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Géométrie algébrique/Algebraic Geometry

Remarks on absolute de Rham and absolute Hodge cycles

Hélene EsnauLr and Kapil H. PARANIAPE

Abstract - Let X be a smooth proper variety over a field k of characteristic zero. If o € F' H3L (X/k)
is the class of an algebraic cycle, then it has to be an absolute de Rham cycle of moderate growth,
a notion we define and compare to Deligne’s notion of an absolute Hodge cycle. In fact, absolute
Hodge implies absolute de Rham, while it’s not clear why the moderate growth is implied by the
absoluteness condition.

Remarques sur les cycles absolument de de Rham et absolument de Hodge

Résumé — Soit X une variété propre et lisse sur un corps k de caractéristique zéro. Si
o € H3% (X/k), est la classe d’un cycle algébrique, alors o doit étre une classe absolument de
de Rham a croissance modérée, une notion que nous définissons et comparons & celle d’un cycle
absolument de Hodge due a Deligne. En fait, absolument de Hodge implique absolument de de Rham,
alors qu’il n’est pas clair que la croissance modérée soit impliquée par la condition « absolument ».

Version frangaise abrégée — Un cycle algébrique sur une variété X propre et lisse sur un
corps k de caractéristique zéro a une classe absolument de de Rham dans HZ% (X/k), qui est
aussi, suivant Deligne, absolument de Hodge. En fait

PROPOSITION (voir corollary 6). — Une classe absolument de Hodge est absolument de de Rham.

La raison en est la dégénérescence en E; de la suite spectrale de Leray pour la cohomologie
de Betti, la régularité du systéme de Gauss-Manin et la comparaison des suites spectrales de
Leray pour les cohomologies de Betti et de de Rham.

Inversement il est connu ([3], (2.6)) qu’une classe Gauss-Manin plate, par exemple une
classe absolument de de Rham, rationnelle relativement a un plongement ¢ : k — C, lest
relativement 4 tout autre plongement coincidant avec o sur le corps des constantes de k.

Par ailleurs, un cycle algébrique a aussi une classe dans H?* (X, Q);(’/Q), relevant les classes
dans H3% (X/Q) et F*H3Y (X/k). En fait, il n’est pas clair c;ufune classe absolument de
Hodge de F*H2% (X/k) doive étre dans I'image de H?® (X, Qi’/q). Nous introduisons un
sous-groupe F* Hk (X/k)'°8 de croissance modérée de F* HE% (X/k) et prouvons le

THEOREME (voir theorem 11). — Un cycle modéré Gauss-Manin plat provient de H** (X, Q)%Z/Q)

Outre les arguments plus haut, on applique la dégénérescence de la suite spectrale Hodge
vers de Rham de [6] et [11].

Let X be a smooth proper variety over a field k& of characteristic zero. For any
embedding o of k into the field of complex numbers C, the C valued points of X®, C
form a complex manifold denoted by Xs. By base change for the de Rham cohomology
HL . (X/ k)®, C = Hi, (X®, C/C) and by the GAGA principle one has an isomorphism
Iy from Hi, (X/k) ®, C to the Betti cohomology HL (X,, C) ([5], p. 96).

An element of the @ Chow group CH* (X) ®z @ has a de Rham class

o € FUHEL (X/k) = H* (X, QF),) C Hih (X/k)
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such that for all embeddings o : k — C
I, (@) € I, (F*HEL (X/k) @, C)NHE (X, Q).

So a is an absolute Hodge cycle, a notion defined by Deligne [3], section 2, which we
slightly modify, as we are only interested here in de Rham cohomology (see [3], open
questions 2.2 and 2.4).

DEFINITION 1. — A class o € F* H3% (X/k) is said to be an absolute Hodge cycle if for
all embeddings o : k — C, L, (@) lies in H3' (X,, Q).

On the other hand, such an algebraic cycle has an absolute de Rham class in
H2¢ (X, Q;’/Q) In fact, there is an absolute differential

;dlog: Q% — Q;(/Q (1]
inducing an absolute differential
dlog: KM — QX/Q [7]

where KM is the Zariski sheaf of Milnor K theory. As CH' (X) ®z @ = H (X, £M) ([9],
théoreme 5), d log induces the absolute de Rham cycle class map

CH! (X) @2 @ % H2i (X, 0F50)-
One composes this map with
H** (X, Q5)) — H* (X, QF),) = F' H3% (X/k)

to obtain the de Rham cycle class map. As we don’t have a reference for this, we indicate
how to prove it. By base change F*H3% (X/k) ®, C = F*HZ: (X ®, C/C), so it is
enough to handle &k = C, in which case the compatibility is proven in [2], (2.2.5.1) and
(2.2.5.2) for ¢+ = 1. For ¢ > 1, resolving the structure sheaf of an effective cycle by vector
bundles, and for a given vector bundle, computing its Chern classes on the Grassmannian
bundle G = X, with 7* : F* H&% (X/C) — F*Hi}, (G/C), one reduces the compatibility
to the case ¢ = 1.

Remark 2. — The existence of the absolute de Rham cycle class is proved in great
generality in [10] when X is singular. In fact, this class is convenient to formulate some
questions. For example, its injectivity for a surface X over k = C would imply Bloch’s
conjecture when H? (X, Ox) = 0.

At any rate, the existence of ¢ motivates the following

DEFINITION 3. — A class a € FéH2% (X/k) is said to be an absolute de Rham cycle if
it lies in the image of H3% (X/Q) in HYk (X/k).

We denote by V : H, (X/ k) — Q% /q ®k Hpg (X/k) the Gauss-Manin connection for
the smooth morphism X — Speck of schemes over Spec Q.

ProPOSITION 4. — The sequence
. . v .
Hjg (X/Q) — Hpg (X/k) — Qi/q ® Hpg (X/k)

is exact.

Proof. — The sequence is obviously a complex.

Let ko C k be the field of definition of X. One has X = X, ®, k, where X, is smooth
proper over kg, and ko = Q (Sp) for a smooth affine variety Sy over @, such that there is
a smooth proper map fo : Xy — So with Xy ®os, ko = Xo.
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As Hp g (Xo/ko) is a finite dimensional ko vector space, any
| @ € By (X/F) = By, (Xo/ho) @5, &
lies in Hpp (Xo/ko) ®k, Q(S), where ko C Q(S) C k and S is a smooth affine variety
mapping to Sy. If z € Ker V, then z lies in the kernel of
Hpr (Xo @k, Q(S)/Q(8)) — Qg (s)/q ® Hpr (Xo ®k Q(S)/Q(S))
and to prove exactness, one has to see that

o € Im (Hpg (Xo @k, @ (S)/Q) — Hpp (Xo &k, @ (S)/Q(S))):
Denote by f: X = Xy X5, S — S the smooth proper morphism obtained by base change
S — Sg of fo. Making S smaller, one may assume that there is
B € Ker (Hpg (¥/S) = 4 ® Hpy (X/9))
such that 8 ®o, Q(S) = , and one wants to show that 4 € Im H}; (X/Q).
On Q% o one considers the filtration by the subcomplexes f* Qg}‘Q A Q% /q- It defines
a spectral sequence
Ef’ = Q4/q ® Hpp (¥/S)
converging to H&L? (X/Q), whose d, differential is the Gauss-Manin connection V. As S
is affine, one has
E3* = H* (S, Q3)q ® Hpp (X/9)).
We now consider the analytic varieties S, = (S®gC)an, Xan = (X ®q C)an-
The corresponding spectral sequence
Eg?an =H* (Sana Qéa,, ® HlbjR (Xan/san))
=H* (San: Qém ® R’ fe Q;(,m/saﬂ)
=H* (Sana Rb f* C)
abuts to HY® (Xyn, Q% ) = H**? (X,,, C). This spectral sequence is, according to
Deligne ([11], (2.77) and (15.6)) the Leray spectral sequence, and by [2], (4.1.1) (1), it

degenerates at E,.
On the other hand, by the regularity of the Gauss-Manin connection, one has

E3’sn = H (S8 C, Qg c/c ® Hpr (¥ ®q C/S®q C)) -
=E® ®q C
([11, (6.2) and (7.9)).
This implies that (E{°, d1) ®q C degenerates at Eq, and so does (E#®, d,). In particular
Hpg (¥/Q) = H° (S, Qg /q ® Hpg (X/9))
= Ker (H° (S, Hpg (X/S)) — H° (S, Qf /o ® Hpg (X/9))).

This proves the required exactness by base change to Q (S).

Remark 5. — In fact, even if S is not affine, there is a Leray spectral sequence for
the de Rham cohomology [7] (3.3), which again degenerates at E, by the comparison
between the Leray spectral sequences for the Betti and the de Rham cohomologies, and
the regularity of Gauss-Manin. For more on this, see [8].

COROLLARY 6. — If a is an absolute Hodge cycle, then it is an absolute de Rham cycle.

Proof. — By [3] (2.5), we know that Va = 0, where V is as in (4) for j = 21.
Then we apply 4.
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CoroLLARY 7. — If « is an absolute de Rham cycle such that 1, (a) € H3' (X,, Q)
for some embedding o : k — C, then for any T : k — C such that oK = Tk, where
K =Ker k — 2} /q I8 the algebraic closure of Q in k, then 1, () € HE' (X,, Q).

Proof. — In fact, this is [3] (2.6). More precisely, choose S as in the proof of 4 and
B € Hpi (X/S) restricting to o. The embeddings Q (S) — k % C define an embedding
Q(S) ®q K’ — C, where K’ = KN Q(8), that is a generic C valued point of one
component of the (non irreducible) variety Spec @ [S]®q K’. Call this component S°, and
X% — 8O the restriction of X — S to S°. Then'similarly, 7 defines a generic C valued
point of S® as well. Thus the image 8 (o) of 43 in

H (Sgn, R* £, €) = H' ((Xg,)o, €)™ emr?)
lies in
HY (80, R** £ Q) = H* ((X5,)5, @) ).
Therefore 3|xo ), is rational for all s, in particular for those s coming from an embedding
7 : k — C defining a point of S?,.
On the other hand, we have seen that if € F* H3% (X/k) is the class of an algebraic

cycle, then not only it is an absolute de Rham cycle, but also it is coming from
H2 (X, 05%)q)- _ |

Let f : X =S, f € F'Hpp (¥/S) = H'(S, R f. Q3's), such that

,B ®Q(S) k=aek" Hi)R (X/k)

as in the proof of 4. Let fc : Xc — Sc be the smooth proper morphism obtained from f
by base change Os ®¢q C, and ¢ be B ®q C. Let f{ : X — S¢ be a compactification of
fc such that ¥ = S, — S¢, D = fZ~! (X) are normal crossing divisors and X{ is smooth.

DEFINITION 8. — A class a € F? H{DR (X/k) is said to be of moderate growth if for
some (8, f¢) as above, it verifies

] % j 21
(®)  BceH(Sg, R f, 0F/s, (logD)) C H' (Sc, B fe. 05 s,)-

Remark 9. — The definition 8 does not depend on the couple (3, f¢) choosen. In fact,
take (v, g) withg: Y — T, Q(T) C k, Y®q (1) k = X, Y®q (1) k¥ = . Then considering
in k a function field Q (U) containing Q (S) and Q (T), one has base changes 0 : U — S,
T:U->T, fy: Xuy=&XxsU—-U,gy: Yy =Y xr U— U, such that there is an
isomorphism ¢ : Xy — Yy, with gy ot = fu, ¢* (7 ®o, Ov) = B ®os Ou, for U small
enough. As fc fulfills (x) on S, it fulfills (*) on any blow up o¢ : U — Sg such that
a commutative diagram exists

Xi,c = X

foe | [RC
Ue 5S¢
with the properties: o¢ ' £, A = f{; ¢ ¢+ ¥ are normal crossing divisors, X7 ¢ and Ug
are smooth. Choose U such that 7 extends to 7¢ : Ug — T, with a commutative diagram
i /
Xoc = Ve
fue | | %

!
/ 7¢ /
Ues —= T¢
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with the same properties as above. One has now

. o s
B (Ue, B fo,c. O3, v, (log A)) = H (T¢, R gp, 05, (log g (T4 ~ Tt)

[6], (4.13).
This implies in particular that classes of moderate growth build a k subvectorspace
of F! H{DR (X/k).

NOTATION 10. — We denote this subvectorspace by F* HJ r (X/k)l8, and by
H (X, Q% /Q)1°g its inverse image in H7 (X, Q3 "0)-
THEOREM 11. — The sequence
HY (X, 05)9)"8 — F* Hpy (X/k)¢ 2 QL o @ =V HE (X/k)
is exact.

Proof. — We have to prove that if o € Ker V, then it lies in the image of H’ (X, QX /Q)
With the notations as above,

fe € HO(S¢, O (logZ) @ RV f¢, 03175, (log D)).
This group is the ES’ term of a spectral sequence converging to H? (X, Qi’c, /st (logD))
and defined as in [7] (3.3) on the complex Qiz /st (logD). One has
Eg® = H* (S¢, Qg (logZ) ® R® £, Q%j,;;, (log D)).
By [6] (0.4) and its analogue in characteristic zero [4] (2.7), EZ® injects into
H* (S¢, Qg (logX) ® R® ¢, Q% /s, (log D)),
which is just H® (S,,, R® fc, C) by [1] II, paragraph 6.
Thus the spectral sequence degenerates at E,, and ¢ comes from H7 (X, Q (log D)).
In particular B¢ comes from H/ (X, Q3 3 /Q) ®¢q C and the image of « in
F' Hlyp (X/K) 8 € _ ( F' Hjy (X/) ) oc
)

ImH (X, 0559) @ € \ImH (X, 0%

vanishes. Therefore a lies in the image of H’ (X, QX /Q)
Remark 12. - If the transcendence degree of & is < 1, then of course the sequence
HY (X, Q5q) — F* Hhg (X/k) 5 O} g ® F' =" Hpp (X/k)
is trivially exact. But if the transcendence degree of k is higher, it is not clear why an
absolute Hodge cycle has to be a moderate absolute de Rham cycle.
More generally, one can consider a k subvectorspace V of Hjp (X/k), such that

I, (V®, C) is a Hodge substructure of H] . (X,, C). In the light of the above results,
one can examine the following questions.

QUESTION 13. — Is V stable under the Gauss-Manin connection?

For this, one would like I;! [I, (V®, C)NH% (X,, Q)] to lie in V and to be independent
of o.

If so, then V defines a vector bundle W with a flat connection on S, where S is defined
as in 4 such that V = WQgq )k, W C Hpg (Xo/ko) ®k, Q(S). Then W,,, on S,, is
generated by a local system F.

QUESTION 14. — In the above situation, is the monodromy representation associated to
F defined over Q7?
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The knowledge of 13 does not imply the knowledge of 14.

Note remise et acceptée le 14 février 1994,
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