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Exercise sheet 3 for
Algebraic curves and the Weil conjectures

Kay Rülling1

Exercise 3.1. Let k = k̄ be an algebraically closed �eld andX ⊂ Pn(k)
a projective variety over k. Denote by I(X) ⊂ k[T0, . . . , Tn] the ideal
of X. Let F1, . . . , Fr ∈ I(X) be homogeneous polynomials generating
I(X). Consider the (n+ 1)× r-matrix J := (∂Fi/∂Tj)1≤i≤r,0≤j≤n; it is
a matrix with coe�cients homogeneous polynomials and hence we can
evaluate it at any point a ∈ kn+1.

(1) For x ∈ X de�ne rk(J(x)) as the rank of the matrix J(a0, . . . , an),
where (a0, . . . , an) ∈ kn+1 is some representative of x. Show
that rk(J(x)) is a well de�ned number, i.e., independent of the
choice of the representative of x.

(2) Show that if F ∈ k[T0, . . . , Tn] is a homogeneous polynomial of
degree s, then we have s · F =

∑
i Ti∂F/∂Ti (Euler's identity).

(3) Show that X is smooth at x (as de�ned in the lecture) if and
only if rkJ(x) = n− dimOX,x.

Exercise 3.2. Let k be a �eld and �x an algebraic closure k̄. On
the projective n-space over k Pn/k we de�ned Serre's twisted sheaves
OPn(r), for all r ∈ Z. Show

Γ(Pn/k,OPn(r)) =

{
0 if r < 0

k[T0, . . . , Tn]r if r ≥ 0,

where k[T0, . . . , Tn]r is the k-vector space of homogeneous polynomials
of degree r in k[T0, . . . , Tn].

Exercise 3.3. Let X be a topological space. An open cover U of X is
a tuple U = (Ui)i∈I of open subsets Ui ⊂ X indexed by some set I, such
that X = ∪iUi. We say that an open cover V = (Vj)j∈J is a re�nement

of U and write V ≺ U , if there exists a set map τ : J → I such that
Vj ⊂ Uτ(j). Show that ≺ induces the structure of a directed set on the
set of open covers of X (i.e. U ≺ U ; W ≺ V and V ≺ U ⇒ W ≺ U ;
any two open covers have a common re�nement).

1Questions or comments to kay.ruelling@fu-berlin.de or come to 1.103(RUD25)
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1



2

Exercise 3.4. Let X be a topological space and F a sheaf of abelian
groups on X (written additively). Given an open cover U = (Ui)i∈I
de�ne the two maps (where Ui,j = Ui ∩ Uj etc.)

δ0 :
∏
i∈I

F (Ui)→
∏

(i,j)∈I2
F (Ui,j), (ai)i 7→ (ai|Ui,j

− aj|Ui,j
)(i,j),

and
δ1 :

∏
(i,j)∈I2

F (Ui,j)→
∏

(i,j,k)∈I3
F (Ui,j,k),

(ai,j)(i,j) 7→ (ai,j|Ui,j,k
− ai,k|Ui,j,k

+ aj,k|Ui,j,k
)(i,j,k).

(1) Show Ker(δ1) ⊃ Im(δ0). Set

H1(U , F ) := Ker(δ1)/Im(δ0).

(2) Let V = (Vj)j∈J ≺ U be a re�nement. Take τ : J → I such that
Vj ⊂ Uτ(j). De�ne τ

∗ :
∏

(r,s)∈I2 F (Ur,s)→
∏

(i,j)∈J2 F (Vi,j) via

τ ∗(a)i,j := aτ(i),τ(j)|Vi,j .

Show that τ ∗ induces a morphism τ ∗ : H1(U , F )→ H1(V , F ).
(3) In the situation above assume we pick another τ ′ : J → I such

that Vj ⊂ Uτ ′(j). Show that τ ∗ = τ ′∗ : H1(U , F ) → H1(V , F ).
(Hint: For a = (ar,s) ∈ Ker(δU1 ) show �rst that aτ(i),τ(j)|Vi,j −
aτ ′(i),τ ′(j)|Vi,j = aτ(i),τ ′(i)|Vi|Vi,j − aτ(j),τ ′(j)|Vj |Vi,j .)

(4) Conclude that a re�nement V ≺ U induces a well-de�ned mor-
phism H1(U , F )→ H1(V , F ). Hence we can de�ne

Ȟ1(X,F ) := lim−→H1(U , F ),

where the limit is over the directed set of open covers (see Ex-
ercise 3.3).

Exercise 3.5. Let X be a quasi-projective variety over a �eld k and
denote by O×X the sheaf of abelian groups given by U 7→ Γ(U,OX)×.

(1) Let L be an invertible sheaf on X/k. Thus there exists a open
cover U = (Ui) such that L|Ui

∼= OUi
. Then the OUi,j

-linear iso-
morphism OUi,j

∼= L|Ui|Ui,j
∼= L|Uj |Ui,j

∼= OUi,j
is induced by mul-

tiplication with a section gj,i ∈ Γ(Ui,j,O×X). Show that (gi,j)(i,j)
de�nes a well de�ned element γ(U , L) ∈ H1(U ,O×X).

(2) For a line bundle L which is trivialized on U denote by γ(L)
the image of γ(U , L) under the natural map H1(U ,O×X) →
Ȟ1(X/k,O×X). Show that there is a well de�ned group iso-
morphism

Pic(X/k)
'−→ Ȟ1(X/k,O×X), [L] 7→ γ(L).


