From the random fragments those that have the right size for the chosen sequencing method
are selected and sequenced. e result is a set of overlapping read sequences that can then be
processed computationally with the goal to determine the relative position of the reads to each
other or to a reference sequence. To support this process, additional anchor points between
the reads are added by using a template size larger than the read length and sequencing it from
both ends. at way, for each template two reads are produced, whose relative position to each
other can be estimated by their length and the chosen template length. Such a pair of reads is
called a mate pair. e type of read processing depends on the application and can be divided
into sequence assembly and read mapping, which are described in more detail in the following
sections.
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Figure 1.3.: An example overlap graph (modified from [6]). All reads have a length of 500bp.
e start nodes si are denoted with , the end nodes ei are denoted with .
e minimum spanning tree is highlighted in black.

1.2. Sequence assembly

If the sequence of an entirely unknown DNA molecule is of interest, a so called sequence as-
sembly is performed. Given the set of reads F = {f1, . . . , fn} resulting from the shotgun
sequencing of the original sequence A = a1, a2, . . . , aL, the goal of a sequence assembly is
to recover the original sequence A using the information available due to the overlaps of the
reads. A standard sequence assembly approach can be divided into three stages: the overlap
phase, the layout phase and the consensus phase [6].

1.2.1. The overlap phase

During the overlap phase the overlap between every pair of reads is computed. e result is
stored in a special data structure, called an overlap graph. For a set of reads F = {f1, · · · , fn}
the overlap graph is defined as G(V,E = E1 ∪ E2, ω), where

• V =
∪

i {si, ei} contains two vertices for each read fi ∈ F representing its start and
end.

• E1 contains a directed edge ei1 = (si, ei) for each fi, where the edge is weighted with
ω(ei1) = length(fi).

• E2 contains undirected edges e
j
2 = {vk, vl} , vk, vl ∈ V , representing an overlap between

two reads. e edges are weighted with ω(ej2) = −lk,l, where lk,l is the length of the
overlap between reads fk and fl. v1 (and v2 resp.) is chosen depending on which part of
the read (beginning or end) overlaps with the other read.

An example graph is shown in Figure 1.3. Note that the overlap graph does not have to be
(and is mostly not) connected. Typically, the set of reads contains groups of overlapping reads,
hence the assembly result will not be a continuous sequence but a set of subsequences, so called
contigs.
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1.3. Read mapping against a reference

1.2.2. The layout phase

In the layout phase the information stored in the overlap graph is used to compute a multi-
alignment of the reads. is is mostly done under the assumption that the most likely layout is
the most compact layout, or put differently, that the shortest common superstring is the correct
consensus sequence for a given set of reads. Finding the shortest common superstring can be
reformulated as a graph problem on the overlap graph, namely finding theminimum spanning
tree for each connected component of the overlap graph. e minimum spanning tree of a
graph G(V,E, ω) is defined as the tree T (V,E′ ⊂ E), such that

∑
e∈E′ ω(e) is minimal. e

minimum spanning tree for the example shown in Figure 1.3 is highlighted in black.

Finding the shortest common superstring (or the minimum spanning tree respectively) is
known to be NP-hard [7]. Due to the complexity of the problem, mostly heuristic approaches
are used, such as choosing the overlap edges in decreasing overlap length.

1.2.3. The consensus phase

In the consensus phase the final layout, i.e. a multi-alignment that takes into account the over-
laps that are referenced by the realized overlap edges in the minimum spanning tree and the
consensus sequence of that multi-alignment is computed.

1.3. Read mapping against a reference

Besides reconstructing the consensus sequence from the reads produced by the shotgun se-
quencing, another application is to map the reads against a reference sequence or a database
of sequences. e read mapping problem can be formulated like this: Given the set of reads
F = {f1, . . . , fn} a reference sequenceG and a distance threshold k ∈ N, find all substrings g
of G with distance at most k to any f ∈ F , called matches [8].

Mapping a read against a reference is mostly performed in two stages: first, a filtering al-
gorithm is applied that is supposed to reduce the target regions within the reference sequence
significantly, such that the expensive search for approximate hits does not have to be per-
formed on the entire reference sequence. e filter uses an index data structure such as the
q-gram index (in the case of the QUASAR [9] or SWIFT [10] filters), returns candidate regions
in the reference sequence and guarantees that there are no matches outside those regions. In a
second step, the candidate regions are checked for matches.

1.3.1. Applications

As next generation platforms drastically reduced costs for DNA sequencing, a lot of new appli-
cations appeared. e focus was extended from sequencing only a few reference genomes for
each species to actually analyse sequences of individuals and their variations. Most of these
new applications are read mapping applications.
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Resequencing

Large scale sequencing of individuals of the same species has been impossible within reasonable
cost and time constraints with traditional sequencing methods. Now however, whole genome
resequencing, i.e. variation analysis between individuals on a genomic level became afford-
able [11]. Instead of reassembling the reads again, the reads are mapped against the already
assembled reference genome of another individual of the same species. A suitable distance
threshold covers the single nucleotide polymorphisms (SNPs) between the individuals, which
can then be detected and analysed. To further reduce costs, exome sequencing enables us to se-
lectively capture only the exome, i.e. the protein coding part of the genome. While the human
genome has an overall length of approximately 3 Gb (3 billion base pairs), only about 1% (~30
Mb) of the overall sequence is actually encoding for proteins [12].

Quantitative methods

For a long time, gene expression analysis (or more precisely transcriptome analysis) has been
done by hybridizing reverse transcribed mRNA with cDNA probes on microarray chips. With
next generation sequencing platforms it became more aractive to do this directly on the se-
quence level. RNA-Seq does exactly that - instead of hybridizing the DNA molecules with ref-
erence molecules they are sequenced and the reads are mapped against reference sequences.
antification is then done based on the coverage of certain reference locations. RNA-Seq is
a relatively new method and still under development, but it is expected to overcome some dis-
advantages of microarrays such as lack of comparability across experiments and background
noise due to cross-hybridization [13].

Another method that has recently been migrated from microarray- to sequence-based eval-
uation is Chromatin immunoprecipitation (ChIP), a method to investigate interactions between
DNA molecules and proteins in the cell. It allows the selection of DNA fragments from a cell
that are bound to a particular protein. Until recently the ChIP-DNA has been hybridized on
microarrays for analysis (ChIP-Chip) – now also these analyses are performed by sequencing
and mapping the fragments instead (ChIP-Seq) [14].

Metagenomics

Metagenomics is the study of the microbial DNA content of environmental probes. It enables us
to studymicrobes that are not culturable, which actually applies to about 99% of all microorgan-
isms [15]. While early approaches involved constructing BAC libraries from the environmental
DNA samples, screening those for phylogenetic markers and eventually using Sanger sequenc-
ing to recover sequence fragments of the taxa of interest, nowadays the entire sample can be
sequenced and the reads are assigned to taxa bymapping them against reference databases [16].
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Figure 1.4.: A simplified example of an original sequence containing two repeats (R andR′) and
a read layout that will be falsely reconstructed (modified from [6]).
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Figure 1.5.: e overlap graph produced from the reads shown in Figure 1.4. e graph contains
two repeat induced false overlap edges, e1 and e2 (modified from [6]).

1.4. Read ambiguity

e term read ambiguity shall be defined to generally describe the situation when two or more
reads that originate from different locations within the sequenced sample are highly similar,
such that soware computing a read layout will assign them the same or overlapping locations.
Both in sequence assembly and in read mapping applications read ambiguity can be (and is in
practice) a problem. In the case of sequence assembly, similar or identical reads originate from
repeats within the original sequence and cause repeat occurrences to be compressed into one
occurrence. In readmapping similar or identical readswill bemapped against the same location,
even though they are not of common origin and thus falsify the result in most applications.

1.4.1. Effects in Sequence Assembly

e critical phase concerning repeats during sequence assembly is the overlap phase. Repeat
regions within the original sequence cause false overlap edges in the overlap graph and thus
falsify the information used for computing the read layout. Consider the example shown in
Figure 1.4. e reads f2, f3, f5 and f6 cover the repeat regions R and R′. Aer computing all
pairwise overlaps during the overlap phase, an overlap between f2 and f6 as well as an overlap
between f3 and f5 will be detected. ese overlaps are however induced by the repeats and
not by the fact that the fragments originate from the same region on the original sequence. e
resulting overlap graph is shown in Figure 1.5. While this particular situation is still relatively
easy to detect and resolve, the problem becomes more complex when the repeat lengths sig-
nificantly exceed the length of a read, i.e. there are reads that originate from repeat regions
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Figure 1.6.: e original sequence (up) contains two repeats, R and R′, as well as three unique
regions,A,B andC . Below the sequence the correct read layout is shown (modified
from [6]).
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Figure 1.7.: e reconstructed sequence (up) no longer contains both repeats completely, the
region R′

c without overlaps to any of the unique regions has been overcompressed.
e reads have been assigned to the region Rc, which shows a higher coverage as
a result (modified from [6]).

and do not overlap with any unique region within the original sequence. e additional edges
within the overlap graph compose shorter paths to be used by the minimum spanning tree and
hence shorten the consensus layout (and sequence).

e effect is illustrated in Figures 1.6 and 1.7. e reads that do not overlap with any of the
unique regions A,B or C are compressed into one occurrence in the consensus sequence.

1.4.2. Effects in read mapping

In read mapping, read ambiguity can be roughly divided into three categories. In any case, the
layout proposed by the read mapper contains locations covered by at least two reads that do
not originate from the same sequence or location.

1. e reference sequence and the input strand both contain (the same) similar regions

When the reference contains similar regions, reads that match against one of them will
match against all of them, if the distance threshold is not exceeded. e affected regions
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1.5. Micro heterogeneity

show unexpectedly high coverage and the reads will map against multiple locations (mul-
tireads).

2. e reference sequence contains only some of the similar regions present in the input
strand

If the input sequence contained similar regions R = {R1, . . . , Rn}, but the reference
contains only a subset R′ ⊂ R, then the reads from those “hidden” subsequences will
be mapped against the available regions. A possible reason for this situation is repeat
compression during the assembly of the reference sequence (as described in Section 1.4.1).
If |R′| = 1 all reads can be mapped uniquely, thus there are no multireads. e affected
locations within the reference sequence show a higher coverage.

3. Multiple input strands (mixed sample)

If the input sequence contains multiple haplotypes, the reads can be seen as sequences
originating from similar regions as well. ey are however equally distributed among
the reference sequence and induce neither multireads nor additional coverage.

Depending on the application the effects of the false mappings are different. antitative meth-
ods such as CHiP-Seq and RNA-Seq will suffer from false high quantifications [17], whereas in
resequencing methods the consensus and hence the detected variations are falsified.

Also it should be noted that even though in some of the scenarios described above read
ambiguity will result in a higher coverage for the affected regions, that does not necessarily
imply that the difference in coverage can be used to identify such regions. In some applications
thatmight be the case, in others however, in particular in quantitativemethods, where reference
regions are expected to show significant differences regarding their coverage, it is not.

1.5. Micro heterogeneity

If two reads f1 and f2 that map against the same location even though they do not originate
from the same location on the input sequence, are perfectly identical, there is obviously no
way to classify them according to their origin. Fortunately, perfect sequence conservation
is something that rarely occurs in real life - hence differences between the reads are to be
expected. An example of that micro heterogeneity is shown in Figure 1.8. e columns that
contain multiple deviations of the same character induced by read ambiguity are denoted as
separating columns, since the information contained in these columns can be used to classify
the reads according to their origin. is information can be supported by other columns that
contain deviations at the very same positions.
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..reference .
reads

.ATGTACTAGCAGCTCGCACCCCTGGTTTAAGAGTTGTAATTGGGGCGGTAAC..
ATGTACTAGCAGCTCGCACCCCTGGTTTAA
.

ATGTACTAGCAGCTCGCACCCCTGGTTTAAGAGTTGTAATTGGGGCGGTAAC

.

ATGGACTAGCAGCTCGCACCCCAGGTTAAAGTGTTTTAATTGGGGCGCTAAC

.

ATGTACTAGCAGCTCGCACCCCTGGTTTAAGAGTTGTAATTGGGGCGGTAAC

.

ATGGACTAGCAGCTCGCACCCCAGGTTAAAGTGTTTTAATTGGGGCGCTAAC

.

ATGGACTAGCAGCTCGCACCCCAGGTTAAAGTGTTTTAATTGGGGCGCTAAC

.

ACCCCTGGTTTAAGAGTTGTAATTGGGGCGGTAAC

Figure 1.8.: Correlating differences within the read sequence. Characters deviating from the
column consensus are highlighted. is illustrative example contains rather many
of those deviations, as opposed to the expected number of deviations in practical
applications.

1.5.1. Previous work and contents of this thesis

A fundamental step of every algorithm classifying reads based on micro heterogeneity is to
decide if a column in the consensus layout qualifies as a separating column, i.e. if its deviations
are statistically significant or if the observed deviations simply occur by chance. Kececioglu and
Ju [18] as well as Tammi et al. [19] developed criteria to quantify the significance of candidate
columns. Apart from that, Kececioglu and Ju also proposed an entire algorithm work flow to
perform the classification and integrate the results into the sequence assembly process.

Classification based on micro heterogeneity can be seen as the most general approach to
handle read ambiguity, since it uses a very low level type of information and is application in-
dependent. ere are however also other, application specific approaches, e.g. for quantitative
methods. Mortazavi et al. [17] analyzed the effects of mapping uncertainty in RNA-Seq expres-
sion estimations and suggested to distribute multireads proportional to unique reads that map
to the same regions to correct for the bias they introduce. Furthermore, Li et al. [20] developed
a more sophisticated method using a Bayesian Network modeling the RNA-Seq sequencing
process to estimate expression levels, taking into account also read ambiguity.

e goal of this thesis was to build a work flow to resolve read ambiguity in read mapping
applications using micro heterogeneity. As an initial basis the work flow developed by Kece-
cioglu and Ju to perform repeat resolution during sequence assembly was taken and adapted
to be suitable as a post processing refinement step to improve the result of a read mapper.
at adaption includes an alternate iteration through the data, namely the multi- alignment
produced by the read mapper as opposed to the original approach, which alternates between
analysing the current read layout and modifying the conflict graph. Furthermore, the signifi-
cance test developed by Tammi et al. is integrated into the adapted pipeline, as it promises to
be more suitable for shorter read lengths and read mapping applications. Finally, some appli-
cation dependent post processing methods were added, integrating the local classifications of
read occurrences within the multi-alignment depending on the goal of the separation - either
the correction of the multi-alignment, i.e. the removal of falsely mapped reads or the creation
of larger classes of read occurrences that might make the recovery of hidden origins possible.
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1.5. Micro heterogeneity

All of these methods will be discussed in Chapter II.

e methods discussed in this thesis were also implemented and evaluated. e performance
of the separation methods in different scenarios was compared for different criteria, such as
the sensitivity regarding read occurrences that require separation, the precision in detecting
separating columns, the quality, i.e. homogeneity of the produced classes etc. e results of
those evaluations are described in Chapter III.
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II
A

In this chapter an algorithmwork flow for ambiguity resolution on a multi-alignment produced
by a read mapper based on micro heterogeneity is described. It utilizes methods for handling
read ambiguity during the read assembly process proposed by Kececioglu and Ju [18], which
were adapted and extended to be applied as a post processing step aer read mapping. Also, an
alternative method to evaluate the significance of deviations in read sequences for ambiguity
handling proposed by Tammi et al. [19] is described as a substitute for the original method.

2.1. Preliminaries

Given a reference sequence sref of length g and a set of N read sequences F = {f1, . . . , fN},
the set of all read occurrences detected by a read mapper given sref andR as input is denoted as
L. Each successfully mapped read is represented by one or more elements l = (ℓs, ℓe, ℓr) ∈ L,
where ℓs is the start position within the multi-alignment, ℓe the end position and lr the index
of the read sequence occurring at that location. In other words, there exists an alignment of
the sequence rℓr ∈ R that starts at column ℓs and ends at column ℓe of the multi-alignment
and fulfills the constraints specified by the user when calling the read mapper. Given a column
uwithin the multi-alignment we denote as Lu ⊆ L the subset of read occurrences that overlap
that column. Furthermore,Lu,v = Lu∩Lv contains all read occurrences that span both position
u and position v. Inversely, CL′ is used to denote the columns within the multi-alignment that
are covered by all read occurrences ℓ ∈ L′.
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2.2. Overview

e work flow for processing a given set of read occurrences L is divided into multiple stages.
At first, the data is pre-processed, i.e. the multiple sequence alignment is optimized to avoid
classification errors due to false separating columns induced by a suboptimal multi-alignment.
If possible, the optimized multi-alignment is then filtered, i.e. areas that are not expected to
contain ambiguous reads are excluded using the criteria discussed in Section 1.4.2, which re-
duces the number of alignment columns that have to be inspected. e remaining columns are
then examined in order to identify those that fulfill the criteria for true separating columns.

In a next step, multiple such columns covering a common set of read occurrences are used to
create separation sites. e read occurrences within such a site are then locally classified based
on the information contained in the identified columns as associated by the separation site.
Depending on the desired result of the separation these local classification results are used in
different ways. One possibility is the creation of an improved multi-alignment by removing
falsely mapped read occurrences based on their computed partition. If, however, the sequence
of the origin of the reads is of interest, the results of the local classifications are combined
if possible. is process has two purposes: firstly, the refinement of local partitions based
on the information gained through other local partitions; secondly, the association of classes
across multiple such local partitions to form larger classes that span wider areas of the multi-
alignment. Each of the steps as well as the algorithms used in each stage are discussed in the
following sections.

2.3. Pre-processing the data

Micro heterogeneity based read separation relies on the good quality of the multi-alignment
produced by the read mapper. An erroneous multi-alignment can induce alignment columns
that are not distinguishable from true separating alignment columns, as illustrated in Figure 2.1.
us, prior to any analysis, the alignment should be optimized using the ReAligner [21] algo-
rithm to reduce false over-classification originating from such suboptimal multiple alignments.

2.4. Filtering the search space

Evaluating the information content of alignment columns regarding the separation of ambigu-
ous reads can be time consuming. erefore it is desirable to find a search space covering all
read occurrences of interest that is smaller than the entire read layout. As described in Sec-
tion 1.4.2, depending on the input data there are two features within a read layout that can be
used as an indicator for read ambiguity. emost obvious indicators are multiread occurrences,
i.e. locations that are covered by reads that map against at least one other location. However,
as already pointed out, in some scenarios we do not observe multireads, even though the data
contains ambiguous reads. Another indicator that might be available in that case, is unexpect-
edly high coverage. Finally, for mixed sample separation or quantitative methods not even that
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Figure 2.1.: A multi-alignment with contradicting separating columns (deviations from the
columns consensus are highlighted). e first separating column is induced by
read ambiguity, whereas the other two separating columns are induced by different
alignments of the same deletion across both variants.

indicator is available, hence no filtering is possible and every location within the layout has to
be verified.

Let a target location be a tuple t = (ts, te), where ts and te represent the start and end
positions of a region within the read layout that must be examined for separating columns. A
filter returns a set

T = {t1, t2, . . . , tn}

of such locations.

2.4.1. Filtering by multiread occurrences

Let Lmi ⊆ L be a maximally large set of overlapping multiread occurrences and Lm =
{Lm1 , . . . ,Lmn } the set of all such subsets contained in L. en the set of target locations is
simply built by all tuples containing the start- and end-position of each such set:

T =

{
ti =

(
argmin
l∈Lm

i

ls, argmax
l∈Lm

i

le

)
, i ∈ {1, . . . , n}

}
. (2.1)

Which read occurrences are multiread occurrences can be determined in O(|L|) time. Aer
initially sorting the read occurrences inO(|L|·log |L|) time the continuous groups ofmultireads
can be determined in O(|L|) time, hence the overall time complexity of computing T is in
O(|L| · log |L|).

2.4.2. Filtering by unexpectedly high coverage

is method was suggested by Kececioglu and Ju and is part of their assembly correction work
flow [18]. Under a simplified model one can express the probability of observing a particu-
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lar depth, i.e. the number of reads that cover a given position in the read layout, using the
cumulative binomial distribution function:

B(p, k, n) = P (K ≥ k) =
∑

k≤i≤n

(
n

i

)
pi (1− p)n−i . (2.2)

Under the assumption that all reads have the same length l and are uniformly distributed among
the reference sequence, there are g − l + 1 possible positions for a read within the layout,
where g denotes the length of the reference sequence. us the probability for a read to cover
a given position is l

g−l+1 . A particular depth within the multi-alignment can be considered
unexpectedly high if

B

(
l

g − l + 1
, d, |L|

)
≤ χ,

where χ is a user-defined threshold. Using this condition, the depth threshold for columns
considered overrepresented can be initially pre-computed:

d∗ := min
1≤d≤n

{
d : B

(
l

g − l + 1
, d, |L|

)
≤ χ

}
.

All read occurrences that overlap with a layout region showing a coverage higher than d∗ are
considered to potentially suffer from read ambiguity. Let Lci ⊆ L be a maximally large set of
overlapping read occurrences with each read occurrence overlapping at least one column with
coverage higher than d∗ and Lc = {Lc1, . . . ,Lcn} the set of all such subsets contained in L. e
target set T can then be constructed by building targets out of the outer limits of each subset,
as previously show in Equation 2.1.

e values of the cumulative binomial distribution function can be computed in
O(
√
max {m,n−m}) = O(

√
n) time using the incomplete beta function [22] rather than

evaluating the function shown in (2.2). us, d∗ can be found in O(d∗ ·
√
|L|) time. Aer

initially sorting the read occurrences by their start position in O(|L| · log |L|) time the set of
target occurrences can then be built in O(|L|+ g) time.

2.5. Detection of separation sites

In the next stage, separating columns within the locations suggested by the filter are identified.
Multiple such separating columns covering a common set of read occurrences are then grouped
for their classification. is happens for two reasons: for one thing, using multiple separating
columns to separate the same set of reads adds redundancy and therefore robustness against
sequencing errors occurring within the separating columns; secondly, a single separating col-
umn is expected to distinguish reads between only two classes. For a group of similar regions of
common origin it is unlikely to deviate from each other at the very same positions, as mutations
are rare and thus not expected to occur multiple times at the same position. erefore, each
separating column is expected to be dominated by two base types, the column consensus and
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Figure 2.2.: A fraction of a read layout containing six reads belonging to four classes A,B,C
and D, as denoted on the le hand side of each read. Four separating columns,
c1, c2, c3 and c4 have been detected, containing deviating bases in classB (in c1), C
(in c2 and c4) and D (in c3).

one deviating base type, as illustrated in Figure 2.2. A set of reads originating from k different
regions can only be separated into k classes if at least k − 1 separating columns are present,
each induced by a distinct original region. Columns that separate the same classes (such as
c2 and c4 in Figure 2.2) do, however, add the redundancy necessary to correctly classify reads
that suffer from sequencing errors within separating columns. A set of separating columns
Cs = {c1, . . . , cn} to be used for the separation of a set of read occurrences Ls = {l1, . . . , lm}
shall be denoted as a separation site s = (Ls, Cs). Due to the fact that the actual separation
algorithm (see Section 2.6) is based on the Hamming distance of the strings created by concate-
nating the alignment characters in the columns Cs for each read alignment involved, all read
occurrences must span all columns involved, i.e. Ls = Lcs1 ∩ Lcs|Cs| .

Two algorithms to differentiate between true separating columns and those containing only
random correlating errors have been evaluated: the one originally used in the assembly opti-
mization pipeline proposed by Kececioglu and Ju [18] which will be referred to as theminimum
support approach, and another one developed by Tammi et al. [19] which will be referred to as
the pair correlation approach. Both methods will be discussed in the following two sections.
While the minimum support approach already includes the construction of separation sites as
described above, a procedure to construct such sites based on separating columns detected by
the pair correlation approach was added. To relax the requirements on the number of columns
contained in a separation site, in Section 2.8 a method is proposed to inter-connect classification
results from different neighboring separation sites and refine the partition of reads if necessary,
i.e. if each of the separation sites individually did not contain the columns necessary to distin-
guish all present origins.

2.5.1. The minimum support approach

e minimum support method processes a multi-alignment as follows: at first, a given set of
overlapping read occurrences is used to define a window within the read layout. at window
undergoes a feasibility test which, if passed, states that candidate columns for separation found
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Figure 2.3.: (a)e window being searched for separating columns for a given set of read occur-
rences is limited to the columns that all read occurrences span. (b) e window is
expanded by removing one of the read occurrences currently bounding the window.

within the window using certain criteria are statistically likely to contain true information for
separation. If such columns can be extracted from a window that passed the feasibility test,
a separation site is built from these columns. Each step of the procedure will be described in
detail in this section.

Separation windows

Separation windows are locations within the read layout that span a certain range of alignment
columns (window width) and include the reads that entirely span that range (window depth).
us, for a given set of read occurrences L′ ⊆ L the corresponding separation window spans
the columns CL′ and therefore has a width of |CL′ | and a depth of |L′|. An example is illustrated
in Figure 2.3(a).

Separating columns

Furthermore, criteria for separating columns need to be defined. A candidate for a separating
column within a given window is a column c within that window in which a character occurs
in at least two rows, but not more than ⌊d/2⌋ times, where d is the depth of the window. e
column c is supported by another column d if both c and d fulfill the candidate criterion for
the same pair of rows. If column c is supported by at least t − 1 other columns, it qualifies
as a separating column. e required minimum support t is window dependent and computed
during the window feasibility test.

Window feasibility

As already pointed out in the introduction, micro heterogeneity based separation relies on the
differentiation of two different kinds of deviations in read sequences: sequencing errors and
distinguishing base sites, i.e. deviations that occur due to the different origins of the reads. A
set of columns c1, . . . , ct that support each other and therefore fulfill the criteria for separating
columns is considered false positive if none of the 2t errors observed originate from distinguish-
ing base sites.
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2.5. Detection of separation sites

e window feasibility test consists of two stages. At first, the minimum support parame-
ter tmin is chosen depending on the depth d and the width w, such that the probability of a
false positive event is sufficiently low. Aerwards, it is checked whether the probability of a
true positive event is sufficiently high for a window of the given dimensions and a set of tmin

separating columns. If that is the case, the window is considered feasible.

Instead of an exact probability for the false positive and true positive events, Kececioglu et al.
provide an upper bound for the first and a lower bound for the laer, as they expect the exact
probabilities to be rather complex to determine as well as hard to compute. e upper bound
for a false positive event is given as

f(t, w, d) :=

(
d

2

)1− 1(
w
k

) ∑
0≤i<t

(
k

i

)(
w − k

k − i

) ·B(1

4

(
1− δ

2

)c

, t, k

)
, (2.3)

where ϵ is the sequencing error rate, δ is the rate at which distinguishing base sites occur
between similar reads, k = ⌈ϵw⌉ is the expected number of sequencing errors in a row within
the window and B is the cumulative binomial distribution function as shown in equation 2.2.
Furthermore, c is the estimated number of classes to be detected in the window. Since this
feasibility test was originally used in sequence assembly, the authors used c := max {d/r, 1}
as an estimate. As pointed out in Section 1.4.2, depending on the read mapping application and
the input data, different coverages relative to the number of read classes are not necessarily
observed. In that case, this method can only be applied with a user-supplied number of classes
and if the reads of all classes are distributed equally across the reference.

Based on Equation 2.3 the minimum support for a given window shall be denoted as

tmin := min
t≥1
{t : f(t, w, d) ≤ σ} , (2.4)

where σ is a user-defined threshold. With theminimum support that guarantees the probability
for a false positive event to be sufficiently low, it is now checked if the probability for a true
positive is sufficiently high. Again, not an exact probability, but in this case an upper bound is
provided. It is stated that the probability that a true positive separating column with support t
for a given class occurs in a window with depth d and width w is lower bounded by

g(t, w, d) :=

(
B

(
δ

2
, t, w

)
−B

(
δ

2
,
⌊w
2

⌋
+ 1, w

))
·

((
w−t
k

)(
w
k

) , 2,min {r, d}

)
. (2.5)

As mentioned before, separating columns are not expected to be shared across different pairs
of classes. us, we consider a window feasible, if

B
(
g (tmin, w, d) , ⌈(1− κ)c⌉, c

)
≥ 1− ω,

where κ is a copy-confidence threshold and ω is a window-confidence threshold, both specified
by the user.

As mentioned in Section 2.4.2, B(p, k, n) can be evaluated in O(
√
n) time. Furthermore,(

n
m

)
can be evaluated within machine precision in O(1) time [22], thus given f(t − 1, w, d),
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f(t, w, d) can be computed in O(
√
k) time. erefore, the worst-case runtime to find t∗ is in

O(t∗
√
k) = O(k3/2) = O(⌈ϵw⌉3/2).

Applying the same numerical techniques for the runtime analysis of g(t, w, d) reveals a
worst-case time in O(

√
q +
√
d) = O(max{w, d}1/2) for its evaluation. us, the overall

runtime to check a windows feasibility is in

O(⌈ϵw⌉3/2 +max {w, d}1.2).

Enumeration of windows

Now, having a procedure for evaluating whether a window is feasible or not, the question is
how to choose the windows to undergo that feasibility test. Given a set of overlapping read
occurrences L′, it is of course desirable to take as many of those occurrences into consideration
as possible when performing the classification, i.e. choose a window of high depth. Since the
window is built based on the common alignment columns that all read occurrences entirely
span, the window with the greatest depth is also the most narrow window, i.e. the window
with the smallest width. at windowmight not be suitable, as it might not contain sufficiently
many columns to pass the feasibility test. us, reads are successively removed from L′ and
the feasibility test is applied on the resulting new windows.

Let L′k ⊆ L′ with |L′k| = |L′|−k, i.e. a set of read occurrences aer removing k occurrences
from L′. For k = 0, 1, . . . the subsets of L′ are built and the corresponding windows are tested
for feasibility. For each k there are

(|L′|
k

)
many possible subsets of L′. However, not each of

them needs to tested for feasibility. e removal can be limited to those reads that currently
bound the window, as illustrated in Figure 2.3, where the removal of ℓ4 leads to a wider window,
the removal of ℓ2 or ℓ3 however does not. LetL′k,i be the set of read occurrences aer removing
the k − i occurrences with the greatest le-ends as well as the i occurrences with the smallest
right-ends from the remaining occurrences.

Lemma 1. e reduced occurrence sets L′k,0, . . . ,L′k,k cover all k-reductions of L′ that produce a
window wider than the window corresponding to L′. □

Lemma 2. If the set with the widest corresponding window out ofL′k,0, . . . ,L′k,k fails the feasibility
test, no feasible window can be built from a k-reduced set of L′. □

Due to Lemmas 1 and 2 only one window needs to be tested for feasibility for each k. e
overall procedure used to reduce a given set of read occurrences until they form a feasible
window is illustrated in Algorithm 1. Note that when increasing k, the corresponding subsets
L′k,0, . . . ,L′k,k can be extended to L′k+1,0, . . . ,L′k+1,k+1 inO(k) time. us, the runtime of the
algorithm is in O(k′2) for the stepwise reduction, where k′ is the first k that reveals a feasible
window. Including the runtime required for performing the feasibility test this leads to a run-
time of O(k2 + k

√
max{d,w}) for finding a feasible window given a set of read occurrences.
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Algorithm 1 Reduction of a set of overlapping reads until the remaining reads form a feasible
separation window
Input: L′ = subset of overlapping read occurrences
Output: TRUE if the occurrences were successfully reduced, FALSE otherwise
for k = 0 . . . |L′| − 2 do

if k = 0 then
W ← {L′}

else
extendW = {L′k−1,0, . . . ,L′k−1,k−1} to {L′k,0, . . . ,L′k,k}

Lmax ← argmaxL∈W width(L)
w ← buildWindow(Lmax)
if isFeasible(w) then
L′ ← Lmax

return TRUE
return FALSE

Building separation sites

e algorithm for finding a feasible window not only reveals a set of layout columns and a set
of read occurrences, but also defines the minimum support tmin making that window feasible,
as returned by Equation 2.4. It does however not guarantee that separating columns with that
support exist within thewindow. Such columns can however easily be detected in two iterations
over all columns in the window: In the first stage, a two-dimensional table T is filled, whereas
T (i, j) is increased whenever a column contains the same character in rows i and j and that
character occurs at most ⌊d/2⌋ times in that column. In the second iteration again for all
columns all pairs of rows are inspected. If rows i and j agree on the same character, it occurs
at most ⌊d/2⌋ times in that column and T (i, j) ≥ tmin, the column is reported as a separating
column. at way, given a separation window, the separating columns within that window can
be determined in O(wd2) time, where w and d are the width and depth of the window.

If the algorithm does not reveal any separating columns, the window is discarded. Otherwise
a separation site s = (C,L′) is reported, where C is the set of detected columns and L′ is the
set of read occurrences that correspond to the window.

Processing a target location

As the original algorithm was integrated into the read assembly process, it would now pro-
ceed by performing the local classification on the produced separation site and then remove
all overlaps between reads of different classes from the overlap graph. e procedure would
then be started over again on a new layout computed from the improved overlap graph, until
no further optimization is possible.

Since this work flow is supposed to be applied on mapped reads, another approach was cho-
sen. Rather than processing each separation site individually, all separation sites found within
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Algorithm 2 Extract all separation sites from a given target location
Input: e set of read alignments L, a target location t = (ts, te)
Output: A set of separation sites S = {s1, . . . , s|S|}
C ← columns with at least two correlating deviations

from the column consensus within t
S ← {}
for c ∈ C do
L′ ← Lc
if reduceUntilFeasible(L′) then

if buildSeparationSite(s,L′) then
if |S| = ∅ or s|S| ̸= s then
S ← S ∪ {s}

return S

the target location are processed subsequently. e local partitions of read occurrences re-
sulting from the separation sites are then post processed and interconnected, which will be
described in detail in Section 2.8.

Recall that every separating column has to contain at least two rows that share the same
alignment character which must not occur more than ⌊d/2⌋ times in that column. For a given
target location t = (ts, te), let C′t ⊆ {c : ts ≤ c < te} be the set of alignment columns within
the target location that fulfill that condition. For each column c ∈ C′t the set of overlapping read
occurrencesLc is used to find a subsetL′c ⊆ Lc of read occurrences that form a feasible window
using the previously described methods. If this is possible and sufficiently many separating
columns can be found, a new separation site is reported if it is different from the previously
reported site. e procedure is illustrated in Algorithm 2.

is method produces a set of distinct separation sites, where some of them might overlap
with preceding ones if more valid separation sites were found in close proximity. Depend-
ing on the application the overlaps between such sites will be used to refine the partition of
read occurrences and identify common origins of read occurrences that do not overlap with
each other, but are connected by other overlapping read occurrences, which will be described
in Section 2.8. e minimum support approach however has some deficiencies when used in
the context of read mapping applications. Most importantly, the methods determining the sig-
nificance of correlated errors require the number of classes c in a column, which is estimated
using the depth at that position. As mentioned before, this is not reliable in many read map-
ping scenarios, particularly not if a quantitative analysis is performed. Furthermore, for the
post processing methods proposed in Section 2.8 an approach that offers more control over the
extent of overlap between separation sites is desirable. erefore, another approach meant to
substitute the minimum support method within the work flow will be discussed in the next
section.
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Figure 2.4.: A fragment of a read layout. Column c1 contains Nc1 = 3 deviations from the
consensus (highlighted in black), column c2 contains Nc2 = 4 deviation from the
consensus. ere are Cc1,c2 = 3 correlating deviations between the columns.

2.5.2. The pair correlation approach

e pair correlation approa is an alternative method to test layout columns for statistical
significance regarding read separation. It does not use the intermediate model of a separation
window to qualify columns for separation, but directly quantifies the probability to observe a
certain kind of candidate column by chance. If it is sufficiently small, the column is considered
to be reliable information for separation. ere are two observations this decision is based on:
the number of consensus deviations in a column and the number of such deviations coinciding
between two columns, as shown in Figure 2.4.

Deviations within a column

For a given column uwithin the read layout, Iu,ℓ is an indicator variable denoting the event that
the alignment of read occurrence ℓ deviates from the most frequent character in that column,
i.e. Iu,ℓ = 1 if that is the case and Iu,ℓ = 0 otherwise. en

Nu =
∑
ℓ∈Lu

Iu,ℓ (2.6)

denotes the number of deviations from the consensus in column u. For a given read occurrence
ℓ overlapping the layout column u, the probability that the character aligned to column u of
the read corresponding to ℓ is a sequencing error¹ shall be denoted as pe(u, ℓ). Since sequenc-
ing errors are considered rare events, a Poisson distribution can be assumed for the observed
deviations within a column. Let nu be the observed number of deviations in column u. e

¹Note that the read alignment ℓ can also contain gaps, for which no sequencing error probability exists. In that
case the error probability of the character le of the gap is used instead.
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probability of observing nu or more deviations can then be estimated by

P (Nu ≥ nu) = 1−
nu∑
i=0

Pλu(i) (2.7)

where λu =
∑
ℓ∈Lu

pe(u, ℓ). (2.8)

e error probabilities pe are provided by most sequencers in form of Phred quality scores,
which were originally developed for the base calling soware of the same name [23, 24].

Coinciding deviations

Let Lu,v = Lu ∩ Lv be the set of read alignments that span both column u and column v.
Furthermore,

Cu,v =
∑

ℓ∈Lu,v

Iu,i · Iv,i (2.9)

denotes the number of coinciding deviations between the two columns. As for the number of
deviations in a column, the distribution of the number of coincidences is of interest to be able to
evaluate how likely they occur by chance rather than provide grounds for classification. Under
the assumption that the sequencing error probability is the same at every position in the entire
read layout, the coincidences are hypergeometrically distributed with parameters k, n′

u and
n′
v , where k = |Lu,v| is the number of read alignments that overlap both columns and n′

u =∑
ℓ∈Lu,v

Iu,l is the number of deviations observed in column u limited to those alignments (n′
v

is defined accordingly). is yields the following probability to observe c correlations between
columns u and v:

P (Cu,v = c) =

(
n′
v

c

)
·
(
k − n′

v

n′
u − c

)
(

k

n′
u

) (2.10)

with 0 ≤ c ≤ n′
v and 0 ≤ n′

u−c ≤ k−n′
v . If, however, instead of assuming a global sequencing

error ϵ the individual error probability of each base is to be taken into account, the distribution
becomes more complex to estimate. Tammi et al. came to the conclusion that the distribution
can be estimated by:

P (Cu,v = c) = Pλ(c) (2.11)

with

λ ≈
∑

ℓ∈Lu,v

(
n′
upe(u, ℓ)

pe(u, ℓ) + λℓ
u(1− pe(u, ℓ)

· n′
vpe(v, ℓ)

pe(v, ℓ) + λℓ
v(1− pe(v, ℓ)

)

where λℓ
u = λu − pe(u, ℓ).
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A test for separating columns

Finally, the two observations N and C and the previously described distributions are used to
determine whether a given pair of columns consists of separating columns. Given the observed
numbers of deviations n′

u ≥ dmin and n′
v ≥ dmin for two columns u and v, as well as the number

of coinciding deviations c, the probability

ptot =pcol · pcorr (2.12)

with pcorr =P (Cu,v ≥ c) = 1−
c−1∑
i=0

P (Cu,v = i)

pcol =P (Nu = nu) + P (Nv = nv)

− P (Nu = nu)P (Nv = nv)

is computed, where pcorr is the probability to observe c or more deviations between those
columns by chance and pcol is the probability to observe any of the two numbers of devia-
tions nu or nv by chance. Furthermore, dmin the user-specified minimum number of consensus
deviations required for a column to be considered. If

ptot ≤ ptotmax

both columns are considered valid separating columns.

Building separation sites from target locations

We consider any column uwithin the alignment a valid separating column if it qualifies as such
in any pair constellation with another column v within the alignment. To reduce the runtime
for finding separating columns fulfilling that condition, it might be useful to limit the pairs
of columns to those with a minimum overlap of read occurrences. erefore, a user-specified
minimum overlap parameter µ is introduced.

Lemma 3. For any three positions u, v and w within the read layout, if |Lu ∩ Lv| < µ, then
|Lu ∩ Lw| < µ for all u ≤ v ≤ w.

Lemma 3 implies a simple algorithm to find all separating columns within the target location
as illustrated in Algorithm 3. e task that remains is to group the detected columns in order
to form separation sites. Recall that a separation site can only be used to partition the read
occurrences that span all separating columns that are part of the separation site. As discussed
in the beginning of Section 2.5, the number of columns assembled in a separation site influences
how many different read origins can be distinguished using that particular site. Also, a higher
number of columns adds redundancy and error robustness. In Section 2.8 a method will be
presented that allows the interconnection of different partitions of read occurrences resulting
from different separation sites, if the sets of read occurrences of two sites intersect. e inter-
connection of class information allows the refinement of the partition in case a separation site
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Algorithm 3 Find all separating columns within a target location
Input: Sorted list of columns with at least dmin deviations C∗

Output: Set of separating columns C
C ← {}
for i ∈ C∗ do

for j ∈ C∗, j > i do
if |Li ∩ Lj | < µ then

break
if C ∩ {i} ̸= ∅ and C ∩ {j} ̸= ∅ then

continue
if testColumns(i, j) then
C = C ∪ {i, j}

did not contain the information necessary to detect all present origins and also allows larger
partitions, i.e. building classes of read occurrences where not all members overlap, but where
a path of overlapping read occurrences exists between all members.

erefore, it is desirable to be able to control the read overlap between two separation sites,
i.e. |Ls1 ∩ Ls2 | given two separation sites s1 and s2. e following method, which is also
illustrated in Algorithm 4, uses two user defined parameters for this purpose, theminimum site
overlap τmin and the minimum site depth rmin. e set of detected separating columns within
a target location is processed from the le to the right. If a previous separation site spre has
been detected already, the last, i.e. the rightmost separating column c is searched, for which
|Lspre ∩ Lc| ≥ τmin. at column and all previous columns cpre that fulfill |Lcpre ∩ Lc| ≥ rmin

are then grouped to a separation site. If two successive separating columns do not share any
or less than τmin reads, the previous separation site spre is expanded, i.e. more separation sites
are formed by successively removing the lemost separating column from Cspre . Aer each
removal, if the remaining columns cover a larger set of read occurrences, a new separation site
is built. at way it is guaranteed that every read that is covered by a separating column will
be part of at least one separation site.

Seing τmin = rmin =∞ results in single column separation sites. e separation into more
than two classes is then performed only during the interconnection phase and there is no redun-
dancy available during the separation process. Choosing rmin smaller than the coverage at the
processed locations produces separation sites with fewer reads but containing more columns.
Seing τmin to a value below the coverage results in fewer separation sites, still guaranteeing
the coverage of all reads but not necessarily the usage of all separating columns if chosen rather
small.

2.6. Local classification of read occurrences

Recall that a separation site s = (Ls, Cs) is defined by a set of columns Cs within the read
layout and a set of read alignments Ls, which are supposed to be classified based on the
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Algorithm 4 Enumerate pair correlation separation sites
Input: Ordered list of separating columns C = {c1, . . . , cn}, read occurrences L
Output: Ordered list of separation sites S = [s1, . . . , sm]
for i = 1 . . . |C| do
Cnew = ∅
if |S| > 0 then

spre = (Lspre , Cspre)← S|S|
if i < |C| and |Lspre ∩ Lci+1 | ≥ τmin then

continue
Cnew ← {ci}
for j = i− 1 . . . 1 do

if Lcj ⊆ Lci or ( Lci ∩ Lcj ≥ rmin) then
Cnew ← Cnew ∪ {cj}

if Lcpre1
∩ Lci < τmin then

expand(spre)
else
Cnew ← {ci}
for j = i+ 1 . . . |C|, Lcj ⊆ Lci do
Cnew ← Cnew ∩ {cj}

if Cnew ̸= ∅ then
S ← S + snew = (Lcnew1

∩ Lcnew|Cnew|
, Cnew)

characters aligned to the positions in Cs. In this section the procedure developed by Kece-
cioglu and Ju used in their repeat resolution framework is described. It computes a partition
P = {p1, . . . , pn}, ∪p∈P p = Ls of the read occurrences contained in the separation site,
where each pair of read occurrences not sharing the same assignment is considered to be of
different origin. It provides a way to partition a separation sites reads into classes, assuring
both the separation into multiple classes if the site contains separating columns of distinct ori-
gin as well as the utilization of the robustness coming with separating columns of the same
origin (as discussed in Section 2.5).

Let Si = s1s2 . . . sL be a string of length L = |C| were sj is the alignment character of read
alignment ℓi ∈ Ls in column cj ∈ Cs. Under a parsimony assumption the aim is to partition
S = {S1, . . . , S|Ls|} into k classes explaining the differences with as few sequencing errors
as possible. Put differently, the objective is to find a partition into k classes p1, . . . , pk that
minimizes

k∑
i=1

∑
S∈pi

DH(S, Ti),

where Ti is the consensus sequence of class pi andDH is the hamming distance, which is used
under the assumption that the multi-alignment of the fragments is accurate (see Section 2.3).
Furthermore, if one considers that sequencing errors are rather rare events, it can additionally
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be assumed that within each class p one or more fragments are equal to the classes consensus.
us the objective can be reformulated to minimize

k∑
i=1

min
S∗∈pi

∑
S∈pi

DH(S, S∗)

 . (2.13)

e problem stated above is equivalent to a known graph problem, the so called k-star problem,
which is known to be NP-hard. Given an edge weighted graph G, a star is a set of edges that
all touch a common vertex, the center of the star. e k-star problem is to reduce the graph to
k vertex-disjoint stars, such that all vertices of the graph are covered and the total edge weight
is minimized. e objective on the strings shown in (2.13) can be reformulated as solving the
k-star problem for the complete Graph G = (V,E, ω) with |S| vertices and edge weights
ω(vi, vj) = DH(Si, Sj).

To solve the k-star problem on complete graphs, the following integer linear program (ILP) is
used and solved using a branch-and-bound approach. For the complete graphGwith n vertices,
there are n2 + n variables:

• for each vertex i there is a variable yi

• for each ordered pair (i, j), including the case i = j, there is a variable xij .

Furthermore, the ILP contains the following 3n2 + 3n+ 1 constraints:

xij ≥0 ∀i, j
yi ≥0 ∀i

n∑
i=1

xij ≥1 ∀j

yi ≥xij ∀i, j
n∑

i=1

yi ≤k.

All variables are restricted to integer values. e objective of the ILP is to minimize∑
i ̸=j

wijxij ,

where wij = wji = ω(vi, vj) is the weight of the edge connecting i and j. Given a solution
to the above ILP, the solution for the k-star instance can be recovered by looking at the values
assigned to each yi – all vertices that are the center of a star are represented by the value ’1’
of the corresponding variable. Given the centers, the members of the star can be recovered by
assigning all remaining vertices to the closest neighboring center.

With the abovemethod there now exists a way to partition the read alignments of a target site
into k classes based on the alignment characters in the assigned separating columns. However,
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Figure 2.5.: An example for the iterative classification process for a separation site with |L| = 6
read alignments and |C| = 3 separating columns. e classes that still contain
separating columns and thus indicate that further partitioning is required, are
highlighted.

in general we have to consider the parameter k, i.e. the number of classes to be unknown.
erefore, the above procedure is repeated for increasing k starting with k = 2. Aer each
iteration every class is checked for separating columns within the class. For that, the procedure
for finding separating columns is repeated, limited to the read occurrences in each class. If no
more separating columns can be found in any class, the refinement is stopped. e procedure
is illustrated in Figure 2.5. Note that each column has already proven to contain statistically
significant information for separation. us, if the pair correlation method was used, each class
is simply checked for columns with at least dmin deviations from the consensus. If the minimum
support approach is used, only the procedure to detect separating columns with a support of
tmin is repeated.

2.7. Removing read occurrences based on consensus
classification

As discussed in the introduction, given a partition of overlapping reads occurrences, depending
on the application one might want to consider one class as the class of “true” read occurrences,
i.e. the class containing those reads that correctly map at that location, and discard the others.
For that purpose, the reference sequence is added to the separation site. Given the alignment
string of the reference sequence G and a separation site s = (Ls, Cs), s is extended to

s = (Ls ∪ {GCs}, Cs)

before the classification is performed, such that the reference sequence is classified together
with the read alignments. As a separation site does not necessarily contain the information
required to cover all different origins present in the sample (see Section 2.6), a partition of the
read occurrences given aer processing a separation site can only be used to decide which of
them do not belong at that location. Which reads do belong at that location cannot be directly
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derived, since read occurrences being in the same class does not necessarily indicate a common
origin.

To avoid false removals induced by single false separating columns, for each read occurrence
ℓ a set of columns indicating its removalRℓ is stored. Initially empty, aer retrieving a partition
P from a separation site s = (Ls, Cs), it is updated if the read is not in the same class with the
reference sequence:

Rℓ = Rℓ ∪ Cs ∀ℓ ∈ P,

where P =
∪
p∈P
G/∈p

p.

Finally, all read occurrences ℓ are removed from L, for which |Rℓ| ≥ umin, where umin is the
user-defined minimum amount of separating columns required to remove a read occurrence.

2.8. Interconnecting classes across separation sites

As mentioned before, the classes produced from a given separation site containing error-free
true separating columns guarantee that the read occurrences in different classes are of different
origin, but do not guarantee that the read occurrences within the same class are of the same
origin. For the original algorithm framework developed by Kececioglu and Ju for sequence
assembly this is not necessarily problematic, as the goal is to remove false overlaps from the
overlap graph produced by the assembler until such false overlaps are no longer found. Given
a separation site, those edges in the overlap graph that connect reads across the classes pro-
duced by classifying the reads based on that site are considered false. If a separation site does
not produce k but fewer classes, some false overlap edges remain in the overlap graph. If the
information for their removal is contained in the read layout, another separation site might
remove those edges at a later stage. Hence there is no need to combine the exact class infor-
mation gained from multiple separation sites to a larger context. e same applies for the read
mapping application, if one is only interested in the removal of false mappings, as described in
Section 2.7.

If, however, a separation on a layout with “hidden” read origins as described in Section 1.4.2 is
performed and the sequence of those origins is of interest, an exact and maximal classification
is required as well as classes that contain more than just the number of reads that span common
columns. Here amethod is described to interconnect and refinemultiple subsequent local classes
produced from a single separation site to larger global classes that span a larger area of the read
layout than a single separation site.

2.8.1. Subsequent global classification

For a given separation site s = (Ls, Cs), the classification procedure described in Section 2.6
produces a set of disjoint classes P = {p1, . . . , pk} with

∪
p∈P p = Ls. e goal is to merge
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Algorithm 5 Removal of multi class assignments
Input: Current global partition G, local partition P
Output: Improved G containing fewer multi assignments
for p ∈ P do

u← {}
for ℓ ∈ p do

Gℓ ← {g : g ∈ G, ℓ ∈ g}
if |Gℓ| = 1 then

u← u ∪Gℓ

for ℓ ∈ p do
for g ∈ Gℓ do

if g /∈ u then
g ← g \ {ℓ}

multiple such partitions into one global partition based on the read overlaps between the sep-
aration sites that produced the partitions. Ideally, for each connected area within the multi-
alignment suffering from read ambiguity, given a set of n = |S| local partitions {P1, . . . ,Pn} a
global partition G = {g1, g2, . . . , gk} is recovered, where

∪
g∈G g ⊆ L contains all ambiguous

reads within that area, k is the number of different origins producing the reads that map against
that range and all ℓ ∈ gi are of common origin. e following method aempts to produce such
a global partition from multiple local partitions.

e procedure assumes that the separation sites are processed as an ordered list S = [s1,
s2, . . . , sn] in the order of the columns they contain, such that for three separation sites si, sj
and sk

Lsi ∪ Lsj = ∅ ⇒Lsi ∪ Lsk = ∅ for 0 < i < j < k ≤ n. (2.14)

Initially, there are no global classes, i.e. G = {}. e local partitions resulting from each
separation site are now processed sequentially. Each read that has been classified locally is
assigned to one or more global classes, based on the global classes previously assigned to read
occurrences sharing a local class. is is done in two stages – at first, the previous global class
assignments of read occurrences are optimized. en, in a second stage, those read occurrences
without a previous global read assignment are classified globally.

e first stage starts by aempting to resolve multiple class assignments. ose occur when
a previously unclassified read occurrence is locally associated with other read occurrences that
have different global class assignments from previous separation sites. In that case, the un-
classified read occurrences cannot be immediately assigned to a single global class. If such a
read occurrence ℓ is classified again locally with other read occurrences that are consistently
assigned to a global class and some of the global classes ℓ is assigned to do not occur among
them, those assignments are removed as shown in Algorithm 5. Furthermore, a refinement of
the global partition is required, if read occurrences that have previously been members of the
same local class are now assigned to different local classes for the first time. us, if a global
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Algorithm 6 Global partition refinement
Input: Current global partition G, local partition P
Output: Refined partition G
for p ∈ P do

for ℓ ∈ p do
Gℓ ← {g : g ∈ G, ℓ ∈ g}
for g ∈ Gℓ do

Pg ← Pg ∪ {p}
for g ∈ G do

if |Pg| > 1 then
for p ∈ Pg do

g′ = {}
for ℓ ∈ p do

if ℓ ∈ g then
g ← g \ {ℓ}
g′ ← g′ ∪ {ℓ}

G = G ∪ {g′}

Algorithm 7 Global class assignment
Input: Current global partition G, local partition P
Output: A global class assignment for all ℓ ∈

∪
p∈P p

for p ∈ P do
Gp ← {g : g ∈ G, ∃ℓ ∈ p ∧ ℓ ∈ g}
if |G| = 0 then

Gp ← Gp ∪ {g′}
G ← G ∪ {g′}

for ℓ ∈ p do
if ℓ /∈ g ∀g ∈ G then

gp ← gp ∪ {ℓ} ∀gp ∈ Gp

class occurs in more than one local class, those members that have been locally classified are
reassigned to newly created global classes. e procedure is shown in Algorithm 6. is first
stage relaxes the requirements on the separation targets – the posterior corrections of the global
partition allow under-classification induced by separation sites not capable of distinguishing
all classes present among the contained read occurrences (as discussed in Section 2.6) to be
corrected.

Finally, in the second stage, global classes are assigned to those read occurrences that have
not been classified yet at all. For that, each read occurrence ℓwith no global class assignment is
added to every global class that contains read occurrences from the same local class ℓ has been
assigned to, as shown in Algorithm 7.

To avoid false global classification or false global class refinement induced by single falsely
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Figure 2.6.: Two separation sites, s1 and s2, which overlap with respect to the reads they cover.
Site s1 contains two separating columns of the same origin, thus produces only two
classes. s2 contains distinct separating columns of two different origins and thus
produces three classes.

classified read occurrences, a minimum overlap parameter ∆min is introduced. A global class
g ∈ G is only considered in any of the previous algorithms processing a local class p ∈ P if
|{ℓ : ℓ ∈ g∧ ℓ ∈ p}| ≥ ∆min. Furthermore, as G contains multiple assignments in intermediate
states of the algorithm, those that could not be resolved are removed aer all separation sites
have been processed.

Example

Consider the two separation sites shown in Figure 2.6 and assume the true classification of the
read occurrences to be

G = {g1 = {ℓ1, ℓ5, ℓ6}, g2 = {ℓ2, ℓ7, ℓ8}, g3 = {ℓ3, ℓ4, ℓ9, ℓ10}} .

Furthermore, assume that an arbitrary enumeration procedure for separation sites has produced
the subsequent separation sites s1 and s2 as shown in the figure. Applying the classification
algorithm shown in Section 2.6 to s1 reveals a local partition P = {p1 = {ℓ1, ℓ2, ℓ5, ℓ6, ℓ7,
ℓ8}, p2 = {ℓ3, ℓ4}}. If none of the read occurrences covered by the site has been previously
classified, the following information would be the input to the procedure described above:

ℓ1 ℓ2 ℓ5 ℓ6 ℓ7 ℓ8 ℓ3 ℓ4
global ? ? ? ? ? ? ? ?
local 1 2

Since there are no global class assignments, the global partition is not modified in the first
stage. In the second stage all read occurrences within the same local class are then assigned to
a newly created global class. Now, the next separation site s2 is processed, which reveals the
local partition P = {p1 = {ℓ3, ℓ4, ℓ9, ℓ10}, p2 = {ℓ5, ℓ6}, p3 = {ℓ7, ℓ8}}. us, the input for
the global classification procedure looks as follows:
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ℓ3 ℓ4 ℓ9 ℓ10 ℓ5 ℓ6 ℓ7 ℓ8
global 2 2 ? ? 1 1 1 1
local 1 2 3

As none of the currently observed read occurrences is assigned to more than one global class,
Algorithm 5 does not perform any changes within the global partition. ere are however
two local classes, p2 and p3, containing read occurrences that are members of the same global
class g1. us, the global partition refinement as described in Algorithm 6 will reassign the
read occurrences {ℓ5, ℓ6} as well as {ℓ7, ℓ8} to newly created global classes. Furthermore, read
occurrences ℓ9 and ℓ10 will be added to g2 during the global class assignment, resulting in the
following final association of read occurrences:

ℓ3 ℓ4 ℓ9 ℓ10 ℓ5 ℓ6 ℓ7 ℓ8
global 2 2 2 2 3 3 4 4
local 1 2 3

e final global partition produced is

G = {g1 = {ℓ1, ℓ2}, g2 = {ℓ3, ℓ4, ℓ9, ℓ10}, g3 = {ℓ5, ℓ6}, g4 = {ℓ7, ℓ8}} .

Due to the insufficient information available from separation site s1, which only allows the
separation into two rather than three classes, read occurrences ℓ1 and ℓ2 were assigned to the
same class and could not be associated with the other read occurrences of the same origin.

2.8.2. Class conflicts

To relax the requirement that separation sites can only be interconnected if processed subse-
quently (i.e. by processing the separation sites in the order of their columns), the previously
described algorithm is extended to maintain a record of class conflicts E = {{g, g′}, . . . } con-
taining unordered pairs of global classes that contain read occurrences that have been separated
previously based on any separation site.

e knowledge about conflicting classes allows the procedure to be extended to merge global
classes that occur within the same local class, i.e. a local class contains reads that are members
in both global classes. Before the global class assignment (see Algorithm 7), the set of global
classes Gp is checked for a subset of non-conflicting classes G′

p ⊆ Gp, where G′
p is created by

removing all pairs of conflicting classes fromGp, as illustrated in Algorithm 8. If that procedure
reveals a non-empty set, the according global classes in Gp are replaced by a new global class
that contains all members of all removed classes and inherits their conflicts to other classes.
us, when a local partition contains a class with non-conflicting previously classified reads,
they are only merged when they occur in a dedicated class, i.e. the separation site contained
columns corresponding to their origin.

is ability to merge parts of the global partition makes it possible to use mate pair informa-
tion to produce classes that span larger areas. Now, whenever a read occurrence is assigned to
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Algorithm 8Merging global classes
Input: Set of global classes Gp = {g1, . . . , gn}, set of conflicts E
Output: Modifies, i.e. potentially reduces Gp

G′
p ← Gp

for gi, gj ∈ Gp do
if {gi, gj} ∈ E then

G′
p ← G′

p \ {gi, gj}
if |G′

p| > 0 then
g =

∪
g′∈G′

p
g′

for {g′, gx} ∈ E , g′ ∈ G′
p do

E ← (E \ {{g′, gx}}) ∪ {{g, gx}}
Gp ← (Gp \G′

p) ∪ {g}

a global class, the corresponding mates occurrence is added to that class as well, so that they are
kept synchronous. us, during the sequential processing of separation sites, if a global class
got fragmented within the library length of two mates, the global classes might get reconnected
when the occurrence of the second mate is reached.

Other than the interconnection of non-consecutive separation sites, the global class conflict
information can also be used to resolve class fragmentation in the special case of separating
reads of exactly two origins. In that case, every two non-conflicting classes gi and gj that are
both in conflict with a third class gk can be considered to be of the same origin. Depicted as a
conflict graphG = (G, E) containing a vertex for every global class and an edge for every class
conflict, an example situation might look as shown in Figure 2.7 (up). For every global class
g ∈ G, from the set of global classes that are in conflict with g those pairs of classes that are in
conflict with another global class in that very same set are removed and the remaining classes
are merged. at way, global classes that contribute to contradicting information and would
thus indicate reads from more than two distinct origins, are excluded from the merging process
(in the conflict graph those classes are members of cliques of size k > 2). e example conflict
graph aer that process is shown in Figure 2.7 (down). As g7 and g8 are in conflict to each other,
they are excluded from merging the conflicting classes of g10, even though either of them could
be added to g6 ∪ g9 without violating any conflicts. e number of such contradicting class
relations can be reduced by dropping very small classes, most importantly singleton classes
before performing the previously described procedure.
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Figure 2.7.: An example conflict graph for global classes before (up) and aer (down) merging
classes based on common conflict partners. e clique {g7, g8, g10} remains unre-
solved, as it is contradicting, considering there are only two read origins present in
the sample.
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E

e algorithms discussed in Chapter II were implemented in C++ utilizing the SA [25] li-
brary as well as the C++ bindings of the IBM ILOG CPLEX O [26]. For the evaluations,
reads were simulated using M [27], a tool for the simulation of Illumina, 454 and Sanger
sequencing processes. e readmapper RS [8] was then used to map the reads back against
the reference sequence and to generate the multi-alignments used in the evaluations.

First of all, the sensitivity and precision of the column detection were assessed for varying
sequencing errors, sequence heterogeneity rates and read lengths. Furthermore, the removal
of false read occurrences was evaluated with respect to the correction of coverage profiles for
quantitative methods. ose measures do not yet take into account the quality of the produced
classes, as they only consider the events of a read having been classified or not (or a read
having been removed or not respectively). us, in a next step, the homogeneity of the detected
classes was quantified and compared for different numbers of classes and heterogeneity rates,
extending the considerations from whether a read was classified or not to the quality of the
classification.

e evaluation was then continued with a focus on the two presented application oriented
post processing steps, namely the removal of falsely mapped reads (see Section 2.7) and the
formation of larger, continuous classes of read occurrences (see Section 2.8).

3.1. Sensitivity of column detection

e dataset used for the sensitivity evaluation was generated based on a 500 kbp random ref-
erence sequence. Two sets of reads were generated using M: one set of reads F1 created
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from the entire reference sequence and a second set of reads F2 created only from the 250
kbp center fragment of the reference sequence, whereas heterogeneity between both read sets
was induced using Ms haplotype feature, simulating that the reads do not originate from
the given sequence, but from a haplotype differing from the reference with a given haplotype
SNP-rate δ. Both times M was configured to produce an amount of reads resulting in an
average coverage of 20. e reads originating from the two sets were labeled accordingly, i.e.
the reads covering only the center fragment of the reference with induced correlating errors
were tagged. Based on that available information, let the read based sensitivity be the fraction
of read occurrences originating from F2 that has been covered by separating columns, i.e.

sensitivity =
|Ls ∩ L2|
|L2|

,

where Ls denotes the set of read occurrences that have been part of at least one separation
site and L2 denotes the set of read occurrences originating from F2. e number of classes
was limited to two, as only in that case the fact that a read occurrence has been classified at
all (i.e. has been covered by at least one separation site) directly corresponds to the maximum
class refinement (see Section 2.6). As bothmethods for the detection of separating columnswere
originally developed to be applied on reads originating from automated Sanger sequencing, the
analysis was performed on reads of length 850 bp at first. en, targeting the actual application
in a read mapping context, the read length was reduced to 150 bp, which corresponds to reads
produced by recent Illumina sequencing platforms. Concerning sequencing errors, M sup-
ports different error models for the different sequencer types. To maintain comparability, both
the 850 bp and the 150 bp reads were simulated based on the Illumina error model, using the
default seings for sequencing error probabilities pi = pd = 0.001, ps = 0.004, pbs = 0.003,
pes = 0.012, where pi denotes the probability of an insertion, pd the probability of a deletion,
ps the mean probability of a substitution, pbs the probability of a substitution at the first base of
the read and pes the probability of a substitution at the last base respectively.

Kececioglu and Ju state that the user-specified confidence thresholds should be set to very
low probabilities for their method and use κ = ω = σ = 0.01 for their evaluations, thus
the same values were used for this evaluation of the minimum support approach as well. For
the pair correlation approach dmin = 2 and ptotmax = 0.001 were used. Furthermore, τmin =
rmin =∞ was chosen to ensure that all identified separating columns are used. e read based
sensitivities for different heterogeneity rates on the 850 bp reads ranging from δ = 0.1% to
δ = 5% are shown in Figure 3.1. While the pair correlation method still detected separation
sites covering almost all reads at δ = 0.5% and still covered almost half of the necessary reads
at δ = 0.01%, the sensitivity of the minimum support algorithm (which was evaluated by the
authors in the context of repeat resolutionwith copy error rates of δ = 5% and δ = 10%) already
drastically reduced for δ = 2%. It entirely failed to detect any separating columns for δ = 1%
(which corresponds to 8.5 separating columns per read in average). erefore, the procedure
was repeated with increased confidence thresholds (κ = ω = σ = 0.1), what, considering the
rather high tolerance, still resulted in a rather small sensitivity for small heterogeneity rates.

e effects of different heterogeneity rates on the read based sensitivity for the 150 bp reads
are shown in Figure 3.2. For this read length, only the pair correlation method revealed sepa-
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Figure 3.1.: e read-based sensitivity on the 850 bp reads for different heterogeneity rates. e
pair correlation algorithm was called with dmin = 2, ptotmax = 0.001 and τmin =
rmin = ∞. For the minimum support method κ = ω = σ = 0.01 (and κ = ω =
σ = 0.1 respectively) were used.
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Figure 3.2.: e read-based sensitivity on the 150 bp reads for different heterogeneity rates using
the pair correlation method with dmin = 2, ptotmax = 0.001 and τmin = rmin =∞.
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ration sites. Used with reasonable parameters the minimum support method did not succeed
to detect any separating columns. Using the pair correlation approach, with δ ≥ 2% more than
90% of the required reads were covered, whereas with δ ≥ 0.8% still more than 50% of the
required reads were covered.

For all the previously described evaluation results a read based precision (as defined in the
next section)≥ 90%was reached for the used parameters and simulated sequencing error rates.

As the sensitivity of the minimum support method is too low for read lengths realistic for
nowadays read mapping applications and, as already discussed in Section 2.5.1, this method
comes with other shortcomings making it hard to use in the context of read mapping, it will
not be considered in further evaluations.

3.2. Precision of column detection

While the read based sensitivity gives an impression on what heterogeneity rate is required in
order to capture sufficiently many reads under certain conditions, the focus is now shied to
the possible false positive detection of separating columns. Given the set of separation sites
covering reads of different classes ST and the set of separation sites covering reads of only one
class SF , let the read based precision be defined as the fraction of detected columns that cover
a heterogeneous set of reads:

precision =
|CT |

|CT |+ |CF |
,

where CT =
∪

(Ls,Cs)∈ST

Cs

CF =
∪

(Ls,Cs)∈SF

Cs.

Again, 150 bp reads were simulated based on a 500 kbp random reference sequence with a
coverage of 20 and additional reads doubling the coverage of the 250 kbp center fragment. e
heterogeneity rate between the two read classes was set to δ = 3%. is time however, the read
error rate ϵtot = pi + pd + ps is varied, whereas the ratio between the individual probabilities
remains the same as before (pi = pd = 0.25 · ps).

e results are shown in Figure 3.3. e read based precision drops down to 87% for a se-
quencing error rate of ϵtot = 10%, indicating that the method is sufficiently robust to handle
common sequencing error rates as they are to be expected in nowadays sequencers. e read
based precision does however only take into account whether a detected column covers an area
that suffers from ambiguity or not – hence the increase of false separating columnswithin these
areas as well as the falsification of true separating columns is not taken into account. erefore,
in the next section the quality, i.e. the homogeneity of the detected classes will be quantified
and measured for different simulation scenarios.
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Figure 3.3.: e read-classification based precision for 150 bp reads containing two classes dif-
fering with δ = 3% simulated with different sequencing error rates. e ratios are
maintained as before, i.e. pi = pd = 0.25 · ps.

3.3. Classification quality

To evaluate the classification performance itself, given a partition of read occurrencesG = {G1,
. . . , Gn} let the weighted mean class homogeneity be defined as

h′(G) = 1∑
G∈G |G|

∑
G∈G
|G| · h(G),

where for a given classG = {ℓ1, . . . , ℓm}, h(G) denotes the homogeneity ofG, i.e. the fraction
of read occurrences withinG representing the largest group of read occurrences with common
origin in G:

h(G) =
argmaxR∈R(G) |R|

|G|
,

where R(G) = {R1 ⊆ G, . . . , Rn ⊆ G} is a partition of G corresponding to the true ori-
gin of the read occurrences in G. To correct for the bias of perfectly homogeneous classes
resulting from false separation sites covering only read occurrences of common origin, a class
is only considered for this evaluation if a separation site covering reads of different origin has
contributed to it, i.e. either the class itself is not 100% homogeneous or it conflicts with an-
other class that contains read occurrences of different origin. e evaluation was performed
on the same dataset as for the precision analysis, that is with a heterogeneity rate of δ = 0.03
and varying sequencing error rates. e result is shown in Figure 3.4. e analysis was per-
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Figure 3.4.: e weighted mean class homogeneity for 150 bp reads containing two classes dif-
fering with δ = 3% simulated with different sequencing error rates. e ratios are
maintained as before (pi = pd = 0.25 · ps). One plot shows the result for single-
column separation sites, i.e. no redundancy, the other one shows the result for
multi-column separation sites.

formed once using τmin = rmin = ∞, i.e. with single column separation sites, and once with
τmin =∞, rmin = 25, producing multi-column separation sites. For the singleton sites the ho-
mogeneity drops down to 88%when the sequencing error rate reaches 10%. With multi-column
separation sites an up to 3% higher homogeneity can be achieved for higher sequencing error
rates.

Aer gaining an impression of the general impact of the sequencing error rate on the class
homogeneity based on a two-class dataset, the implications of more classes being present in
the sample were analysed. For that purpose the class homogeneity was observed for datasets
containing reads from 2, 3, 4 and 5 distinct origins simulated based on a 500 kbp random ref-
erence sequence. Again, each of them was simulated with an average coverage of 20. Each of
the read sets was produced by seing Ms haplotype parameter to produce an error of δ/2
for each origin, resulting in a pairwise heterogeneity of δ between each pair of classes. e
separation method was applied using τmin = ∞ and rmin = 30 for all evaluations. us, the
average number of separating columns raised with the depth and therefore with the number of
read origins present in the sample. e class homogeneity analysis for the different numbers
of classes was then performed varying sequence heterogeneity rates ranging from δ = 0.5%
to δ = 3.5%. e result of the evaluation is shown in Figure 3.5. Even though differences of
δ ≤ 1% suffice to clearly separate two read origins when no other reads are in the sample,
the class homogeneity falls down to 50% when five different read classes are present and the
inter-class sequence heterogeneity is as low as δ = 0.5%. Only for heterogeneity rates δ ≥ 1%
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Figure 3.5.: e average class homogeneity for different sequence heterogeneity rates and dif-
ferent numbers of classes, i.e. different read origins.

a class homogeneity above 90% was reached in all evaluations.

3.4. Quantitative analysis

Now that an impression about the general separation performance of the previously described
methods was obtained, the next analysis focuses on one of the application orientated post pro-
cessing steps, namely the removal of falsely mapped reads as described in Section 2.7. For that
purpose, reference sequences with five similar regions r1, . . . , r5 of 20 kbp were simulated.
Reads were then generated using M, producing different coverages for each distinct re-
gion, namely a coverage of 150 for region r1, 75 for region r2 etc., reducing the depth by 50%
in each step. Finally, the simulated reads were mapped back against the reference sequence
using RS, whereas the distance threshold for a read to be mapped was chosen such that it
covers the configured heterogeneity, i.e. every read is mapped against every region. Different
datasets were produced for different heterogeneity rates ranging from δ = 0.5% to 3%.

e resulting coverage profiles are shown in Figure 3.6, where each plot illustrates the cov-
erage profile for a different heterogeneity rate. Additionally, the original coverage profile as
produced by the read mapper is shown, where every region is evenly represented. Low hetero-
geneity rates lead to an almost symmetric reduction of the coverage of all regions and thus do
not suffice to recover how strong each region is represented within the reads relative to other
regions. With an increasing heterogeneity rate the relative representations of the regions to
each other become more visible, whereas regions with a high coverage are more easily recov-
ered than regions with a low coverage. at effect is also visualized in Figure 3.7, where for each
pair of regions with double (or hal) coverage the pairwise coverage ratio is shown aer the
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Figure 3.6.: Recovery of a coverage profile using false mapping removal. Five similar regions
were generated for different heterogeneity rates. For each region reads were gener-
ated producing a different coverage for each region (150, 75, 37.5, 18.8 and 9.4, as
indicated by the horizontal lines). e original plot shows the untreated coverage.

separation, depending on the heterogeneity rate. e regions with a higher original coverage,
i.e. 150 and 75, get restored to the original pairwise ratio of 0.5 when the heterogeneity rate
reaches δ = 3%, whereas the originally lowly represented regions cannot be fully recovered.

3.5. Fragmentation

Finally, also the methods for interconnecting local partitions to build larger classes of read
occurrences were evaluated. For that purpose, the class based N50 value was computed for
various simulated scenarios. Let PI = {pI1, . . . , pIk} be the partition of the input data, i.e.
the true partition of the simulated reads. Furthermore, given the partition G computed by the
separation procedure, let GIi ⊆ G be the set of computed classes dominated by reads from pIi ,
i.e. |pIi ∩ g| ≥ |g|

2 ∀g ∈ G
I
i . Given GIi , let GI

i =
[
g ∩ pIi : g ∈ GIi

]
be a sorted list of those
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Figure 3.7.: e pairwise coverage ratios for those regions that were originally simulated with
a pairwise ratio of 0.5 ploed for different heterogeneity rates aer the separation.

classes limited to their dominating members, in descending order with respect to their sizes.
For a given class pIi and GI

i = [gi1, . . . , g
i
m], the class based N50 is defined as

N50(pIi ) =
|gix| · Lf

ri
, (3.1)

with x =min

x∗ :

∣∣∣∣∣∣
x∗∪
j=1

gij

∣∣∣∣∣∣ ≥ N tot
i

2

 , (3.2)

where N tot
i denotes the total number of separated reads originating from pi, Lf denotes the

read length and ri the coverage of reads originating from pi. Given the global class gix, which
is the smallest global class that has to be taken into account when choosing global classes until
half of all classified reads of a particular origin i are covered, the class based N50 value is
meant to be an estimate for the number of alignment columns covered by that class within the
multi-alignment. erefore, it can be used to roughly estimate the degree of fragmentation of
the class pIi aer the separation process, as in most cases the separation process will not be able
to recover an original class of reads pIi as a whole, but (assuming perfect class homogeneity
and sensitivity) partition pIi into multiple classesGI

i = {gi1, . . . , gim}, each spanning a different
range of the multi-alignment.

For the fragmentation analysis the dataset based on a 500 kbp random reference sequence
containing five sets of reads with a pairwise sequence heterogeneity of δ, each producing an
average coverage of 20 was used again. As the fragmentation turned out to be strongly fluctu-
ating for small class numbers, each evaluation was performed for all possible combinations of
the five simulated read classes and the average N50 was computed over all classes present in
the sample and over all read set combinations used. For example, the evaluation for two read

51



III. Evaluation

...
..

0.5

.

1

.

1.5

.

2

.

2.5

.

3

.

3.5

.

0

.

2,000

.

4,000

.

6,000

.

8,000

.

Sequence heterogeneity δ [%]

.

R
ea
d
ba
se
d
N
5
0

.

. ..2 classes

. ..3 classes

. ..4 classes

. ..5 classes

Figure 3.8.: e read based N50 value for different sequence heterogeneity rates and numbers
of classes. e separation parameters were set to τmin =∞ and rmin = 30 and the
simulated data consisted of mate pairs with a library length of 400 bp, which were
used to enhance the class sizes.

origins was performed independently for each pair of the simulated read sets and the average
was built over all pairs and over both classes each time. Again, the separation method was
applied with τmin = ∞ and rmin = 30. Furthermore the utilization of mate-pair information
was enabled, where the simulated library length was 400 bp, thus resulting in an average gap
of 100 bp between two mates. e results of the evaluation for a pairwise heterogeneity rate
from δ = 0.5% to δ = 3.5% between the read origins are shown in Figure 3.8. For two classes, a
strong increase of theN50 from 1700 bp at δ = 0.5% to 8800 bp for δ = 1.5% can be observed.
e development is however reversed from that point, i.e. the N50 value drops down to 4700
bp when a sequence heterogeneity of δ = 3.5% is reached. For higher class numbers that peak
is not present, a value above 5000 bp is never reached. Between 3, 4 and 5 different read origins
there is still a slightly higher fragmentation for higher numbers of classes, but the difference is
rather marginal and decreasing with increasing δ. At δ = 3.5% all simulations reach an N50
value of approximately 4500.

To get an impression on how much the mate pair based expansion of classes contributes to
the N50 value and to see how much it can be improved in a two class scenario by applying the
conflict based merging procedure as described in Section 2.8.2, the simulations with two classes
were also performed without using the mate pair information as well as with utilizing the class
conflicts to enhance the class sizes. e results are shown in Figure 3.9, which also includes
the previously shown plot for two classes as a reference. Including the mate pair information
to interconnect classes gives a significant increase. Without the mate pair information, the
average N50 value reaches 1600 bp, thus remains far below the previously discussed value

52



3.5. Fragmentation

...

..

0.5

.

1

.

1.5

.

2

.

2.5

.

3

.

3.5

.
0

.

2,000

.

4,000

.

6,000

.

8,000

.

10,000

.

12,000

.

14,000

.

Heterogeneity δ [%]

.

re
ad

ba
se
d
N
50

.

. ..mate pairs, conflict merge

. ..mate pairs

. ..basic

Figure 3.9.: e read basedN50 value for different sequence heterogeneity rates when separat-
ing two classes without class merging, with mate pair based class merging and with
both mate pair and class conflict based merging.

of 4500 bp, reached when classes are merged based on mate pair information. e plot also
reveals that the peak behaviour of the N50 value for two classes seems to be induced by the
method used to merge classes that are not in conflict, as it does not appear when no mate pair
information is used. Using the conflicts to generate larger classes (denoted as conflict merge
in the graph) also enhances the N50 value significantly. It reaches more than 12000 bp at its
peak for δ = 2% and 7100 bp for δ = 3.5%, which is almost double compared to the separation
without conflict based merging. It also should be noted that no negative impact on the average
class homogeneity was observed, neither when the classes were extended based on mate pair
information, nor when they were extended based on class conflicts.
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C

In the previous chapters a work flow to separate ambiguously mapped reads in read mapping
applications has been described and evaluated for different application scenarios and conditions
concerning the input data. ose evaluations were performed on simulated reads of length
150 bp. One of the first conclusions to draw from these evaluations is that theminimum support
approach is not suitable to separate reads of that length for any reasonable sequencing error and
inter-class heterogeneity rates. is is probably due to the bounds described in Section 2.5.1,
which might simply not be tight enough for reads of that length, i.e. windows of rather small
width. A heterogeneity rate of 1.5% between two different read origins still produces more than
two separating columns per read in average, which should allow separation to some degree.
e minimum support method however did not reveal any of those separating columns. Both
the inability to handle short reads and the requirement that the number of distinct read origins
present at a certain location has to be derivable from the depth at that locationmake the method
rather unsuitable for handling read mapping data.

When the pair correlation method is used for the detection of separating columns, δ = 1.5%
could be considered a reasonable minimum sequence heterogeneity required for any separation
procedure. With that many or more correlated errors between the read origins the separation
of more than 80% of the read occurrences is possible, while maintaining an average class ho-
mogeneity of more than 90% as shown in the classification quality analysis. e fact that the
average class homogeneity drastically reduces when the sequence heterogeneity between the
read origins drops below 1.5% for more than two classes directly corresponds to the sensitivity
analysis. Since very few differences between the read origins result in few separating columns
being detected, the separation sites contain only enough information to separate a subset of
the present read origins. If no further refinement takes place during the interconnection phase,
heterogeneous classes are the result.
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Furthermore, the method has proven rather robust concerning the presence of sequencing
errors, regarding both the detection of false separating columns as shown in Section 3.2 and
the quality of the detected classes as shown in Section 3.3. Even with sequencing errors being
present in 10% of the bases an average class homogeneity of more than 90% is maintained,
which can be considered robust enough for sequencing error rates as they are to be expected
in real applications.

e results of the evaluation concerning the removal of read occurrences from the multi-
alignment based on local classifications produced from separation sites as shown in Section 3.4
revealed that rather many correlated errors between read classes are necessary to reconstruct
different coverages as required in quantitative methods. While for two regions with a true
coverage of 150 and 75 their coverage ratio can be recovered down to 0.6 with a sequence
heterogeneity of δ = 2% and to the actual ratio of 0.5 when there are δ = 3% correlated errors
between the regions, the method cannot recover almost any of the relative read quantities
for regions with a simulated coverage of 9, 18 or 37. In general, for low coverages and small
differences between the read classes, methods specialized for the optimization of quantitative
read mapping results or a combination of an approach based only on micro heterogeneity with
any of those might be more effective.

e fragmentation analysis shown in Section 3.5 reveals, as intuitively expected, a growth in
the class sizes with an increasing sequence heterogeneity between the reads of different ori-
gin. at growth however stagnates from approximately δ = 2% on, i.e. the methods used to
interconnect the results from different separation sites as presented in Section 2.8 are not able
to make use of the additional separating columns induced by a higher inter-class heterogene-
ity rate. For two classes, aer reaching a peak value rather high compared to the multi-class
samples, the N50 value decreases rapidly for increasing heterogeneity rates. e analysis of
the mate-pair and conflict-based methods for increasing the class sizes (as described in Sec-
tion 2.8.2) suggests that this effect might only occur when classes are merged. When none of
the methods is applied, theN50 value stagnates at about 1600 bp for δ ≥ 2.5% and no decrease
is observed. When the mate-pair based class expansion is enabled, the previously described
effect occurs, namely the N50 value reaches 8800 bp at δ = 1.5% and then decreases again
down to 4700 bp at δ = 3.5%. Nevertheless, it has been shown that utilizing mate-pair infor-
mation can significantly decrease class-fragmentation, leading to up to five times larger N50
values when two classes are separated. Also the conflict-based class expansion for two classes
has proven effective, increasing the N50 value by up to 50% compared to the values achieved
when using only the mate-pair-based approach.

Possible future improvements of the presented methods therefore certainly include enhanc-
ing the inter-connection method for local partitions. More inter-class sequence heterogeneity
should produce larger continuous classes of reads. For δ = 3% there are in average 9 separat-
ing columns present within each mate-pair, a number of anchor points that should suffice to
distinguish rather large continuous areas within the multi-alignment.
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L  F

1.1. A simplified scheme of the Sanger sequencing approach. e DNA strand of
interest (template) is inserted into a vector ..1 and incorporated into a bacte-
rial cell. Aerwards, the host cell is cloned ..2 and the insert of each vector
is transcribed using primers sensitive to the vector and a mixture of regular
dNTPs as well as transcription terminating ddNTPs with fluorescence markers
..3 . e sequence is recovered with high resolution gel electrophoresis using
the segments lengths and the detected fluorescence ..4 . . . . . . . . . . . . . . 8

1.2. An illustration of the shotgun sequencing steps. e original DNA strand is
copied various times ..1 and then cleaved at random positions ..2 . ose frag-
ments that have the right length for the chosen sequencing method are selected
..3 and both ends of each fragment are sequenced ..4 . . . . . . . . . . . . . . . 9

1.3. An example overlap graph (modified from [6]). All reads have a length of 500bp.
e start nodes si are denotedwith , the end nodes ei are denotedwith .
e minimum spanning tree is highlighted in black. . . . . . . . . . . . . . . . 10

1.4. A simplified example of an original sequence containing two repeats (R and
R′) and a read layout that will be falsely reconstructed (modified from [6]). . . 13

1.5. e overlap graph produced from the reads shown in Figure 1.4. e graph
contains two repeat induced false overlap edges, e1 and e2 (modified from [6]). 13

1.6. e original sequence (up) contains two repeats, R and R′, as well as three
unique regions, A,B and C . Below the sequence the correct read layout is
shown (modified from [6]). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.7. e reconstructed sequence (up) no longer contains both repeats completely,
the regionR′

c without overlaps to any of the unique regions has been overcom-
pressed. e reads have been assigned to the region Rc, which shows a higher
coverage as a result (modified from [6]). . . . . . . . . . . . . . . . . . . . . . . 14
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