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Abstract. Let A be an algebraic smooth variety over C, X 0 .. . . .  X, be global regular functions on A, ~ be 
a global invertible regular function on X of value I on the divisor Ydefined by X 0 and Z defined by X 1 ... X.. 
Then the cup product {~lA_z,X, X.} in tlhe Deligne-Beilinson cohomotogy group H"+ttA - Z, Y; 
Z(n + 1)) extends across Z to a so-called Loday symbol, denoted by {~, X 1 .. . . .  X. }7 in Hi + "-(,4, Y; Z(n + 1)). 
In this article, we give explicit formulae for {~, X t . . . . .  X.} as a ~ech cocycle. Thereby, one obtains a proof of 
Beilinson's formula for the evaluation of the Loday symbol along certain homology cycles. 
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This article is thought as a complement to the volume Beilinson's Conjectures on Special 

Values of  L-Functions, where [3] and [4] are two of the contributions. It gives an explicit 

formula for the Loday  symbol in the Deligne-Beilinson cohomology.  Thereby, one 

obtains the p roof  of  the 'crucial lemma'  2.4 in [4], II, which is a formula for the 

evaluat ion of the L o d y  symbol on certain cycles. This formula was stated by A. 

Beilinson in [1], 7.0.2, and - together' with some very useful comments  and really 

necessary assumptions - in [4], II, 2.4, both  times, however, without  proof. Note  that  

the explicit description of  the regulator map  for Spec Q(#N), where #N is the group of  

Nth  roots  of  unitY, given by Beilinson in [1], 7.1, relies on this crucial lemma. 

Let A~ + 1 be the affine space of  dimension n + 1 of  coordinates X i over the complex 

numbers  C. Let 

(o = 1 -  X o  . . . X , ,  A=A~ +'-(alp=0), U = A - U ( X i  = O)" 
i>~ l 

Then 4~lv ~ H i (  U, (Xo = 0); Z(1)), the group ofinvertible regular functions on U which 

are 1 on (X o = 0) and X~ e H~(U, 7/(1)), the g roup  ofinvertible regular functions on U. 
One considers the cup produc t  {~lv, X I . . . .  , X , }  in the Deligne-Beilinson cohomo-  
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logy group H~ + I(U, (X o = 0); 7/(n + 1)). As 

HI~LI~NE ESNAULT 

H'~(U, (X o = 0); ~ ) ~ H'~(A, (X o = 0); ") 

is an isomorphism, this defines an element rest - 1 {~blv, X1, �9 �9 X,} in H I  + I(A, (X o = 0); 
Z(n + 1)). This is the Loday symbol in the Delione-Beilinson cohomology. In this article, 
we give explicit formulae for the Loday symbol as a Cech cocycle (1.8), (2.3), (2.5i). 

Let h: X --, A be an algebraic morphism, with X smooth. This gives explicit formulae 
for h'rest-l{~blv, x l , . . . ,  x ,}  in H"J 1 (X, S; Z(n + 1)) if h(S) c (X o = 0). If complex 
dimension X ~< n, then H~ + I(X, S; 77(n + 1)) = H"(X, S; C/Z(n + 1)), the Betti cohomo- 
logy group. Therefore, we may evaluate h*rest-l{d?lv, X1 . . . .  ,X,} along relative 
homology classes [7] e H,,(X, S; 77). The previous explicit formulae give an expression 
(3.9) for this evaluation under certain assumptions on a representative 7 of [7]- 

Our method consists of reducing the problem to the analytic Deligne cohomology 
(1.3), and there to define a substitute for the cup product if the functions Xi, i >1 1 are 
not invertible (1.4), (1.5). As this definition makes sense for analytic varieties as well, we 
define in this way a sort of Loday symbol in the analytic case (1.6), (1.7), which is no 
longer unique (2o5ii), (2.5iii). 

In Section 4 we weaken the condition on the dimension of the algebraic variety X by 
an assumption on the curvature of a sum of pull-backs of the Loday symbol. This 
allows us to define it as the class of a global closed holomorphic n-form (4.2). In (4.4) and 
(4.5), we give the evaluation of this class along relative cycles with some assumptions 
which are milder than in (3.9). 

Finally, in (4.7) we explain the relationship with Bloch's regulator map Kz(X ) 
H2(X, 7/(2)) in any dimension. 

I cordially thank M. Rapoport with whom I discussed the above points several times. 
In the first version of this article, I considered all the cohomology groups only over Q, 
which, as (~ Gabber pointed out to me, was more careful than necessary. I thank S. 
Bloch for suggesting several improvements, especially (2.6) is due to him. 

1. Construction of a Class x in H ~  + I(A, Y;7/(n + 1)) 

1.1. Let A be a smooth algebraic variety over C, Y+ Z be a normal crossing divisor on 
A where Z is defined by X t . . .  X m, X i being a global regular reduced function on A. We 
define the natural embeddings 

A - Y - Z  

Let 4~ be in 

HI(A, Y+ Z; 77(1)) = ker (9(A)* --, (0(y+ Z)*. 
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Define U = A - Z, Yv = Y n  U. Then q~[v lies in 

H~(U, Yv; Z(1)) = ker (9(U)* -~ (9(Yv)* , 

and X~ lies in H~(U, Z(1))= (9(U)*. Choose 1 ~< n ~< m. Then the cup product 
{~lv, X1 . . . . .  X,} is defined as an element in H"~ + I(U, Yv; Z(n + 1)). In Section 1, we 
construct a specific element x ~ H~ + I(A, I~ Z(n + 1)) from which we show in Section 
2 that its restriction to U, xlv e H~ + I(U, Yv; Z(n + 1)), is precisely {~blv, X1 , . . . ,  X,}. In 
other words, we define a lifting of the cup product across Z. 

1.2. Here we show that the problem is reduced to a problem in the analytic Deligne 
cohomology. Recall [31, 2.9, that 

H~ + ~(A, Y; 7/(p + 1)) 

= H q + I(A, cone[(Rk,it Z(p + 1) + F p+ l(log(H + Y))(-  ~)) -} 

-~ ~)~r(*H + log Y) ( -  Y)1 [--  13) 

= Hq+ i(~, cone[FV+ 1 (log H + Y) ( -  Y) ~ Rk,i~C/Z(p + 1)1 [ -  1]), 

where k: A ~ A is a good compactification such that H ,= A - A, Y.'= closure of Y in 
and H + Yare divisors with normal crossings. 
Forgetting the growth condition along H on the F p + ~ part, one obtains a morphism 

in the analytic Deligne cohomology [3], 2.13: 

Hq+ I~ A ~,~t~, Y; Z(p + 1)) 

= H q+ l(A, cone[(iEZ(p + 1) + ~ P + l ( l o g  Y ) ( - r ) )  

-~ a~(log I1)(- Y)] [ -  13) 

= Hq+~(A, cone[f~P+ ~(log Y ) ( -  Y) -* i,C/Z(p + 1 ) ] [ -  1]) 

= Hq+I(A, i,Z(p + 1) ~ f~P(log Y) ( -  Y)). 

One obtains a commutative diagram of exact sequences 

Ha(A, Y; C/~_(p + 1)) ~ Hq + ~(A, Y; Z(p + 1)) d Fzp+ 1, q+ I(A, Y) ~ 0 
O ~  F p+lHq(A,Y;C) 

fp+ 1,q+ 1 

0 ~  
Ha(A, Y; C/Z(p + 1)) 

Hq(A, f2~ p+ 1(log Y) ( -  Y)) 
Hq+tta Y;Z(p + 1)) - - ~  Hol~+~(A, Y) -~0 

where 

Fp+ 1, q+ I(A ' y) .-= {co ~ Fp+ 1Hq+ I(A, Y; C) such that the image of Z 

co in H q§ ~(A, Y; C/Z(p + 1)) vanishes} 
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and 
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H olP + i, q + ~(A, Y).'= {co e H q + ~(A, fl]p + l(log Y ) ( -  Y)) such that 
the image of to in H q+ I(A, Y; C/7/(p + 1)) vanishes}. 

LEMMA (see also [3], 2.13 and [-1], 1.6.1). ( i)f .+ 1,.+ 1 is injective, One has 

H~+I(A, Y;Z(n + 1)) .+l  = {x e H~,~.(A, Y; Z(n + 1)) such 

that d x e  F'+ I H"+ I(A, Y;C)} 

and 

H"(A, Y; C/~_(n + 1)) = Ker d = Ker dan. 

(ii) fp+~.q+l is an isomorphism for q < p. One then has 

H~ + ~(A, Y; Z(p + 1)) = Hq(A, Y; C/~_(p + 1)) 

(iii) fp+i,q+l is an isomorphism for dim A < p + 1. One then has 

Hq+ I(A, Y; Z(p + 1)) -- Hq(A, Y; C/Z(p + 1)) 

Proof. (i) One has 

F"+IH"(A, Y; C) = 0 = H"(A, gl~"+ l(log Y)(-Y))  

and 

f "+ 1Hn+ '(A, Y; C) = H~ 1"17 l(log(H + y ) ( -  Y))n r 

is embedded in 

H "+ i(A, fl~ "+ l(log Y) ( -  Y)) = S~ tl"A + i(log Y)(-- Y))a ~lo~d- 

(ii), (iii) In both cases, the cohomology of F p+i and fl >~p+i appearing in the exact 
sequences vanishes. 

1.3. COROLLARY. In order to construct an element x~H~+i(A,  Y; 7/(n+ 1)), it is 
enough to construct it as an element of t ; ,+ ira y; Z(n + 1)) and to verify that its l l  ~ , a n V  a ,  

curvature dx is algebraic, that is, in F ~+ 1H"+ i(A, Y; C). 

Therefore, in (1.4), (1.5), (1.6), and (1.7), we assume only A, Y + Z to be analytic, X i to be 
global holomorphic on A, and (k to be global holomorphic invertible on A such that 

~bir~z = 1. 

1.4. Consider ~b: A ~ C*, with ~b(Yu Z) = 1. Let d o u d 1 be an analytic open cover of 
C* such that 1 E d 1 - ~ o ,  log q~[r single-valued and 

log q~lr = 0. 
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One has 

log q~lo-1(~,) ~ H~ 1(~r (9A(_ y _ Z)). 

Then for any refinement (A~)i~i of  ~b- l (d/) ,  defined by a map  e: I ~ {0, 1}, one has 

(~) logiq~ ,= log ~blA,=~-~(d~,,,) 

H~ (gA, ( -  Y-- Z)). 

(13) zToTo 1 := (6 log q~)ioi, = log/,  ~b - loglo ~b 

H~ , 2!Z(1)), 

zToZ,, 1 = 0, if A/oi , a ( Y u  Z) r q~, even if Aioi, is 

not  connected and (6z"-1) = O. 

Take such a refinement with 

(y) if Aio...ik n ( Y w  Z)  = (a, 

logio...i~X, E H~ (g A). 

For  example, we choose (Ai) such that  all the A/o.../k with Aio...i ~ c~ (Yu Z) = ~b are 
simply connected. (It is enough,  of course to ensure that all the A/o.../~ are simply 
connected.) 

Define 

gio...ik := logio...i~,Xk, if Aio...i k n ( Y w  Z)  = c~, 

0 if Aio.,.il, N ( Y u  Z)  ~ c~. 

One has 

gio...ik ~ H~ CA(-- Y - -  Z)). 

We want to construct  

ff ~ H "+ I(A, 2,Z(n + 1) --* f~"( log(Y + Z ) ) ( -  Y -- Z)) 

as a cocycle ff = (x -  1, x o . . . . .  x") in the ~ech  complex 

(~'(A~, 2, Z(n + 1) ~ f~" ( log  (Y + Z ) ) ( -  Y -  Z), ( -  1)'6 + d): 

x -1 ~cg"+l(2!Z(n + 1)), 

x ~ e c~"(CA(- Y-- Z)), 

x n ~ c~~ Y)(-- Y)), 

with ( - 1 )  "+16x  j + dx  j - x  = O. 

1.5. The condit ion (1.4~) implies that  

dX  1 dX,  is in H~ f~](log Z ) ( -  Y - Z)), x~..= logi~b -z T---. A . . .  /X 
X,  
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which is embedded in H~ f~](log (Y + Z) ) ( -  Y -  Z)). This defines x,".. We have to 
resolve the equation 

1]n~n_  1 d X l  
(dx"- 1)ioi~ = (-- 1)n(OXn)ioi~ = (- -  ~, "tort X l  

Define 

- 1 , , -  1 dX2 dX, 
Xioit : = ( - -  /N . . .  A - -  1) Zioil gioil ~ Xn  

H~ fPa- ~(log(Y + Z)) ( -  Y-Z) ) .  

Assume by induction that we may define for 1 ~< l ~< k 
n--1 0 

Zio...i~ ~ n (Aio...i,, 2!Z(/)), 

with 

- - A . . . A - -  

n - 1  O, ifAio ~ , c n ( Y u Z ) # d p ,  (6z" -1 )=0  and Zio...i,= ... 

n-Z l'ltn , - t  dXz+ 1 dX. 
Xio...iz = (--~1 Zio...ilgio...il X l + l  A . . ,  A I n  

dx"- t = (_) . f ix ,-  l + 1, I <~ k. 

Define 
zn-(k+ l) (~,'zn-k 

io.-.ik+l : =  ~ io...ik~io...ik]" 

If, for all 1 ~ {0 . . . . .  k + 1}, 

Aio ~, ik.l c n ( Y w  Z )  # c~, then ~"-~k+l)=O . . . . . .  - io . . . ik  + 1 

(especially if Aio...i~+~ n (Yu Z) # q~). 
Otherwise, Ai~...i~, c~(Yu Z) = ~b (say). Then 

If 

then 

k + l  
l~lzn-k ( -  J ~o...~,...~,,,tO~o...~,...i,,+, - O,...~,.+J + 

1=1 

+ ~, ]io...ik+l~it...ik+t" 

Z n - (k + i) 
io...ik+1 = 

Zi0...fZ...ik+l • 0 ,  

A,o.. ~,...,k+ 1 c~(Yu Z) = r 

therefore 

g~o...f,...ik, - g, . . . ik,  ~ Z(1). 

Therefore, one has 

dX, 

X.  
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We may define 

x n _ ( k +  1 ) (__l~(k+l).nrn_(k+l)a d X k +  2 dX. 
~! - io. . , ik+l oio.. . ik+l Xk+2 In  ~0...tk+ I :~---- - - ] ~  " ' "  ~ X -  

H~ ~"A -(k+ 1)(log(Y + Z))(-- Y -  Z)), 

with 

dx.-(k+ 2) = ( _  1)" 6x "-k, 

I f k = n ,  

i f k < n .  

x~ol..in+l = (-- 1) (n+ 1)nZ~o.l.in,t. 

1.6. PROPOSITION.  The ~ech cocycle 2 = ( x - l , x  ~ . . . . .  x") constructed in (1.5) 

defines a cohomology class 

~ H "+ I(A, 2~7/(n + 1)) ~ f~"(log (Y + Z ) ( -  Y -  Z)). 

1:7. Let Z, be a smooth component of Z. We consider the morphism of restriction 

i~Z(n + 1) ~ f~"(log Y) ( -  Y) l' 
- -  restriction t 
2i~r 

ilz,:Z(n) ~- ~ , " -1 ( log  Y ) ( -  Y) 

whose kernel contains 

2,Z(n + 1 ) ~  n~"(log (Y + Z ) ) ( - Y -  Z), 

and whose cohomology reads 

H.+l ln  , I ' / n + 1 { 7  Y;Y(n)). 
~,a.~,  Y; Z(n + 1)) restrictions aXe, an i.i..Jl, 

n + l  THEOREM.  There is a class x e H~,,,(A, Y; Z(n + 1)), such that restriction z x = 0 and 
such that 

dff dX 1 dX,~  Hol~+I.,+I(A ' y). 
d x = - - A  A1 A ~  ... A X,  

Proof. Define x as the image of 2 via 

H "+ I(A, 2~Z(n + 1) --, f~"(log (Y + Z ) ) ( -  Y -- Z)) 

,L 
H,+IIA y;7/(n + 1)) .@,an t r t ,  

given by the same cocycle. One has dx = dx~. 
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1.8. Go back to the algebraic situation described in (1.1). Then 

__  _ _ d 4  3 dX 1 d X , ~ F , + I H , + I ( A  ' 
d x = r  X1 ^ . . .  ^ Y;C). 

X, 

By (1.2i), we obtain the following theorem. 
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THEOREM. The class x of(1.7) is in 

de  dX i dX, 
H~ +~(A,Y;Z(n+I))  and dx = ~ -  ^ ~ ^ ... ^ X ,  

2. Restriction of x to U 

2.1. In this section, we want to show that the restriction to U of the class x constructed 
in (1.8) is 

y..= {~blv, X 1 . . . . .  Xn}~H~+I(U,  Yv;7/(n + 1)). 

d~b dX 1 dX, 
dy = --~ ^ - ~  ^ ... ^ ~ [3], (3.7), we have by (1.2i): 

As 

LEMMA. (Xlv - y) e H"(U, Yv; C/7/(n + 1)). 

Therefore we may assume, as in (1.4), (1.5), (1.6) and (1.7), that A, and therefore U, are 
only analytic manifolds. 

2.2. We take a refinement U~ of Xj n U such that log Xilv, "= log~Xi is single-valued, 
that is logjXi e H~ (gv) for i ~< n. Define # = i l vi U - Yv -* U. Define y as a cocycle 
y = (y - i ,  yO . . . . .  y") in the ~ech complex 

(cg'(Uj, #,Z(n + 1) -~ f2~"(log Y v ) ( -  Yv)), ( -  1)'6 + d) 

with 

y-1 E~n+i(kt!Z( n + 1)), 

yO e ~r Yv)), 

y" c ~r176 Yv)(-- Yv)), 

with ( -  1) "+ 1 6yj + dyJ- i = O. 

One has [3] (3.2): 

dX 1 dX. 
y~=logj~bx1 /x.. .  ^ X , '  
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yn. -. 1 | ~nTn z 2 dX2 dX,  
sos, = (-- logj~X 1 A "" A - -  

with 

d X .  yn . -k .  = ( |]knTn-k l o g j k X k  d X k + l  A " .  A -  
Jo. , .3k ~ - - ~ I  ~ J o . . . j k  X k + l  X n  , 

- 2  YSoJ.+~ = ( -  1) ("+ 2)~Z:- 1 . ]0,..Jn+ 1 

Z , , - 2 .  . - 2  = (6 log  ek)joj, ~ H ~  JoJ, "= Z j o j l  

n - k  . _ _  r  2 Zjo. . . j~ . -  v,--~o...j~_ ~ logj~_, X k  - 1 ) 

H ~  ~Z(k)). 

Therefore, one has x ~ - y" = 0 and for 1 ~< k ~< n: 

(X" -k  __ y"-k) io . . . ik  

( 1 ] n - k e g n - k  - n - k  d X k +  1 
-~ ~ -  ., ~ io . . . ikVio. . . i r~ - Z i o . . . i k l o g i ~ : X k ) .  - S k + l  

and 

x - 1  _ y - 2  = ( _  1)(,+ 1),(z-1 _ z - l ) .  

2.3. Define 

n-1  n-2  n-2 1 
N i o i i  ' =  Zioi l  g i o i ,  - -  Z i o i l  ogi, X1 

11--2 
= Ziol, (gioi, - -  log/, X I) ~ H ~  l~ Z(2)), 

(6N n - l )  = z n - 2  __ Z n-2 .  

Define 

- - A " . A - -  
d X ,  

X , ,  

n-2 n n 2 dXs  dX~ 
rioi, : = ( - 1 )  Nio~t l o g i l X 2 - ~ -  3 A ... A 

X ,  

e H ~  fl~-2(log Yu)(-- Yv)).  

One has 

x ~ -  2 _ y . - 2  _ d r  n -  2 = O. 

Define, by induction, 1 ~< l ~< k: 

n--I  
Nio...i ,  e H~ p!7/(l + 1)), 

with 6 N  n - t  = z " - t - 2  - Z " - ~ - 2 ,  

r n - l - 1  | ] l n M n - I  logi  X l + l  dX/+2 
io . . . i l  = ( - - ~ , :  " ' i o . . . i l  S l + 2  A , . .  A - -  

s n ~  .... i,, ~ - r  2)(log Y v ) ( -  Yv) )  

dX.  

X~ 



10 

such that 

Xn-t _ yn-I  _ ((__ 1). 6 r . - I  + dr.-Or+l)) = 0, 

Define 

Nn-k z n - k  _ n - k  io...iu := iO...ikgiO...i~ -- Zio...fk logikXk - 
n - k + 1  X - 6(N~o...ik-1 logi,,_x k)io. . . ik" 

One has 

6 N  n - k  = g n - k - 1  _ z n - k - 1  

and 
Nn. -k.  = g n-k ( -  _ log~Xk) - 

I0... ~k io. . . ik ' ,Yio. . ik 

__ i n - k + l  X ( - 1 )  k- Nio...i~-x(61og k)i~-li~ 

E H~ l~,Z(k + 1)). 

Define 

HI~LI~NE ESNAULT 

I < k .  

dXk + 2 dX ,  
. . , -k-  1 ..= ( _  1)k,NToSki~ 1og~kXk + 1Xk+2  ^ "'" ^ X ,  rio. . ,  fk 

E H~ ik, n~-tk+l)(Iog Yv) ( - -  Yu)), 

then 

xn-k  __ yn-k __ ((__ 1)" 6r n-k -- dr n - k -  1) = O. 

Therefore, one has x - y - ( ( -  1)"6 + d)r = 0, and x - y is a coboundary.  

P R O P O S I T I O N  (see (2.6) for another  p roof  in the universal situation). One has 

x[v = y, in ,Jun+ltrr~,an t'-', Yv;~-( n + 1)) 

and 

X J v = y ,  i nH '~+l (U,  Y v ; Z ( n +  l)). 

2.4. Consider the morphisms 

rest: H~+ I(A, I~ 77(n + 1 ) ) ~  H~+ ~(U, Yv; Z(n + 1)), 

respectively if A is analytic 

~ n +  l [ A  n + l  rest a": ..u,a. v~, I~ Z(n + 1 ) ) ~  H~,a.(U,  Yv; ~_(n + 1)), 

and 

u :  H b ( a ,  Y + Z; 7/(1)) -* H~  + ~(U, Yv; Z(n + 1)), 

respectively if A is analytic 

uan: HA,an(A, Y+ Z; 77(1)) -~ H~ + I(U,  Yv; Z(n + 1)), 
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defined by 

= 

Then (1.7), (1.8) and (2.3) prove the following theorem. 

T H E O R E M .  image u2 c image rest  (respectively, image w a " c  image resta"). 

11 

2.5. Remarks. 
(i) The universal situation: 

Consider  

B := A~ + 1 _ (,,IS = 0), ~F = 1 -- Yo... Y,, where Yi are the coordinates.  Then  

o n e  has [4], (2.1): 

H"~+Z(B,(Yo O);7](n+ l)) rest H"~+z( U ) = * S - (Yi = 0), (Yo = 0); Z(n + 1) 
1 

is an isomorphism. Take  A as in (1.1). Then  (1 - @)IX1... X,  e H~ (9(- Y)). Define 
X o := (1 - r X,,. One defines a morphism 

hr A --* B 

X i ~ Y i ,  O~i<<.n 

with h ~ P  = ~. 

Then  

, - 1  herest  {~'ls-~?(r,=o), Yz . . . .  , Y,} = x' 

is in H~ + I(A, Y; ;'/(n + 1)), of  restriction 

rest x' = h~{qCiB-.?(r,=o~, I11 . . . . .  Y,} 

xl,...,x.}. 

In (1.5), we have given explicit formulae for x as a (~ech cocycle. This applies for 

res t -  I{~P[B_ ~'(r,=0), Y1,". ,  Y~}, 

and, therefore, by pull-back for x'. Of  course, we could have worked directly on B, the 
universal case. 

(ii) I rA is only analytic, there is no universal situation. One observes the following: [-4], 
(2.1) and (1.2) imply that  

H"(B,(Y o = 0); C/Z_(n + 1)) 

= H ' ( B - O ( Y i = O ) ' ( Y ~  ' 1  
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and therefore that 

H , + l t u  (I7o 0);Z(n + 1)) injects into -@,an ~/t.., ~ 

H~,a. B - (I7/= 0), (Yo = 0); 7/(n + 1) . 

The class x of (1.5) is then uniquely defind by (2.3): 

x[B- uT(Y~ = o) = Y 

in 

H f l L ] ~ N E  E S N A U L T  

+ ) H~.a, B - (Yi = 0), (I1o = 0); Z(n + 1) . 
1 

(iii) More  generally, whenever H"(A, Y; C/7/(n + 1)) injects into H"(U, Yv; C/Z(n + 1)), 
then rest an is injective via (1.2). Therefore,  in this case x constructed in (1.5) is uniquely 
defined by x[ v via (2.3). 

2.6. In this section, we give another  proof  of (2.3) in the universal situation case (2.5i), 
due to S. Bloch. Applying (3.8.1), this proves Xlv = y is general. We call A the universal 
situation and keep the nota t ion of Section 1. 

Let  W be the open set in A~ + 1 defined by X 1 . . .  X ,  ~ 0, and D be the hypersurface 

r = 0. Then  D lies in W a n d  is isomorphic via the projection p: D --+ A~z,(X o . . . . .  X, )  --+ 
( X 1 , . . . ,  X, )  to (C*)". The pair  (W, Yv) is isomorphic to (A1 ,0 )x  (C*)" via the 
projection (X o . . . . .  X, ;  X i . . . . .  X , )  --. (Xo; X i , . . . ,  X,) .  Therefore, Hk(w,  Y; 7/) = 0 for 
all k. F r o m  the exact sequence 

Hk( W, Yv) ~ Hk( U, Yv) --* Hk- l (D)  --* Hk+i( W, Yv) 

and, from (2.1), one obtains 

z ,= xlv - y �9 H " -  l(D, C/Z(n + 1)) = H " -  l(D, C/Z(n - 1)) (~) C/Z. 
Z 

For  r with 1 ~< r ~< n, define the morphism p(r): W ~ W sending X o to X o I X  r, X r to 
X~ z and fixing Xi for i r  0, r. It fixes r and defines a morphism p(r): D ~ D with 
pp(r)X~ = X~, if i r r and pp(r)Xr = X~. 

Consider  

p(r)*xlv and p(r)*y in H.~+l(V, Yv;7/(n + 1)) 

given as ~ech  cocyles in "'e,..t~',u"+ittr Yv; 7/(n + 1)) by 

(p(r)*x-1 . . . . .  p(r)*x") and (p(r)*y -1 . . . . .  p(r)*y"). 

By (1.4) one has p(r)*z n- 1 = z"-1 

P ( r ) * g i o . . . i k  = g l  . . . .  ik ,  if k va r, 

= 2 g l o . . . i k ,  if k = r 
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and by (2.2), 

p(r)*logi, X k = logi, Xk ,  if k r r, 

= 2 1 o g ~ X  k, i f k = r .  

Assume by induct ion that  for l with 1 ~< l ~< k 

p(r)*z " - t  = 2z "-z, if r < l, 

= z"-t ,  if r i> l, 

p(r)*Z " - t  = 2 Z  "- t ,  if r < l, 

= Z" - / ,  i f r > l l .  

Then  p(r)* acts on 

z "-(k+l)  = 6(z"-k'gio.. . ik) or Z "-(k+l)  = 6 ( z " - k ' l o g i ,  X k )  

via 1 on the z or Z factor  and 2 on the g or log factor  if r = k, via 2 on the z or Z factor  

and 1 on the g or log factor  if r < k, via 1 if r > k. This proves  the induction. As p(r)* 

acts on 

d X k  + 2 d X .  
- - A ' " A - -  
X k  + 2 X n  

via l i f r < k + 2 , 2 i f r ~ > k + 2 ,  one f inds  

p(r)*x = 2x, p(r)*y = 2y and p(r)*z = 2z. 

A s  d X i / X  / is the or ienta t ion class of Hi(C*)/ ,  7/(1)) writ ten as a de R h a m  class, then 

z m a y  be uniquely wri t ten as 

z(_2) = (21 , . . . ,  2,) . '= ~, 2. dX~- d)(~ dX,  

/=1 ' x l  ^ " '  ^ ' " ^  x--7' 

with 2i E C modu lo  z(_q), for ~/i ~ 77. 

Therefore,  

p(r)*z(2__) = (221 , . . . ,  22 ,_1 ,2  r, 22r+1 . . . . .  2J, n) 

and  p(r)*z(2) = 2z(2) implies that  2r e Z. As this is true for all r with 1 ~< r ~< n, one has 
z = 0 .  

3. Pull-Back of  x to X and Formula [4],  11.2.4 

3.1. Let  X be a smoo th  algebraic variety over  C of a dimension ~< n, equipped with 
a m o r p h i s m  h: X ~ A, where now A is the universal  s i tuat ion described in (2.5i), with 

coordinates  X i, and with r = 1 - X o . . .  X , .  
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Define 

h*X  i = a i �9 H~ (gx), for i ~> 1, 

h*r = f � 9  H I ( X ,  S + T; 7/(1)), 

where T is defined by t := a l . . .  a, and S is a closed subvariety of X contained in h 'Y ,  of 
the ideal sheaf i s .  Denote by (.0x(- T) the reduced ideal sheaf of T. 

Define 

x - s  A_,x  

/ 
X - S - T  

One has 

h ' res t -  1{r X 1 . . . . .  X , }  �9 H~ + I(X, S; Z(n + 1)) 

= Hn(X, S; C/Z(n + 1)) (1.2iii). 

As S is not necessarily a normal crossing divisor, we will explain this more precisely 
(3.2), (3.3), (3.4), (3.5), and (3.6). Then we want to evaluate this class along relative 
homology classes [7] �9 Hn(X, S; 7/) (3.4). 

3.2. We assume in (3.2), (3.3), (3.4) that X is smooth analytic, T is a divisor defined by 
a 1 . . .  a n = t = O, a i �9 H~ (~x), and S is a closed subvariety of X. 

We define the subcomplexes flx,s + r and ~)x,s of the holomorphic de Rham complex 
Ox by: for each open set U 

n ,s(U) = �9 COls u = 0} ,  

f~i x,s+r(U) = (co ef~,s(U),  colaj=O = 0 for any 1 ~<j ~< n}. 

The sheaves f~ix,s and f2~ s + r are coherent. As f~~ = i s ,  one has a natural inclusion 

j !C incl , ~'~X,S 

which defines a map in cohomology 

H'(X,  S; c)  i - ~  H'(X,  f~x,s). 

IfS is a divisor with normal crossings then ~x,s is the complex ~qx(log S ) ( -  S), and incl is 
a quasi isomorphism. In general we construct a 'splitting' of incl. 

LEMMA. There is a morphism p in Db(x), P:~'x,s-~j!C such that p oincl is an 

isomorphism. 

Proof. Let 6: )~ -~ X be an embedded resolution of S. This means 6-1S = Sis a divisor 
with normal crossings, tT is proper and a[x-s  is an isomorphism. 
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Consider 

~r ~7 
-~ X ik/ 

X - S  

One has a* f~?,s' c fix(log ~)( -g) ,  and 6-1i, C.. ~f.,C.. Therefore, one has a diagram in 
Db(X) 

Dx,s ~-~ Ra ,~x( log  S) ( -~)  

incl 'I 'l Ra*ificl 

j,C 2_~ Ro',~,C. 

As a is proper, and j  and)~are exact, one has go-,~ = Ro-~ = R(~r oy)~ = Rj~ = j~ in Db(X), 
and o--1 is an isomorphism in Db(X). As ificl is a quasi-isomorphism, Ra ,  ificl is an 
isomorphism in Db(x). 

Define 

p = (a-  1)- 1 o (Ra,  ificl)- 1 o a*. 

3.3 Define 

K" =j~Z(n + 1)--*fx.s and K" = v~Y_(n + 1 ) ~ f x . s + r ,  

which is a subcomplex of K'. One has 

j!Z(n + 1) --,j!C 

I inel 

K" 

j~Z(n + 1) ~ j ! C  

with p o incl as an isomorphism (3.2). 

COROLLARY. There are morphisms 

H'-~(X,  S; C/Z(n + 1)) i _ ~  H.(X, K')  

H'-  l(X, S, C/~_(n + 1)) 

with p o incl as an isomorphism. 
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3.4. Let ~ be a cohomology class in 

H~ ~x,s + r) 
H"(X, vTZ(n + 1) ~ ~ la-X,S + TJ ~ ~ H"+ X(X' K") 

of representative co ~ H~ f~],s+ T). 
Its image z in H "+ ~(X, K') lies in 

H~ f~"x,s) = H "+ l(X, K') 
H"(X,j~g(n + 1) ~ *,x.sn<'"-l~, 

and is of representative a~. Then for any n-chain ? with 07 c S representing the 
homology class [V] ~ H,(X, S; Z), one has ([7], pz) = S~co modulo Z(n + 1). 

3.5. Remark. If X is affine one has 

H"+ ~(X, v,7/(n + 1)) = H"+ X(X,j,7/(n + 1)) = 0 

[2]. Then one is always in the situation of (3.4). 

3.6. We go back to the situation (3.1). One has morphisms 

h*fl~(log(Y + Z ) ) ( - Y -  Z) -~a~,s+r ,  

h*fl~(log Y) ( -  Y) ~ fl~,s, 

h-  12!Z(n + 1) ~ v!7/(n + 1), 

h-Xi~7/(n + 1) --.j~7/(n + 1). 

Therefore, one has morphisms in Db(A): 

2,71(n + 1) ~ f2~"(log(Y + Z ) ) ( -  Y -  Z) 

Rh,K'" 

and 

i,7/(n + 1) ~ nf?(log Y)(-- Y) 

Rh,K'. 

This proves the following lemma. 

LEMMA. One has commutative diagrams 

H~ + I(A, Y; 7/(n + 1)) 

(1.2i) 1 
H n +  1/A ~,a. t~ ,  Y; 7/(n + 1)) 

H"+X(A,J,!7/(n + 1) 

, H"(X, S; C/7/(n + 1)) 

| p 

n* H" + I,(X, K" , ) 
! 

H" + l(X, K") 

?h* 
, f~"(log(Y + Z ) ) ( - - Y -  Z)) 
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3.7. Consider the open cover h-  1Aj of X (1.4). Then h*~ is represented by the cocycle 

h*~ = ( h - a x - l , h * x  ~ . . . . .  h ' x " )  in (cK"+X(h- lA , ,K") ,  (-1)"+a6 + d) 

with 

h - i x  - 1  = ( -  1)(n+ l)nz - 1 ,  

h , x . - k  ( _  k, . - k  , dqk+l da .  = 1) zi . . . .  ik h gio...ik A .. .  A - - ,  1<~ k <~ n, 
ak + 1 an 

d a  n 
h ' x "  = l o g / f  da l  A .. .  A , 

a l  a n 
with log i f .'= h*logi49. 

Define for simplicity of notations 

Gio...i k : =  h*gio. . . i  k ~ H~ - 1Aio.. . ik,  t JS) .  

3.8. Let X j  be a refinement of h-  tAj such that another determination lnj f of log i f 
on X~ exists with 

lnj f ~ H ~  j ,  J s ( g x ( -  T)). 

Observe that this implies that if ) ( i  c~ (S • T )  # 49, then lnj f = logj f a n d ,  therefore, 

(lnil f --  lnio f )  ~ n~ v~7/(1)) 

and vanishes if Xioil c~ (S u T)  # 49. 

Define the element 

u = ( u - a , u  ~ . . . . .  u") in ( c ~ n + l ( X j ,  K " ) ,  (-- 1)n+lt~ -k- d) by 

u-1 ..= (_  1 p + , . ,  Z-l, 

n - k  . kn  n - k  d a k + l  dan 
u .= ( -  1) Zio...ij, Gio...i ~ - -  A ., .  A , 1 <~ k <~ n, 

ak + 1 an 

f dal da, U n : = l n l  A - "  A 
a l  a n 
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Z.",o,l= 1 := (6 ln f ) io i , ,  

z n - k .  . _  t ] {~n . - k .+  1 G i o . . . i k _ l ) i o . . . i k "  
t O . . . ~  k , - -  v ~ E O . , . z k _  1 

As in (1.5), the condition ( l n J  - l n j )  = 0 if (Xio~, n (S u T)  # ~ implies that 

Z '-~'5o. . .~ e H~ v~Z/(k)) 

and that u is a (~ech cocycle defining a cohomology class u in H "+ I(X, K"). 

PROPOSITION. One has 

h * ~ = u  in H " + i ( X , K ' . ) .  

P r o o f  Choose a refinement X~ of Xj such that if X~o...i k n(S  c~ T ) =  ~b, then 
1Og/o_.i~ak+l is single-valued on X~o...i~, that is, in H~ (_gx). 

Define 

hio...i~ :--" logio...ik ak + i ,  if Xt io . . . i  k t~ (S g T)  = q~, 

0, if X~o.. .i~ n (S w T) ~ q~. 

In this refinement X), one has 

h ' x "  u ~ ( l o g i f - l n  i f )  dal da, - -  = - - - A  " " A  I 

a l  a n 

Define 

N7 = ( l o g J -  l n J ) e  n ~  vT(1)). 

One then has 

(3N")ioi~ . -  1 . -  i = Zioi 1 I l i o i  1 . 

Define 

rT-1 = NT hi da2 dan o , .... ^ ... ^ I E H  (Xi ,  f l  " -1  X , S + T I "  
a 2  an  

One has h , x  n __ u n = d r  in- i .  

Define, by induction for 1 ~< l ~< k, 

n - l  n - I  - -  Z n - I  ] ("~T I ~{]k[ n - l +  l h i o . . . i z - t ) i o . . . i l  N i o . . . i ,  - -  (Zio. . . i~ io . . . i t  ; ~ i o . . . i t  ~',~" i o . . . i t -  I 

eH~ v~Z(I + 1)), 

with ( f iN ~- l) = z " -  l -  i _ Z " -  t -  1 



THE LODAY SYMBOL IN THE D E L I G N E - B E I L I N S O N  C O H O M O L O G Y  19 

a n d  

wi th  

y n - I  S 1 - -  l ] l n ] v n - I  " h i o . . . i ~  
l O . , . l l  ~ ( ~ ]  ~ "  [ O , , , l l  

d a t  + 2 d a n  
A . . . A - -  

a t  + 2 an  

~ I.lO( y ;  O n - ( l +  1)'~ 
J..t i~-J. io...it~ e.aX, S +  T ) 

(h* x " - I  - u n-l)  - [ ( -  1) n 6 r " -  1 + d r . - ( z +  t)] = O. 

Def ine  

n - k  n - k  n - k  _ _ ~ ( l v n . - k +  l h i o . . . i k _ t ) i o . . . i k "  Nio. . . i~:  -= (Z io . . . i  k - -  Z i o . . . i k ) G i o . . . i  k v , - - , o . . . , k - i  

O n e  has  6 N  n - k  = z n - k -  i _ Z , ~ - k - 1  

I f  X~o...t,...ik c~ (S u T)  ~ q~ for  all l e {0, k}, then  N ".-k. = O, 
�9 " " ' I O . , .  l k  

X}o...i k ~ (S u T)  ~ ~b. O t h e r w i s e  X~l...i ~ n (S u T)  = q5 (say). T h e n  

n - k  n - k  n - k  
N i o . . . i k  = (Zio . . . i k  - -  Zio..,i~)(Gio...i~, - hil...i~,) - -  

k 

- -  ~ ( -l~t~'-k+l"̀, *�9 (h lo . . . t , . . . i ~ -  hi .. . .  ik). 
l = l  

I f  (z n - k  - zn -k ) io . . . i ,  " r O, t hen  

X;o...i,~ ~ (S w T)  = ~b, a n d  (Gio...i~ - hi .. . .  i,,) ~ Z(1), 

~ n - k  + 1 I f  ~, ~o...h...i~ -~ 0, then  

X~o...h...ix n (S u T)  = ~b, a n d  (hio...t,...ik - -  hi . . . .  ik) ~ 77(1)). 

T h e r e f o r e  

n - k  
Nio.. . i~ s H~  v !Z(k + 1)). 

Def ine  

n - k - t  l ~ k n N  n - k  hi~ ~ d a k + z  dan 
Yio...i~: ~ ( - -  .' io...ilt ... - -  /~ "'" A - -  

a k  + 2 an  

O n e  has  

( h * x  n - k  - u n - k )  - ~ ( - 1 ) "  ~r  " - k  + dr  " - k - l ]  = O. 

There fo re ,  

(h*~ - u) - [ ( -  1) n 5 + d ] r  = O, 

and  ( h * 2  - u) is a c o b o u n d a r y  in ~ ' ( K " ) .  

especia l ly  if 
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3.8.1. If we do not assume that dimension X ~< n and we define ueH"+~(X,v~77 
(n + 1) -+ Dx,s+r) by formulae (3.8) for a determination InJ, the proof of Pro- 
position (3.8)just shows h*~ = u. 

In other words, one has the following theorem. 

T H E O R E M  The analytic element 

e H "+ ~(A, 2,Z(n + 1) ~ f~"(log(Y + Z))(-- Y-- Z)) 

defined in (1.6) does not depend on the choice of log's made in (1.4) ~, fl, 7. 

In particular, if h~: A ~ B is the analytic (or algebraic) morphism defined in (2.5i), then 
one has 2 = h~2n, where 2B is the element defined in (1.6) in the universal situation B. 

3.9. Let ? be an n-chain with support ~ = q/, q / o p e n  analytic, 3 7 c S, of homology 
class [7] H,(X,  S; Z) such that there is a determination In f of log f on q/ with 

In f e  H~ J s ( g x ( -  T)). 
By 3.8, one has 

f da 1 da, h*ff = class of co = In ^ ... ^ - -  
al an 

in H"+ l(a//, K"). 

By (3.4), one obtains the following theorem. 

T H E O R E M  (see [1], 7.0.2, and [4], II, (2.4)). Let X be a smooth algebraic complex 
variety of dimension <<.n, equipped with a morphism h: X --+ A, where A is the universal 
situation described in (2.5i). Let t .'= h*(X1.. .  X,), ( 9 x ( - T )  be the reduced ideal sheaf 
associated to t, f ,= h*~a. Let S be a closed subvariety of X contained in h*(X o = O) of 
ideal sheaf J s. Let ~ll be an analytic open subset of X on which there is a single-valued 
determination l n f  o f f  with l n f 6  H~176 J s ( g x ( -  T)). Let Y be a n-chain supported in 
~ll with t~ 7 c S, of homology class [Y] e H,(X,  S; 7/). Then one has 

<[Y], h ' r e s t -  1 {~blv, X1 , . . .  ' X,} > 

f, = ln f h*  1 ^ . . . ^  X n J  m o d u l o T ( n + l ) .  

3.10. Remark. The condition X affine of [4], II, (2.4) does not appear in (3.9). This is 
just because the assumption on the existence of In f is sufficient to ensure that ph*x is 
represented by a global n-form on q/(via (3.8)). 

3.11. Comment. Formula (3.9) depends on the existence of a representative 7 of the 
homology class [7] e Hn(X, S; 7/) along which there is a single-valued determination of 
logfwhich  vanishes on support 7 c~ S and support 7 c~ (al = 0) for 1 ~< i ~< n. So it is not 
valid in general. In Section 4, we weaken the assumptions on dimension X and on 7 in 
order to write a slightly more general formula in the case n = 1. 
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4. Other Formulae on X and Relationship with Bioeh's Regulator Map 

4.1. Let  X be a smoo th  affine variety over  C equipped with morph i sms  h~: X ~ A, 

= 1 , . . . ,  N, where A is the universal  s i tuat ion as in (3.1). We define 

h~*r = f~ �9 HI(X ,  S + T~; 7/(1)), h~*Si = a~ �9 n ~  (gx), 

where t ~ ,= a~ ... a~ defines T ~ and S is a closed subvarie ty  of X contained in ~ h ~- : Y 

of ideal sheaf i s .  This defines 

N 

u .'= ~ h~*rest- : {q~lv, X 1 , . . . ,  X,}  �9 H~ +1 (X, S; 7/(n + 1)). 
1 

Define j:  X - S ~ X. 

Recall (3.6) that  we have defined 

~<n h~*: (i!7/(n + 1) --* f~] ' ( log  Y ) ( -  g)) ~ Rh~,(j!Z(n + 1) --* t)x,s) 

in Db(A). 
This defines 

N 

0 .'= 2 h~*rest- 1 {ely, X l , -  - . ,  X,}  
1 

as a class in 

H "+ l(X,j:Z(n + 1) --* f~,"s). 

L E M M A .  The natural morphism 

Hn+I(X,K')--* H"+I(X,j,Z(n. + 1)--* f2x.s) <" 

is injective. The class O lies in Hn+ I(x, K') if and only if 

d f ~ da~ da~, 
dO 2.,1 f - T A  a--~-I ̂  "'" ^ - - = O . a ~  

Proof. The kernel of 

H "+ I(X, K') ~ H "+ '(X, jJ/(n + l) ~ n~;s) 

comes f rom 

H '+ l lXf2~>"+ : r t  , x.s L-11~jJ=0 and OeH"+I(X ,K  ") 

if and only if it maps  to 0 under  

d: H~+ :(X,j,Z(n 1 ) ~  nx,s) <'" 

H,+:~X f2>~.+i~ HOax fF+i~ 
I ~ X , S  ) --~ 1  ̀ ~ X , S  ]dclosed" 



22 HI~LI~NE ESNAULT 

One has 

~ dX1 dXn 
d~= h ~* ^ ix... A - -  

1 -~t  Xn 

_ ~ d f  ~ da~l da___~ 

- 1  i f - ^  a~ ^ ... A a~," 

4.2. COROLLARY. There is 09 e H~ fl~,s)d closed representing u modulo torsion via 
the composed morphism 

H~ X, ~ '~ ,S)d  closed "4  Hn+ 1( X, K') 
I p(3.2) 

nn(x, S; C/Q(n + 1)) 

(1.2) 

H~+~(X, S; Q(n + 1)) 

if 

d u = d ~ = ~  d f "  da] da~ 
, ~ - ^  a-T^'"^ a-f=O. 

Proof One has an exact sequence 

Hn(X, f~x,s) 
0 ~  nn(x, S; Q(n + 1)) 

x affine 

quotient of 

H~ ~x,s)~ closed 

* H ~+ l(X, K~) 

Hn+l(X, S; ~(n q- 1)) 

I e 
/-P+ I(X, f~x,s) 

X alfine 

HO(x, ~n + 1 
X,S )d c l o s e d  

dH~ X, f~,s)  

As d = eoe' and Hn+I(X, S; Q(n + 1)) is torsion free, (3.2) implies that e is injective. 

4.3. Let V be an n-chain on X with 3 7 c S, of homology class [7] e Hn(X, S; 77). One 
has 

<[7],u> = l e o  modulo Q(n + 1). 
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4.4. We assume now n = 1 in (4.4) and (4.5). Given [y] as in 4.3, then there is 
a representative 7 of [Y] as a chain as in [4], II, 2.4: 

7 = ? o +  ~ 7i w i t h c 3 7 o = ~ b , ~ y i C q S c S f o r i 1 > l .  

We first compute <[7o], u). 

PROPOSITION.  Let Poe support Yo be a point such that log f "  is single-valued along 

7o - Po, and vanishes along t ~ = 0 and S, for ~ = 1 , . . . ,  N. 
(1) Assume Po r ~ TL Then if po r S or if po is an isolated point of S n support 7o, 

one has 

(Do],u)=f,  ~ log f  ~da~ f, df- o a--~-i -- E, log a~(po ) o --fg- modulo Q(2). 

(2) I f  Po 6 S is not isolated in S n support Yo, or if Po ~ n ~  T~ is not isolated in 

n ~  T" n support Yo, one has 

u> = f ~ l og f "  da____.~ modulo <Do], Q(2). 
o '7' a~ 

(3) I f  log f "  is single-valued along 70 and vanishes along t ~ = 0 and S for ~ = 1 , . . . ,  N, 
one has 

<[7~ = f~o ~ l~ modulo 7/(2). 

Proof In (1) and (2), there is an open set q/containing Yo, 1 a segment in q /wi th  
p o = I n s u p p  ort Yo, and a determination ln~f" on q/~ = ~ - I  with l n ~ f ' e  
H ~ (ql~, t~Js). For any e > 0, define an open set q/o~ containing Po such that 

(*) is fulfilled in case (1), 
(**) is fulfilled in case (2), 

with 

(*) log a~ is single valued along ~//o~ n support 7o and verifies 

sup [log a~(x) - log a~(y)[ < e, 
x, Y~'o~ n support ~o 

(**) ~o~n  support 70 c S or n ~  T~. 

(As support 7o n S (or support 7o n n ~  T~) is compact, condition (2) says that 
a subsegment Of 7o centered at Po is contained in S (or in n ~  T~) �9 Therefore, one may 
realize (**).) 

Let ~ = q/1 W q/o,. Take a common refinement of the covers q/l W q/o, and 
n h ~- 1Ai of ~/~. By (3.8), ul~ is represented by the (~ech cocycle in this cover 

(u- l, u~ uq ~ ~e~(~ ~ Q(2)) x ~e~(% j~) • ~eo(% ~'~X, S, d closed ), 
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with 

with 

H f l L E N E E S N A U L T  

a ~t ~ a~  

Gi~oi~ = h~'*gioi,, Zi~oi, = (6 ln f~)ioil, 
~t tZ 

Zioi,i2 = f(Z~oi, Goil)ioi.2. 

By (4.2), there is a ref inement  ( ~ )  i = 0 , . . . ,  I of the open cover, there are 

co ~ H~ f~C,S)aclos~d, S ~ ~ I ( ~ , j ! Q ( 2 ) )  

and  r ~ cr  i s )  with 

u -1 = - 6 s ,  u ~ = - f i r  + s, u 1 = co + dr. 

Fo l lowing  the o r ien ta t ion  of ?o, take  an order  ~ with 

p o ~ o -  (,_) ~ ,  

pl+~ ~ c~ ~o c~ Yo 

One has ~yoco = F - R~ with 

F = ~ l n o  f da~ 
t 'pl+l  

- -  | V l n  r ~  ~-1  

1+1 at J P l  at a l  

R~ = dr  o + d r  1 + ... + dr~ 
/+1 1 ~dpl 

P~ r p~ + ... + -ip1+1 (Stokes) = FO[pI+I  - ~  1 Pl  " l i p !  

= Y [ z % ~ % ( p 0  + z ~ I G ~ ( p : )  + ... + z~;~_~,~.,_~(p,)  + 

+ Z~tG~t(pt+a)] m o d u l o  Q(2). 

One  has 

0. Z~I . . . . .  Z l a -  1 = 

In (1), G~o(Pl) and G~(p~+ ~) are two de te rmina t ions  of log a~ by (1.4), 7. Therefore,  one 

has 

R~ = ~ Z~o log a~(pl) + Z~  log a~ (pt+ 1) m o d u l o  Q(2). 
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As Z~o and Z~t do not depend on e, one has 

~ Z~ o(log a~(p l) - log a~ (Po)) + Z~z(log a~ (Pz + 1 ) - log a~ (Po)) 

~< constant. �9 by (*). 

Therefore, R~ tends to 

R ~ ( Z l o  + Z~t) loga~(po) ~ f dff  = ~ = ~ l o g  al(po) 
�9 J ~ o  f 

as e tends to zero. 
In (2), R, does not depend on e, and G~o(Pl) = G~l(Pl+ l) = 0 by (**) and 1.4) 7. This 

proves cases (1) and (2). 
In case (3), consider an open set q/containing ~o such that a determination In f~ of 

log f~ exists and is single-valued on q/wi th  

l n f f  ~ H~ t~Js). 

Then ul~ �9 H~.an (q/, K') is the class of 

co ~ l n f f  d a ~ � 9 1 7 6  1 (3.8.1). : =  - -  ~'~X,S)d closed a~ 

4.5. Take ~1 with d~l r ~b ~ S. Let Po e support h nS .  If for all ~ = 1 . . . .  N there is 
a single-valued determination of l o g f f  along 71 - Po which vanishes along f = 0 and 
S, then log f~ is single-valued along 7~ as well. 

PROPOSITION. Let  Poe  supportTt - S be a point such that log f f  is single-valued 

along 7 ~ - Po, and vanishes along P = 0 and S for  ~ = 1 . . . .  , N. 

(1) Assume Po ~s ~ r ~. Then one has 

([h],u)=f~logf~da~l-y.loga~(po)f~ dff a~ ~ , ~ -  modulo Z (2). 

N N 

(2) I f  p o �9 (~ T ~ and is not isolated in (~ T ~ c~ support ~1, then one has 
1 1 

~ ,  ~ d a ~  
( [Ti ] ,u )  = | 2 . ,mgJ ~ modulo Z (2). 

r t  ~ a l  

(3) I f  log f f  is single-valued along 7 l and vanishes along P = 0 and S for  �9 = 1 , . . . ,  N 
then one has 

f ~ ,  ~ da~ ([~l] ,U) = , ~ l o g J  -~1 modulo ~ (2). 

Proof. For (1), (2), (3) define (~//~)i=o ..... l as in the proof of (4.4,1) and (4.4,2). Write 
~ = {So . . . . .  s~}  ~ S.  
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One has to take 

Poe ~/o - U ~/~, 
//>1 

p l e V o  n ~1 n h ,  

p l 1 ~ 1 - 1  n ~1 n71,  

Sl ~ ~//1,. 

S2 ~: ~/1+1~ 

Ptl+2 e ~ l + l  n ~ /1+2  AT1, 

Pl~+3 e ~ /1+2  ('~ ~ / i + 3  f'~ 71, 

Ptl +t2 ~ ~11 +t2- 1 C~ ~ 2  n 71, 

$3 ~ "~//2 

pt e'/Ft-i n ~ n 71 

p/+ i e ~//ll ch ~/fo n 71. 

Note that the corresponding R is defined by 

R =  dr o +  d r y + . . . +  dr h +  
1+1 1 i 1 

+ drl~+l + drh+2+ "'" + d r r  
d S2 d p t l  +2 ~l pl 

As r e ~ l ( J s ) ,  one has 

R = (r o - q ) ( P l )  + (r l  - r2)(P2) + "'" + ( r t~ - I  - rt~)(pl~) + 

+ (rl~+l - r t l+2)(Pl~+2) + "'" + (rt - ro)(Pl+l). 

One concludes as in (4.4). 

4.6. Let now X be a smooth affine variety over C. Let f~  . . . . .  f~ be a global invertible 
algebraic function on X, for ~ = 1 . . . . .  N. We consider the cup product 

N 
u = ~ { f o , . . .  ~ n+l , f . }  ~ H~  (X, Q(n + 1)). 

1 

Assuming 

du = ~ df~ df~ = 0, 
1 f ~  ^ " ' ^  f-~ 

we have ((1.2i), with Y = ~b) 

u e H " ( X ,  C/Q(n + 1)). 
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Now, X being affine, we have as in (4.2) 

0 n H (X, f~x)e olosod 
H"(X, C/Q(n + 1)) = 

H"(X, Q(n + 1)) + dH~ f ~ -  ~) 

and if co e H~ f~"x)a do~oa represents u, one has for any [7] � 9  7/) of representative 

7: 

([71, u) = f~ co modulo Q(n + 1). 

4.7. Take n = 1, and X as no longer affine. As explained by R. Hain in his talk at the 
Max-Planck-Institut, fall 1987, one has Bloch's regular map 

r: Kz(X ) ~ H2(X, 7/(2)). 

This is defined as follows. Let x n = II1 {fo,  f~} be in K~(C(X)). Let g be an affine subset 
of X such that f~' �9 (9(U)*. Then the cup product 

N lim 
f~  u f~ lies in HI(U, 7/(2)) = VZariski' HI(V, 7/(2)). 

1 open in X 

The existence of the dilogarithm function tells us that 

N lim 
f~  w f ]  �9 VZariski' Hi(v,  7/(2)). 

1 open in x 

does not depend on the decomposition chosen of x as symbols {f~,f~ }. The existence 

of a Gersten-Quillen resolution for Hi(2) tells us that if x �9 H~ oU2) c K2(C(X)), 
where 3 f  2 is the Zariski sheaf associated to K z, then r(x) N �9 "= Z1 f o  u f ]  lies in 

lim 
HZ(x, 7/(2)) c ' HI(V, 7/(2)). 

v 

Assume dr(x) = 0. 

PROPOSITION.  Let [7] �9 Hi(U, 7/), of representative 7. Let Po �9 support 7 such that 
log f~  is single-valued along 7 - Po. Then 

; 7 ~  d ~  s ~l f 1 
([7], r(x)) = log Jo  f ]  

d f~  
- ~log~ f~(po) L f---~o modulo Q(2). 

I f  X is a curve, this is true modulo 7/(2). 

The proof is word-by-word the same as in (4.4,1), where one replaces Gi~oil by logil f ] .  If 
X is a curve, apply (3.5). 
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