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Abstract. Let A be an algebraic smooth variety over C, X, ..., X, be global regular functions on 4, ¢ be
a global invertible regular function on X of value 1 on the divisor Y defined by X, and Z defined by X , ... X,
Then the cup product {$|,_,, X,,...,X,} in the Deligne-Beilinson cobomology group H%" (4 — Z, Y;
Z{n + 1)) extends across Z to a so-called Loday symbol, denoted by {$, X,,..., X, },in H;**(A,Y; Z(n+1)).
In this article, we give explicit formulae for {¢, X,,..., X, } asa Cech cocycle. Thereby, one obtains a proof of
Beilinson’s formula for the evaluation of the Loday symbol along certain homology cycles.
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This article is thought as a complement to the volume Beilinson’s Conjectures on Special
Values of L-Functions, where [3] and [4] are two of the contributions. It gives an explicit
formula for the Loday symbol in the Deligne—Beilinson cohomology. Thereby, one
obtains the proof of the ‘crucial lemma’ 2.4 in [4], II, which is a formula for the
evaluation of the Lody symbol on certain cycles. This formula was stated by A.
Beilinson in [1], 7.0.2, and — together with some very useful comments and really
necessary assumptions — in [4], II, 2.4, both times, however, without proof. Note that
the explicit description of the regulator map for Spec Q(uy), where uy is the group of
Nth roots of unity, given by Beilinson in [1], 7.1, relies on this crucial lemma.

Let A%*! be the affine space of dimension n + 1 of coordinates X; over the complex
numbers C. Let

p=1-X,...X,, A=Ar'—(p=0, U=4-|J(X, =0)
iz1

Then ¢|, € H5(U, (X, = 0); Z(1)), the group of invertible regular functions on U which
are 1 on (X, = 0)and X, e H5(U, Z(1)), the group of invertible regular functions on U.
One considers the cup product {¢|,, X;,..., X,} in the Deligne-Beilinson cohomo-
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logy group H% Y(U,(X, = 0); Z(n + 1)). As
Hy(U, (X, = 0);*) «rgp Ha(4,(Xo = 0);°)

is an isomorphism, this defines an element rest ~*{¢|,, X {,..., X, } in H3" (4, (X, = 0);
Z(n+ 1)). This is the Loday symbol in the Deligne—Beilinson cohomology. In this article,
we give explicit formulae for the Loday symbol as a Cech cocycle (1.8), (2.3), (2.5i).

Let h: X — A be an algebraic morphism, with X smooth. This gives explicit formulae
for h*rest™{¢ly, Xy,..., X, } in H5'* (X, S; Z(n + 1)) if (S) = (X, = 0). If complex
dimension X < n, then H3M (X, S; Z(n + 1)) = H*(X, S; C/Z(n + 1)), the Betti cohomo-
logy group. Therefore, we may evaluate h*rest™ *{¢ly, X,,...,X,} along relative
homology classes [y] € H,(X, S; Z). The previous explicit formulae give an expression
(3.9) for this evaluation under certain assumptions on a representative y of [y].

Our method consists of reducing the problem to the analytic Deligne cohomology
(1.3), and there to define a substitute for the cup product if the functions X;,i > 1 are
not invertible (1.4), (1.5). As this definition makes sense for analytic varieties as well, we
define in this way a sort of Loday symbol in the analytic case (1.6), (1.7), which is no
longer unique (2.5ii), (2.5iii).

In Section 4 we weaken the condition on the dimension of the algebraic variety X by
an assumption on the curvature of a sum of pull-backs of the Loday symbol. This
allows us to define it as the class of a global closed holomorphic n-form (4.2). In (4.4) and
{4.5), we give the evaluation of this class along relative cycles with some assumptions
which are milder than in (3.9).

Finally, in (4.7) we explain the relationship with Bloch’s regulator map K,(X)—
HX(X, Z(2)) in any dimension.

I cordially thank M. Rapoport with whom I discussed the above points several times.
In the first version of this article, I considered all the cohomology groups only over Q,
which, as O.Gabber pointed out to me, was more careful than necessary. I thank S.
Bloch for suggesting several improvements, especially (2.6) is due to him.

1. Construction of a Class x in H%' }(4, Y; Z(n + 1))

1.1. Let A be a smooth algebraic variety over C, Y+ Z be a normal crossing divisor on
Awhere Z is defined by X, ... X,,, X, being a global regular reduced function on 4. We
define the natural embeddings

A-YD A
A-Y-Z
Let ¢ be in

HY(A, Y+ Z; Z(1)) = ker O(A)* - O(Y + Z)*.
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Define U =A4 — Z, Y, = Yn U. Then ¢}, lies in
H3(U, Yy; Z(1) = ker O(U)* — O(Yp)*,

and X, lies in HL(U,Z(1)) = O(U)*. Choose 1 < n<m Then the cup product
{Glys X1, .--,X,} is defined as an element in HS" (U, Yy; Z(n + 1)). In Section 1, we
construct a specific element x € H" (4, Y; Z(n + 1)) from which we show in Section
2 that its restriction to U, x|, € Hy" Y(U, Yy; Z(n + 1)), is precisely {¢|,, X,..., X,}. In
other words, we define a lifting of the cup product across Z.

1.2. Here we show that the problem is reduced to a problem in the analytic Deligne
cohomology. Recall [3], 2.9, that

HE A, Y, Z(p + 1)
=H*" (4, cone[(Rk,i,Z(p+1) + FP*(log(H + Y)) (- Y)) —
- Q(+H + log Y)(—= Y)I[-1])
= H" (4, cone[FP*' (log H + Y)(—Y) - Rk i,C/Z(p + 1)][—1]),
where k: A — A4 is a good compactification such that H:= 4 — A4, Y:= closure of Y in
A and H + Y are divisors with normal crossings.
Forgetting the growth condition along H on the F”*! part, one obtains a morphism
in the analytic Deligne cohomology [3], 2.13:
HYoa(A, Y Z(p + 1))
= H¥" Y4, cone[(i,Z(p + 1) + Q37 *(log Y)(—Y)) >
— Qy(log Y)(—-Y)I[—11)
= H1" (4, cone[Q57" Ylog Y)(—Y) - i,C/Z(p + 1)][—1])
= Hi"Y(A4,iZ(p + 1) -~ Q57(log Y)(—Y)).

One obtains a commutative diagram of exact sequences

HYA,Y;C/Z(p + 1)

0
~ TRPTHY4, Y;0)

— HL* (4, Y3 Z(p + 1)) S F2+ 14734, ¥) - 0

fp+ 1,g+1

N HYA, Y, C/Z(p + 1))
HY(A,Q37* }(log Y)(— Y))

HLY A, Y Z(p + 1)) 2=, HolZ*!(4,Y) -0
where

F2r 1 2% Y4 Yy = {we FP*1H*1(4, Y; C) such that the image of
w in H* (4, Y; C/Z(p + 1)) vanishes}
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and

Hols™ 14" 4 y).= {w e HO" (4, Q52 (log Y)(— Y)) such that
the image of w in H** (4, Y; C/Z(p + 1)) vanishes}.

LEMMA (see also [3], 2.13 and [1], 1.6.1). (i) fy+1,0+1 IS injective. One has

HL YA, Y, Z(n + 1)) = {xe HY\(A, Y; Z(n + 1)) such
that dxe F***H"* (4, Y;C)}

and
HYA,Y;C/Z(n + 1)) = Kerd = Ker d,,,.
(i) fp+1,4+1 is an isomorphism for q < p. One then has
HL™ (4, Y, Z(p + 1) = HY4, Y; C/Z(p + 1))
(iii) fp+1,4+1 is an isomorphism for dim A < p + 1. One then has
HL" (4, Y;Z(p + 1)) = HYA, Y; C/Z(p + 1))
Proof. (i) One has
F"*1H"(A,Y;C) = 0 = HY(A, Q5" Y(log Y)(— Y))
and
F** " (4, Y, ©) = HO(L Q7 (log(H + P)(— P ises
is embedded in
H""1(A4,Q7"" H(log Y)(—Y)) = H%(A, 4" '(log Y)(— ¥ crosea-

(i), (ili) In both cases, the cohomology of F?*! and Q>?*! appearing in the exact
sequences vanishes.

1.3. COROLLARY. In order to construct an element x € H3 (A, Y; Z(n+1)), it is
enough to construct it as an element of H%',\(A, Y;Z(n + 1)) and to verify that its
curvature dx is algebraic, that is, in F**'H"* (4, Y;C).

Therefore, in (1.4), (1.5), (1.6), and (1.7), we assume only 4, Y + Z to be analytic, X, to be
global holomorphic on 4, and ¢ to be global holomorphic invertible on 4 such that

¢|Yuz =1

1.4. Consider ¢: A - C*, with ¢(Yu Z) = 1. Let o, U 7, be an analytic open cover of
C* such that 1 e o/, — o, l0g ¢|s-1(syis single-valued and

log ¢|¢-1(w1)n(mz) =0.
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One has

log ¢ly-1(wy € HYP ™), O4(— Y — Z)).
Then for any refinement (4;);; of ¢ ~!(o#;), defined by a map o: I - {0, 1}, one has

(@) log;¢:=log ¢1Aic¢“(dm,~,)
e H(A;, 04 (- Y — 2)).
(B)  zigo =(0log P, = log;, ¢ — log;,d
€ H(Agi,, 4 Z(1)),
2t =0, if 4y, n(YUZ)# ¢, evenif 4, is
not connected and (5z"~') = 0.
Take such a refinement with
W if Ay 50 (YUZ) =9,
log;,. ..o Xy € HO(Aio...ik, 0,)
For example, we choose (4;) such that all the 4,, ; with 4, , N (YU Z)= ¢ are

simply connected. (It is enough, of course to ensure that all the 4;, , are simply
connected.)

Define
Gio...i =108 5, Xy I Ay 50 (YUZ) = ¢,
0 if 4, n(YUZ)# .

One has

gio.“ik € HO(Aio...ik, @A(_ Y_ Z))
We want to construct

Xe H™ (4, 4,Z(n + 1) » Q5"log(Y + Z))(— Y — Z))

L, x%...,x") in the Cech complex

(€' (4;, 4Z(n+1) - Q5"log (Y + Z)(—Y —2Z), (—1)'6 + d):
x te®"  (AZ(n + 1)),
x° e GO~ Y— 2)),

as a cocycle X = (x~

x"e €°(Q(log Y)(—Y)),
with (—1)"*1 6x/ + dx/™! = 0.

1.5. The condition (1.4a) implies that

" dX, ax, . .
x}=log; ¢ X ALl A X 1s in H(4;, Qi(log Z)(— Y — 2)),
1

n
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which is embedded in H%(4;, Q(log (Y + Z))(— Y — Z)). This defines x}. We have to
resolve the equation

, 4X dx
n—1 7 n 1 1 u
( )lou "( 1) (5)6 )lon —( 1) 1011 Xl AL A Xn .
Define
dx dx,
Xlou _( l)nZ:‘ou Jivis v X =2 Ao A e

€ H%(Aii,» U Hlog(Y + Z)(- Y - 2)).
Assume by induction that we may define for 1 <I<k
Zlo u e Ho(Alo lp l Z(l))

with
6z""*)=0 and z % =0, if 4y N (YUZ)# 9,
dX;, dXx
lo zz— llnzlg Y.l Ao A ",
(=1 % X1+1 X,
dxn—l =("‘)"5X" l+1, lsk
Define

k+1
Z:‘o (lk+1)‘ 5(Zlo lkglo lk)

If, for all [ {0,...,k + 1},
Aio.“l‘l--.ik+1 r\(lfk)Z) # d), then z:lo (161:411) = 0

(especially if 4, .., N (YU Z) # ¢).
Otherwise, 4;,.;..,N(YV Z) = ¢ (say). Then

k+1
z:‘o (’::+1‘) = Z ( 1)1210..411‘“&4-1(gio...fl...ik+1 - gi1.‘.ik+1) +

+ (52" k)io...ik+1gi1...ik+l .

If

Zig. . dy.riterr 7 O
then

Aig i VYV Z) = &,
therefore

gio...fl,..ik+1 - gi1...ik+1 € Z(l)‘
Therefore, one has

~(k+1) = HO(A

Z‘O e

AZ(k + 1)).

10 .. ig+12
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We may define

po 1), ()t Dmpn =Gt D) dXos s Aver ,\dX
i0...ik+1 10 g+t ng gty Xk+2 X

e HAiy.. ip..» Uy  V(log(Y + Z2)(— Y — 2)),

X" n

n

with
dx""E+D = (1) 6x 7k, ifk <n
If k =n,

-1 _ (n+1n,—1
Xia in+1 —(—1) Zig...inv1"

1.6. PROPOSITION. The Cech cocycle % = (x~*
defines a cohomology class

%€ H" Y4, 4, Z(n + 1) » Q5"log (Y + Z)(— Y — Z)).

,x% ..., x") constructed in (1.5)

1.7. Let Z, be a smooth component of Z. We consider the morphism of restriction

iZn + 1) - Q3"log Y)(—Y)

1
- restriction,
2in

ilz2Z(n)—Q3"" (log Y)(—Y)
whose kernel contains

AZn + 1) > Q5" (log (Y + Z2)(— Y — Z),
and whose cohomology reads

Hon(A, Y Z(n + 1) ———— Hyn(Z), Y5 Z(n)).

restriction;

THEOREM. Thereis a class x € Hyh (A, Y; Z(n + 1)), such that restriétion, x =0 and
such that
d¢ dX, dx,
—_— /\ —— /\ s /\
¢ X,
Proof. Define x as the image of X via

H" YA, L,Z(n + 1) > Q5"(log (Y + Z)(— Y — Z))

l
H5on (A, Y; Z(n + 1)

dx =

given by the same cocycle. One has dx = dxf.
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1.8. Go back to the algebraic situation described in (1.1). Then

d dx dXx
= };f A 'X_: A A z—"eF"“H"“(A, Y; C).

By (1.2i), we obtain the following theorem.

dx

THEOREM. The class x of (1.7) is in

d X X
HY YA, Y;Z(n + 1)) and dx =TZ5_ A dX_ll A A d}_n_

2. Restriction of x to U

2.1. In this section, we want to show that the restriction to U of the class x constructed
in (1.8) is

y:: {¢|U’ X1, PR ,Xn} € H”@+1(U, YU’ Z(n + 1)).
As

_d¢, 4x X

d
V=% "%, X

® [31, (3.7), we have by (1.2i):
LEMMA. (x;y — y)e HY(U, Yy; C/Z(n + 1)).

Therefore we may assume, as in (1.4), (1.5), (1.6) and (1.7), that A, and therefore U, are
only analytic manifolds.

2.2. We take a refinement U; of X; n U such that log Xy, = log; X is single-valued,
thatislog; X; e H°(Uj, Oy)fori < n. Define pu = i|y: U — Yy — U. Define y as a cocycle
y=(y"14)°...,y") in the Cech complex

(& (U;, wZ(n + 1) » Q5"log Yy)(— Yy)), (—1)6 + d)
with

y le@ (wZn + 1)),

¥° € €"(Oy(— Yy)),

" e €°(Qy(log Yy)(— Yy)),
with (=1)"*16y/ +dy/ "1 =0.
One has [3] (3.2):

dx dx
v =log;¢ Xll A A S
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X, dx

Viess = (=125 og; X A e A ==L,
JOJl Joj 7 X2 Xn
o ) ax dx,
yio-vk.Jk =(- l)k ZJo L Jk IOg]k k X:;ll X’
Viojnn = ( 1)(n+1)n Jo Jnt1s
with

Z;lojll = Z.IOJI (5 log ¢)Ju]1 HO(U]ojn ul Z(l))ﬂ
Z;lo ka —5(2" il IOgjk-xxk—l)

Jo. k-1

HO(Ujo...jk wZ(k)).

Therefore, one has x" — y" =0 and for 1 <k < n:

n—k

(x _yn_k)ig...ik

= ( 1)" k(zlo lkglo ik Z:lo klkIOgika)‘
and
x—l _ y—l - (__ 1)(n+ l)n(Z—l _ Z_l).
2.3. Define
N;’oul = 2?0—1:11 gioi1 - Z?o_hl 1Ogil‘Xl
Zzoul (gzon logi, Xl) € HO(Uioin H H;Z(Z)),
@N""Y) =z —Zm 2,

Define

dx, ax
X, "x

€ Ho(Uioi1 , Q" *(log Yi)(—Yy)

loll _( l)anOH IoguX

One has

n—

XLyl —d2 =0,

Define, by induction, 1 << k:
Ni e HO(U:'O...;',,MZU + 1)),

with ON"~! = gn=i=1 _ zn—i-1

dX ., ax
/\ rew /\
D. S X

€ HUs,...r, Q" * V(log Yy)(— Yy))

r:’o ! 11 _( I)Iano N1 10g11X1+1
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such that
XLy (e A ) =0, I<k
Define
N;lo klk = Z;'(;.,fikgio...ik - Z?o—._.’fik 10gika
- 5(N:lo_kl-:—11 IOgik—le)io...ik'
One has
5Nn~k = Zn—k—l _ Zn*k—l

and
N:‘o klk Zlo lk(glo ik loglk k) -
- (—' l)k IN;IO kl-';‘ll(& IOg Xk)ik—xik
€ HO(Uio...iks /"'Z(k + 1))'
Define
dXi42 A A dx
Xk+2 Xn
€ HO(Uio...ik’ Q’l‘]—(k+ 1)(10g YU)(_ YU))’

Pk L= (— 1N K log, X1 ———

10.. lk

then
xn—k _ yn—k — ((_ l)n 5r""‘ _ drn—k—l) =0.

HELENE ESNAULT

Therefore, one has x — y — ((—1)"6 + d)r =0, and x — y is a coboundary.

PROPOSITION (see (2.6) for another proof in the universal situation). One has

Xy =y, in Hgoa(U, Yy; Z(n + 1))
and

xlg=y in Hy"Y(U, Yy Z(n + 1)).
2.4. Consider the morphisms

rest: H5 (A4, Y; Z(n + 1)) » HY (U, Yy; Z(n + 1)),
respectively if 4 is analytic

rest™™; HiL1(A, Y: Z(n + 1) » HGEA(U, Yy3 Z(n + 1)),
and

U H5(A, Y + Z; Z(1)) » HYH Y (U, Yy; Z(n + 1)),
respectively if 4 is analytic

U HY (A, Y+ Z, Z(1) > Hy (U, Yy Z(n + 1)),
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defined by

U¢ = {¢lu,X1,.. .,Xn}.
Then (1.7), (1.8) and (2.3) prove the following theorem.

THEOREM. image u < image rest (respectively, image U®" cimage rest®").

2.5. Remarks.
(i) The universal situation:

Consider

B=A' - (¥ =0), Y=1-1Y,...Y, where Y, are the coordinates. Then
‘one has [4], (2.1):

Hy (B, (Y, = 0 Z(n + 1) Hy'! <B - O(Yz =0), (Yo =05 Z(n + 1)>

is an isomorphism. Take 4 as in (1.1). Then (1 — ¢)/X, ... X, € H%4, O(—Y)). Define
Xo=(1—¢)/X,...X,. One defines a morphism

hy:A — B
X, <Y, 0<ign
with B3 = ¢.
Then
drest™ {¥lp-oorizop Ye5.-., Yy} =X

is in HYY (A, Y; Z(n + 1)), of restriction

rest X' = h¥{W|p_ nwi=0p Yis.-0s Yo}

={dly, X45-.-, X, }

In (1.5), we have given explicit formulae for x as a Cech cocycle. This applies for

rest™ {¥lz-onri=0y> Yis-- 5 Vb

and, therefore, by pull-back for x’. Of course, we could have worked directly on B, the
universal case.

(ii) If 4 is only analytic, there is no universal situation. One observes the following: [4],
{2.1) and (1.2) imply that

H"B,Y, = 0);, C/Z(n + 1))

=H"(B — %= 0), (¥, = 0 ©/Z(n + 1)>,
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and therefore that
HY (B, (Y, = 0); Z(n + 1)) injects into

H"@$§<B - U(Y =0), (Yo =0} Z(n + 1)>‘

The class x of (1.5) is then uniquely defind by (2.3):

X|B—u'1‘(Yi=0) =Y

in
H’éfaé<B - O(Yi =0),(Yo =0)Z(n + 1))-
1

(iii) More generally, whenever H*(4, Y; C/Z(n + 1)) injects into H*(U, Y,; C/Z(n + 1)),
then rest® is injective via (1.2). Therefore, in this case x constructed in (1.5) is uniquely
defined by x|, via (2.3).

2.6. In this section, we give another proof of (2.3) in the universal situation case (2.5i),
due to S. Bloch. Applying (3.8.1), this proves x,; = y is general. We call A the universal
situation and keep the notation of Section 1.

Let W be the open set in A%*! defined by X, ... X, # 0, and D be the hypersurface
¢ = 0. Then D lies in W and is isomorphic via the projection p: D — AZ(X,,...,X,) >
(X4..., X,) to (C*)". The pair (W, Y) is isomorphic to (A*,0) x (C*)" via the
projection (X, ..., X,; X4,...,X,) > (Xy; X4, ..., X,). Therefore, H{(W, Y; Z) = O for
all k. From the exact sequence

HYW, Yy) » HYU, Yy) » H*~ (D) » H** }(W, Yy)
and, from (2.1), one obtains
z:=x,y —yeH""YD,C/Z(n + 1)) = H"~ (D, C/Z(n — 1)) & c/z.
z
For r with 1 <r < n, define the morphism p(r): W — W sending X, to X,|X,, X, to
X? and fixing X, for i # 0,r. It fixes ¢ and defines a morphism p(r): D » D with

pp(NX; = X,, if i # r and pp(r)X, = X?.
Consider

p)*xy and p(r)*y in HZ' (U, Yy; Z(n + 1)
given as Cech cocyles in H3,1(U, Y,; Z(n + 1)) by
(PEy*x~1, ..., p)*x") and  (p()*y~,..., p)*y").
By (1.4) one has p(r)*z" ! = 271

P Gio. i = Gty T kF#T,
=204, k=7
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and by (2.2),
p(r*log, X, =log, X, ifk#r,
= 2log, X,, ifk=r.
Assume by induction that for [ with 1 <Ii<k

piry*z" b =270 ifr <l
=z ifr>l
pry*Zr~t=2Z""Y  ifr <,
= 2z ifr>l

Then p(r)* acts on
Zn—(k+ 1) 5(Zn—k°gio...ik) or Zn—(k+1) — 5(Zn—-k.10gika)

via 1 on the z or Z factor and 2 on the g or log factor if r = k, via 2 on the z or Z factor
and 1 on the g or log factor if r < &, via 1 if r > k. This proves the induction. As p(r)*
acts on

vialifr<k+2 2ifr>=k+ 2, one finds
p(r)*x = 2x, pr)*y =2y and p(r)*z = 2z.

'As dX /X, is the orientation class of H(C*);, Z(1)) written as a de Rham class, then
z may be uniquely written as
noodX, dX, dx

D) = (Ao s dy)im S Aot A e A b A e A 2
' igl Xl Xi Xn

with ;€ C modulo z(n), for ;e Z.

Therefore,
p(r)*z(i) = (2113 ey 2}“r—15 Ars 21r+ 102> 21;1)

and p(r)*z(4) = 2z(1) implies that A, € Z. As this is true for all r with 1 < r < n, one has
z=0.

3. Pull-Back of x to X and Formula [4], I1.2.4

3.1. Let X be a smooth algebraic variety over C of a dimension <n, equipped with
a morphism 4: X — A, where now A is the universal situation described in (2.5i), with
coordinates X;, and with ¢ =1 — X,... X,.
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Define
h*X, = a,e H(X, Oy), foriz1,
*¢ = fe HYX, S + T; Z(1)),

where T'is defined by t:=a, ... g, and S is a closed subvariety of X contained in h*Y, of
the ideal sheaf .#5. Denote by 0(— T) the reduced ideal sheaf of T.
Define

One has
h*rest™ Y{¢|y, X1,..., X, e HY Y(X, S; Z(n + 1))
= HYX,S;C/Z(n + 1)) (1.2iii).
As S is not necessarily a normal crossing divisor, we will explain this more precisely

(3.2), (3.3), (3.4), (3.5), and (3.6). Then we want to evaluate this class along relative
homology classes [y] e H(X, S;Z) (3.4).

3.2. We assume in (3.2), (3.3), (3.4) that X is smooth analytic, T is a divisor defined by
a,...a,=t=0,a,e H(X, 04), and S is a closed subvariety of X.

We define the subcomplexes Qy 5+ 7 and Qx g of the holomorphic de Rham complex
Q% by: for each open set U

Q%,S(U) = {weQy(U), )sny = 0},
Qi s+7(U) = {we Qi 5(V), @|a;=0 = 0 for any 1 <j < n}.
The sheaves Q s and Q% 5., are coherent. As QY ¢ = £, one has a natural inclusion
HCESs Qs
which defines a map in cohomology
H'(X,S;0) 1Y, H'(X, Qy5).
If S is a divisor with normal crossings then QY g is the complex Qx(log S)(—S), and incl is

a quasi isomorphism. In general we construct a ‘splitting’ of incl.

LEMMA. There is a morphism p in D*(X), p:Qxs— jC such that poincl is an
isomorphism.

Proof. Leto: X — X be an embedded resolution of S. This means ¢~ 1S = §is a divisor
with normal crossings, o is proper and a|x_s is an isomorphism.
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Consider

¥ 3 x

N/

X—-S

-~

One has 6* Q% = QL(log 8§)(—8§),and o~ ,C - j,C. Therefore, one has a diagram in
D*(X)

Qxs 2> Ro,Qj(log §)(—5)

incl Ro ificl

1

iC 25 Re,jC.

As gis proper, and j and jare exact, one has Rcr*f! = Roj, = R(g °J), = Rj, = j,in D¥(X),
and ¢! is an isomorphism in D¥X). As ificl is a quasi-isomorphism, Ro, ificl is an
isomorphism in D*(X).

Define

p=("Y"'(Ro, ific "' o o*.
3.3 Define
K =jZn+1)—-Q%s and K" =vZn+1)— Qxs+71,
which is a subcomplex of K°. One has
HZ(n+ 1) - jC
incl
X
P
i+ 1)-jC
with poincl as an isomorphism (3.2).

COROLLARY. There are morphisms

H'™Y(X,S;C/Z(n + 1) Y, H'(X,K")
H™YX,S;C/Z(n + 1))

with peincl as an isomorphism.
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3.4. Let Z be a cohomology class in

HO(Xs Q'.;[,S + T)

Hn+1 X. K"
B, vz + Doy oK)

of representative we H*(X, Q% s+1).
Its image z in H**}(X, K') lies in
HO(X7 QnX,S)

Hn+1 X K'
HX,jZn+ Doazgy - & %K)

and is of representative w. Then for any n-chain y with dy = S representing the
homology class [y] € H,(X, S; Z), one has {[y], pz) = ij modulo Z(n + 1).

3.5. Remark. If X is affine one has

H" Y X, vZ(n + 1) = H"" (X, jiZ(n + 1)) = 0
[2]. Then one is always in the situation of (3.4).
3.6. We go back to the situation (3.1). One has morphisms

W Qiy(log(Y + Z)(~ Y — Z)> Qs+,

h*Qiy(log Y)(—Y) - Qk.s,

h™'4Z(n + 1) > vZ(n + 1),

h= YN Z(n + 1) > jZ(n + 1).
Therefore, one has morphisms in D*(A):

L2+ 1) - Q5"(log(Y + Z)(—Y - Z)

o
Rh K"

and

iZ(n + 1) > Q5%log Y)(—Y)

l
RhK".

This proves the following lemma.
LEMMA. One has commutative diagrams
HY YA, Y; Z(n+ 1)) —— HYX, S; C/Z(n + 1))

(1.2i) p
HR A Y;Zn + 1) 2 H* }(x, K)
H" + I(X’ K/')
The

H™ Y4, 4,Z(n + 1) —— Q5"log(Y + Z))(~ Y — Z))
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3.7. Consider the open cover h™* 4, of X (1.4). Then h*x is represented by the cocycle
h*x = (h ™ 'x" L R*xC, . h*x") in (" YhT'A4, K7), (— 116 + d)
with
hix™ = (=1t
dgi+1 da,

R*x" % = (=127 h*gi i A A , 1<k<n,
Qp+1 a,

d
h*x" = log, f %A A aa", with log; f:=h*log¢.
1

n

Define for simplicity of notations
Gio...ik = k*gio...ik € Ho(h_ lA!'n...ik: t'fs)
3.8. Let X;bea refinement of h~*4 jsuch that another determination In; f of log; f
on X; exists with
In; f e HY(X ;, £504(— T)).
Observe that this implies that if X;~ (S U T) # ¢, then In; f'=log; fand, therefore,
(In; f—1In;, f)e HYX,,,, vZ(1))
and vanishes if X;;, n(SUT) # ¢.
Define the element
u=@w"Lu...,u"in (@YX, K”), (—1)"* 16 + d) by
u—l = (__ 1)(n+ 1)n Z—i
da, da

-k -k
u?l = (—.‘ l)an?o.,.ikGio...ik A A "s 1 S k < n,
K+ 1 Gy

da da
u":=lnif_-1/\ cee A n’
a4

n
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with

Z?0711 == (5 lnf)ioil’
21k = S G

i, ik " i0... i1 io...ik—l)io...ik'

As in (1.5), the condition (In;, f — In, f) = 0 if (X;,;, N (S U T) # ¢ implies that
zZi ke HOX . i vZ(K))
and that u is 2 Cech cocycle defining a cohomology class u in H"* (X, K").
PROPOSITION. One has
h*% =u in H""Y(X,K").

Proof. Choose a refinement X; of X; such that if X, ; n(SnT)=¢, then

10gi,. .5 0+ 1 18 single-valued on X}, _,,, that is, in HO(X}, ;. Ox).
Define

hio...ik = logio...ikak+15 lf X:olkm(su T) = ¢5
0, if Xip an(SUT)# ¢
In this refinement X, one has

da

d
*x" — u" = (log, f — In; f) —% A A
1

n

Define

N7 = (log, f — In, f)e H°(X}, v, Z(1)).
One then has

ON")igi, = 2l — Zli,"
Define

da

da
TN = Nib 2 A e A —2e HOXL Q)

a, n

One has h*x" — u" = dr? 1.
Define, by induction for 1 <1 <k,

N =@ — 2570 Gigiy — SN R g i Do
e H(X},. 1, vZ(I + 1)),
with (ON" "}y = "1t . zn—i-1
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and
:'o lnl ( l)lnN'i'o_.—,l.izhio...izgﬂLZ A A da"
Ay a,
EHO(Xlo NIt Q'P‘f .SSI-FT))
with
(h* xn—l _ un—l) _ [(_l)nérn—1+drn—(l+1)] =0.
Define

n—k n n—k n—k+1
Nlo -k (Zio i_Z lk)Glo Lk 5(Nlo V- 1h!o Ve — 1)10 RS

One has SN % = gn%—1 _ zn—k~1

If Xig 5560 (SUT)#¢ for all 1€{0,...,k}, then N7 ¥

io...ik

X NS UT) # ¢. Otherwise X;, ;, N (SUT)= ¢ (say). Then

N:lo klk - (Zlo i Z” * )(Gio.“i}‘ - ki;...ik) -

ig.- Ik
- Z ( I)IN:'okl-:-llk (hio...fl...ik - hil...ik)'

If(@z"*—Z" %), . #0, then

Xio.xNSUT)=¢, and (G i — hiy...5) € Z(1)
If N3 5L # 0, then

Xt NSOT) =0, and  (hig._s..i, — hiy._u) € Z(1)).
Therefore

Nyt € HOUX . i viZ(k + 1)).
Define

r:lo k— 1_( l)ann k h dak+2/\ /\da

ig...ik
O+ 2 a,

One has

(X" K — " — (=1 S+ AR 1] = 0.
Therefore,

(h*x —u)— (=16 + dr =0,
and (h*X — u) is a coboundary in €"(K").

19

= 0, especially if
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3.8.1. If we do not assume that dimension X < n and we define ue H"*'(X,vZ
(n+ 1) - Qys+7) by formulae (3.8) for a determination In;f, the proof of Pro-
position (3.8) just shows h*x = u.

In other words, one has the following theorem.

THEOREM The analytic element
XeH" Y4, A,Z(n + 1) - Q5"(log(Y + Z)(— Y — Z))

defined in (1.6) does not depend on the choice of log’s made in (1.4) a, B, 7.

In particular, if h: A — B is the analytic (or algebraic) morphism defined in (2.5i), then
one has X = h} X, where X is the element defined in (1.6) in the universal situation B.

3.9. Let y be an n-chain with support y = %, % open analytic, dy < S, of homology
class [y] H,(X,S;Z) such that there is a determination In f of log f on # with
In fe H¥, #504(—T)).

By 3.8, one has

da

n

d
h*x = class ofa)=1nf7al A A
1 n
in H"* Y%, K").
By (3.4), one obtains the following theorem.

THEOREM (see [1], 7.0.2, and [4], 11, (2.4)). Let X be a smooth algebraic complex
variety of dimension <n, equipped with a morphism h: X — A, where A is the universal
situation described in (2.51). Let t:=h*(X,...X,), Ox(—T) be the reduced ideal sheaf
associated to t, f == h*¢. Let S be a closed subvariety of X contained in h*(X, = 0) of
ideal sheaf 4. Let % be an analytic open subset of X on which there is a single-valued
determination In f of f with In f € H*(#U, #304(—T)). Let y be a n-chain supported in
Y with 0y < 8, of homology class [y] € H (X, S; Z). Then one has

y), h*rest™ oy, Xq,.. ., X, 3D

= J; In fh*(% A A if”) modulo Z(n + 1).

1 n

3.10. Remark. The condition X affine of [4], II, (2.4) does not appear in (3.9). This is
just because the assumption on the existence of In f is sufficient to ensure that ph*x is
represented by a global n-form on % (via (3.8)).

3.11. Comment. Formula (3.9) depends on the existence of a representative y of the
homology class [y] € H,(X, S; Z) along which there is a single-valued determination of
log f which vanishes on support y n § and supporty N (g; = 0)for 1 <i < n. Soitisnot
valid in general. In Section 4, we weaken the assumptions on dimension X and on y in
order to write a slightly more general formula in the case n = 1.
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4. Other Formulae on X and Relationship with Bloch’s Regulator Map

4.1. Let X be a smooth affine variety over C equipped with morphisms A*: X — A4,
«=1,...,N, where A is the universal situation as in (3.1). We define

h*¢ =f*e Hy(X,S + T Z(1),  h™*X,=afe HUX, Oy),

where t*:= a5 --- a% defines T* and S is a closed subvariety of X contained in ﬂf Bty
of ideal sheaf #¢. This defines

N
us=Yy h*rest” {¢|y, X,..., X,} e Hy" (X, S; Z(n + 1)).
1

Define j: X — S—> X.
Recall (3.6) that we have defined

h*: (4, Z(n + 1) > Q5"(log Y)(—Y)) = RAL(j,Z(n + 1) - Q%)
in D%(A).
This defines

N
a::Zha*rest_1{¢|v,X1,...,Xn}
1

as a class in

H"™ Y X,j,Z(n + 1) > Q5%).
LEMMA. The natural morphism

H""YX,K) > H"* (X, j,Z(n + 1) > Q5%
is injective. The class u lies in H"*Y(X, K*) if and only if
Ndf*r das da®
A "
Proof. The kernel of

H" (X, K') > H" (X, jZ(n + 1) > Q5)

di = = 0.

comes from
H 'YX, Q3% [-1])=0 and i&eH""Y(X,K)
if and only if it maps to 0 under
d: H" (X, jZ(n + 1) - Q5%) -
H" (X, Q5 ) = HO(X, Q% i crosea-
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One has
N d¢ dX dx
dii=Y h*— A=A A2
; d) Xl Xn
N d a o &£
sy LaGn
1 f ay a,

4.2. COROLLARY. There is € HY(X, Q% 5)i ciosea Fe€PFesenting u modulo torsion via
the composed morphism
HO(X’ Q}.S)dclosed - H"* 1(X’ K.)
p(3.2)

HYX, S;C/Q(n + 1))
12

HZ" (X, 5; Q(n + 1)

df* daj dat
/\ /\ e /\ =

=0.
ai a,

N
_ f
du=da=
b
Proof. One has an exact sequence

L B9
HYX,S;Q(n + 1))

- H"" (X, Kq)

X affine 4

quotient of H" 'YX, S;Q(n + 1))
HO(X= Q')l(,S)d closed ¢
H" (X, Qy,5)

X affine

HO(X, Q';(TSI )d closed
dH°(X, Q% 5)

Asd =eoe and H"* (X, S; Q(n + 1)) is torsion free, (3.2) implies that e is injective.

4.3. Let y be an n-chain on X with dy < §, of homology class [y] € H,(X, S; Z). One
has

lw = Jw modulo Q(r + 1).

?
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44. We assume now n=1 in (4.4) and (4.5). Given [y] as in 4.3, then there is
a representative y of [y] as a chain as in [4], II, 2.4:
Y=90+ Y, v withdyg=¢,0y;#¢ = Sforizl.
iz1 .

We first compute {[y,], u).

PROPOSITION. Let p, € support y, be a point such that log f* is single-valued along
Yo — Do» and vanishes along t* =0 and S, fora=1,...,N.

(1) Assume p, ¢ U’lv T* Thenif py ¢ S or if p, is an isolated point of S N support y,,,
one has

Trolwy =1 Y logf*

Yo @

daj
ai

— Y log ai(p,) f ‘j,—’:j modulo Q(2).

(2) If pye S is not isolated in S~ support y,, or if py € ﬂf T* is not isolated in
N T* ~ support 7, one has

d -4
Dol uy=| Tlogf*

Y0 &

modulo Q(2).

(3) If log f* is single-valued along v, and vanishes along t* =Qand S fora = 1,..., N,
one has

Drodud=| Xlogf*

daf
X 4
Y @ 1

. modulo 7(2).

Proof. In (1) and (2), there is an open set # containing v,, I a segment in % with
po = I msupport y,, and a determination In, f* on %, =% — 1 with In, f*¢
H® (%, t*5). For any ¢ > 0, define an open set %,,, containing p, such that

(*) is fulfilled in case (1),
(**) is fulfilled in case (2),
with
(*) logaj is single valued along %, n support y, and verifies

sup llog ai(x) — log ai(y)| < e,

X, ye¥ e NSUpport yo
**) g t S Yre
(**) %o, 0support yo = S or (), T

(As support y,nS (or support y,N ﬂ’lv T*) is compact, condition (2) says that
a subsegment of y,, centered at p,, is contained in § (or in ﬂf T*). Therefore, one may
realize (*¥).)

Let ¥, =%, %,, Take a common refinement of the covers #, u%,, and
Y. h*"*A4; of . By (3.8), il|,, is represented by the Cech cocycle in this cover

@ L ulut) e €3V, ,QR) x GV, I5) x €V, Q. 5. dc10sea)s
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with
=Sl =L ZuGh, =T
with
Ghots = Bty Lot = (010 )i,
Zioi, = 0251, Gigiyioiia-
By (4.2), there is a refinement (¥7) i = 0,...,! of the open cover, there are
© € HOX, Qk shictoseas S €E (3, 1,Q2))
and r e €°(v;, #) with
u = —4s, u = —or+s, ul = w +dr.
Following the orientation of y,, take an order ¥; with

pOGAVO_U"V

i1
PLEY o N Y10y,
DIEY1-1 D Y10 Yo,
D1 €Y IN YNy

One has [, = F — R, with

Pi+1 dal

Xin, f*2

F= Zl ofa

pi+1 @ p1

P1 P2 bi+1
R£=f dr0+f dr1+---+j dr,
pi+i P1 n

=rolhr, + 7152 + - + 15t (Stokes)
= g[Z%G“{o(pl) + Z5:G5:(pa) + - + ZEi-1 G- (p) +
+ Z%,G%(p,+1)] modulo Q(2).
One has
Z5 = =2Z%_ ;=0

In (1), Gio(p,) and G%;(p;+ ) are two determinations of log af by (1.4), y. Therefore, one
has

R, = ZZD{O log ai(p,) + Z% log ai(p;+1) modulo Q(2).
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As Z5, and Z§, do not depend on ¢, one has

Y. Z%o(log ai(p,) — log a’(p,)) + Z5(log ai(pi+1) — log af(p,))

< constant. € by (*).

Therefore, R, tends to
fa

R = Z(Za{o + Z%) log ai(p,) = Zlog ai(po) f“
a Y0

as ¢ tends to zero.

In (2), R, does not depend on ¢, and G5o(p,) = G§i(pi+1) = 0 by (**) and 1.4) y. This
proves cases (1) and (2).

In case (3), consider an open set % containing y, such that a determination In f* of
log f* exists and is single-valued on # with

In f*e HO(%, t* ).
Then uyy € HZ ., (%, K') is the class of

@ = Zln fa HO(% QX S)d closed (381)

4.5. Take y, with 0y, # ¢ = S. Let p, esupport y; nS. Ifforall « = 1..., N there is
a single-valued determination of log f* along y, — p, which vanishes along t* = 0 and
S, then log f* is single-valued along y, as well.

PROPOSITION. Let p, € supporty, — S be a point such that log f* is single-valued
along y, — pg, and vanishes along t* =0 and S fora =1,...,N
(1) Assume p,¢ Uf T*. Then one has

Ly, ud = Zlogf — — Zlog ai(po)

% modulo Z (2).
71 a 71 f

(2) If pye ﬂ T* and is not isolated in ﬂ T* nsupport y,, then one has
1 1

daj

1 dwy=| Ylogf

Y1 oa 1

modulo Z (2).

(3) If log f* is single-valued along y, and vanishes along t* =0 and Sforo=1,...,N
then one has

{niduy=| Ylog f"’

Y1«

Proof. For (1), (2), (3) define (#});=0
0, = {S¢,---» 8%} = 8.

modulo Q (2).

; as in the proof of (4.4,1) and (4.4,2). Write

.....
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One has to take
Poe% - U ,V;a

i>1
PiE€YoN YNV,
PLEY -1 N Yy,
S1 €YY,
S €V +15
PL+2€Y L4107 L4207,

PL+3€Y 420743074,

P+ € Vl4n-10 LMY

336%2

PEYiI-1NY N0y,
P €V 0 Y500
Note that the corresponding R is defined by

p1 P2 51
R=J d"o’*‘f dr1+---+J dr,, +
P1+1 p1 pry

pry+2 P+ ey
+j d"zl+1+j~ dr11+2+"‘+f dr,.

s2 pi+2 n

As r e €*(F), one has
R=(rg —r)(p)) + (ry = r)(p2) + - + (ri -1 — 1) () +
+ (1 = P 2)Pr+2) + o+ (1 — o) (Prea):
One concludes as in (4.4).

4.6. Let now X be a smooth affine variety over C. Let f3,...,f% be a global invertible
algebraic function on X, for « = 1,..., N. We consider the cup product

N
u=y{f5... 2} e HG" (X, Q(n + 1)).
1

Assuming

N (-] dre
du=z%/\---/\ffa"=0,

1

we have ((1.2i), with Y = ¢)
ue H'(X,C/Q(n + 1)).
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Now, X being affine, we have as in (4.2)

HO(X’ QnX)d closed

HIQGC/Q0 + 1) = 5 @ + 1) + dHO, QD

and if w € H(X, %), c1osea TEPTESENLS 1, ON€ has for any [y] € H (X, Z) of representative
¥

{yliuy = J o modulo Q(n + 1).

4.7. Take n = 1, and X as no longer affine. As explained by R. Hain in his talk at the
Max-Planck-Institut, fall 1987, one has Bloch’s regular map

r K,(X) > HA(X, Z(2)).

This is defined as follows. Let x = ITY { /3, f$} bein K,(C(X)). Let U be an affine subset
of X such that f¥e @(U)*. Then the cup product

vzank Ha(V, ZQ).

openin X

al . lim
Y feu f§ lies in H3(U, Z(2)) =
1
The existence of the dilogarithm function tells us that
lim

_
V Zariski
openin X

Y foufie HY(V, Z(2)).
1

does not depend on the decomposition chosen of x as symbols { /§,f%}. The existence
of a Gersten—Quillen resolution for H3(2) tells us that if xe H(X, ",) = K,(C(X)),
where ", is the Zariski sheaf associated to K,, then r(x) := XY /4 U f2 lies in

HAX,20) < 2 B, 20)

Assume dr(x) = 0.

PROPOSITION. Let [y]e H,(U, Z), of representative y. Let p, € support y such that
log 1% is single-valued along y — py. Then

dfi
fi

(WLrx)y = | Ylog f}

— Y log f”{(po)J % modulo Q(2).
a yJO

If X is a curve, this is true modulo Z(2).

The proofis word-by-word the same as in (4.4,1), where one replaces G,;, by log;, f1.1f
X is a curve, apply (3.5).
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