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Abstract. We generalise a theorem on the existence of Frobenius isocrystal

and Fontaine-Laffaille module structures on rigid flat connections to the non-

proper setting. The proof is based on a new strategy of a point-set topological
flavour, which allows us to produce a purely p-adic statement and thereby to

avoid the classical Simpson correspondence.
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1. Introduction

An irreducible local system L on a smooth projective complex variety X is called
rigid, if it cannot be deformed (continuously or algebraically) to a non-isomorphic
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local system. This is tantamount to the corresponding point of the moduli space
of local systems being isolated.

The term local system can be understood either in the Betti or de Rham sense,
i.e., as either being locally constant sheaf of complex vector spaces or a vector bundle
with an integrable connection. Over the field of complex numbers those two theories
produce equivalent categories by virtue of the Riemann-Hilbert correspondence.

Conjecture 1.1 (Simpson). A rigid local system L on X is of geometric origin.
That is, there exists an open dense subset U ⊂ X and a smooth projective family
π : Y → U such that L is a direct summand of R•π∗OY .

In our previous work [EG20] we proved that the restriction of a rigid flat con-
nection on a p-adic model of X gives rise to an F -isocrystal, provided that p is
sufficiently large (with respect to a non-specified bound). This provides evidence
for Simpson’s motivicity conjecture, as for p large such a Frobenius structure always
exists on local systems of geometric origin.

In fact, reductions of rigid flat connections are endowed with an even stronger
property: a Fontaine-Lafaille module structure. The recent proof of the André-
Oort conjecture by Pila–Shankar–Tsimerman (see [PST21]) relies on this in the
context of local systems on Shimura varieties of real rank ≥ 2. The latter are often
non-proper, which motivates the quest for a generalisation of our previous result
to the non-proper setting. In the appendix to [PST21] we presented an argument,
which was tailor-made for the case of Shimura varieties of real rank ≥ 2 and relied
on a strong cohomological rigidity assumption known to hold in this case. In the
present article, we settle this question in general and further present a new proof.

We now describe our main result. Let k be a finite field of odd characteristic. We
fix a smooth proper scheme X̄/W (k) containing a strict relative normal crossings
divisor D/W . The open complement X̄ \D is denoted by X.

A W -linear flat connection (E,∇) on X is said to have quasi-unipotent mon-
dromies at infinity if it extends to a logarithmic connection on X̄, and if the eigen-
values λij of the residues of ∇ along the components Di of D, which lie in Z̄p, also
lie in Q and have denominators prime to p. We refer to the type of (E,∇) as the
tuple consisting of the denominators in Q of the {λij}. In the main body of the
text we will use an equivalent characterisation involving root stacks.

The de Rham local system (E,∇) is called rigid over K, if it cannot be deformed
(relatively to K) to a non-isomorphic de Rham local system, provided that the
deformation fixes the boundary behaviour. We will also assume stability, which, in
characteristic zero, is equivalent to geometric irreducibility.

Theorem 1.2 (Main theorem). Under the assumptions above, every local system
on X/W with fixed quasi-unipotent monodromies at infinity, which is rigid over K
gives rise to an overconvergent F -isocrystal.

Furthermore, if p > r and every rigid local system of the same type and rank
admits a Griffiths-transverse filtration defined over W which is locally split such
that the associated Higgs bundle is slope stable, then (E,∇) can be endowed with
the structure of a torsion-free Fontaine-Laffaille module.

We emphasise that even in the case of a projective variety X (i.e., D = ∅)
this result is actually stronger than the one of [EG20]. It is indeed a purely local
result over W and does not refer to the objects coming from complex geometry. It
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notably yields a more explicit understanding of the mod p reductions for which an
F -isocrystal structure exists.

Furthermore, the proof given here follows a different strategy and is actually
more elementary and self-contained. In particular, we avoid Simpson’s non-abelian
Hodge theory.

Lan–Sheng–Zuo’s Higgs de Rham flows are crucial to our approach, nonetheless
we present a slightly different approach to their construction, which hinges on Xu’s
lifting of the inverse Cartier operator [Xu19]. The bulk of this paper is devoted to
developing a logarithmic analogue of this machinery.

The overall strategy we pursue could be classified as being point-set topological.
We use that for a stack X over the ring of Witt vectors W , there is a natural
topology on the set of isomorphism classes X (W )iso. For the stack of de Rham
local systemsMdR(W ) we show that for p ≥ 3 the Frobenius pullback map

F ∗ :MdR(W )iso →MdR(W )iso

is well-defined, open and continuous. With this topological property at hand, we
infer our main result using finiteness of rigid local systems of a fixed rank and
bounded order of monodromies at infinity.

Our original approach was centred around a nilpotency result for the p-curvature
of a rigid flat connection for p large. In our new strategy, p-curvature no longer
plays a central role. However, since every W -linear flat connection (E,∇) with
(F f )∗(E,∇) ≃ (E,∇) for some f > 0 must have nilpotent p-curvature, we imme-
diately see that our main result implies the following corollary.

Corollary 1.3. Under the same assumptions as in Theorem 1.2, the p-curvature
of the special fibre of (E,∇) is nilpotent.

Leitfaden. Section 2 is devoted to the topological preliminaries concerning the natu-
ral topology onW -points of stacks. We heavily rely on Česnavičius’s article [Ces15].

In the third section we extend the theory of Frobenius pullbacks and Higgs de
Rham flows to the logarithmic setting.

Our presentation is inspired by the theory of Lan–Sheng–Zuo (see [LSZ19]), but
differs in various aspects, in particular, the use of a logarithmic analogue of Xu’s
inverse Cartier operator (see [Xu19]), which we also treat in this section (solely in
the level of generality required by our arguments).

The fourth section contains the new argument. In particular, we prove that
Frobenius pullback of W -linear flat connections is continuous and open. As an
immediate consequence of the latter, we obtain that the Frobenius permutes isolated
points. Since they are finite in number, they give rise to finite orbits and thus F -
isocrystals.

Acknowledgements. It is a great pleasure to acknowledge the influence and help of
Johan de Jong. For proper varieties, the first purely p-adic proof of the existence of
an F -isocrystal structure was developed by the first author and de Jong during a
research visit at Columbia University. It is based on a characterisation of rigidity in
terms of cup products. Details can be found in the lecture notes [Esn23, Chapter 8].
Furthermore, we are grateful to Johan de Jong for having drawn our attention
to Kȩstutis Česnavičius’s article [Ces15], which supplies the necessary topological
foundations to our argument. We thank Peter Scholze for alerting us of an erroneous
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lemma in the first version of this article, Marco D’Addezio for an insightful remark
andWill Sawin for pointing out an unnecessary hypothesis in one of our key lemmas.

2. Topological preliminaries

In this section we denote by R a local topological ring, that is, a local com-
mutative ring R with a topology on the set R for which the addition and the
multiplication are continuous, satisfying the axioms:

(α) The subset R× ⊂ R consisting of the units is open.
(β) The inverse map R× → R× is continuous for the induced topology.

For R-schemes, the topology on X(R) was defined in Conrad’s [Con]. The case
of stacks (and more generally, presheaves) is due to [Ces15], building up on prior
work of Moret-Bailly [MB01] for topological fields.

In this article, we will only apply this construction to W = W (k), the ring of
Witt vector of a finite field k = Fq, and to the topological field K = FracW .

2.1. The case of a scheme. We fix an R-scheme X with the additional quality
that it is locally of finite presentation over the base ring R.

Proposition 2.1. There exists a unique topology T on X(R), called the strong
topology, with the following properties:

(1) For every Zariski-open U ⊂ X the induced subset

U(R) ⊂ X(R)

is open in T .
(2) Let U ⊂ X be Zariski-open and affine, and i : U ↪→ AN

R be a closed immer-
sion, then the induced map

U(R) ↪→ RN

is an embedding, that is, a homeomorphism onto its image.

Proof. See [Ces15, Section 2.2]. □

The following lemma can also be extracted from [Ces15, Section 2.2].

Lemma 2.2. The strong topology is functorial and preserves finite products, i.e.,
it yields a functor Sch /R → Top preserving finite products. Furthermore, a con-
tinuous ring homomorphism R1 → R2 yields a continuous map X(R1)→ XR2

(R2)
for every R1-scheme X.

For the topological ring R = W we will also refer to the strong topology as the
p-adic topology. In this case, more can be said. First of all, this functor sends
W -schemes of finite type to compact Hausdorff spaces.

Lemma 2.3. Let X/W be an algebraic W -space of finite type, then X(W ) is a
compact Hausdorff space.

Proof. This follows from [Ces15, Propositions 2.9(d) & 2.17(8)]. Since W is Noe-
therian, every algebraic W -space of finite type satisfies the condition that the di-
agonal ∆X/W is quasi-compact and separated. □

In fact, those compacts are Stone spaces (i.e., pro-finite sets), as shown by the
following lemma.
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Lemma 2.4. Let X/W be a an algebraic space of finite type over W , then the
canonical map

X(W )→ lim←−
i∈N

X(Wn)

is a homeomorphism, where the left-hand side is endowed with the p-adic topology
and the right-hand side is the pro-finite topological space defined by the inverse limit
of the finite sets in topological spaces.

Proof. The continuous ring homomorphism W → Wn induces a continuous map
X(W ) → X(Wn) for every n ∈ N. Using the universal property of the inverse
limit topology, we conclude that the map of the assertion above is continuous. By
Lemma 2.3 it is a continuous bijection between compact Hausdorff spaces and thus
a homeomorphism. □

Lemma 2.5. Let X/W be an algebraic W -space of finite type and P → X be a G-
torsor with respect to a smooth affine group scheme G→W with connected special
fibre. Then, the G(W )-equivariant continuous map

P (W )→ X(W )

is a quotient map, i.e., the continuous map

P (W )/G(W )→ X(W )

where the left-hand side is endowed with the quotient topology is a homeomorphism.

Proof. Functoriality of the p-adic topology implies right away that there is a con-
tinuous and G(W )-equivariant map P (W )→ X(W ). The universal property of the
quotient topology yields a continuous map P (W )/G(W )→ X(W ).

Lang’s Lemma yields the vanishing H1
ét(SpecW,G) = 0, and thus bijectivity

of the quotient map. By Lemma 2.3, the spaces P (W ) and X(W ) are compact
Hausdorff spaces. So the map P (W )/G(W ) → X(W ) is a continuous bijection
between compact Hausdorff spaces, which implies that it is a homeomorphism. □

2.2. The case of a stack. This subsection is devoted to assigning a topological
space to an R-stack. First, we introduce a new piece of notation.

Notation 2.6. Let X be a stack and S be a scheme. We denote by X (S) the
groupoid of S-points of X and by X (S)iso the set of isomorphism classes of S-points.

The following definition appeared in [Ces15, Section 2.4], and is based on [MB01,
Section 2], where the case of fields was covered.

Definition 2.7. A subset U ⊂ X (R)iso is called open if for every R-scheme X
locally of finite type over R and for every morphism g : X → X , g−1(U) ⊂ X(R) is
open with respect to the strong topology on X(R).

For a large class of stacks, for example for linear algebraic stacks which are
defined below, we may render the definition of this topology more concrete.

Definition 2.8. An R-stack X is called a linear quotient stack if there exists a
smooth and linear group R-scheme G and an fppf G-torsor Y → X such that Y is
an algebraic space. We refer to such a torsor Y → X as a linear atlas of X .
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We emphasise that a linear group scheme G is a closed subscheme of the general
linear group GLN,R, and hence is of finite type.

Since Y is a G-torsor, there is a canonical equivalence X ≃ [Y/G] where [Y/G]
is the quotient stack. In particular X is an algebraic stack. Furthermore, we will
frequently use the well-known observation that an embedding G ↪→ GLN,R allows
one to replace the quotient [Y/G] by

X ∼=
[
QY ;G/GLN,R

]
,

where QY ;G denotes the quotient (as defined in the theory of algebraic spaces)
G\(Y ×R GLN,R) with respect to the anti-diagonal action.

Lemma 2.9. The quotient space QY ;G defined above is an algebraic space.

Proof. For the sake of simplifying the notation we denote GLN,R by H. There is a
commutative diagram of R-stacks with cartesian squares

Y //

��

SpecR

��
QY ;G

//

��

H/G //

��

SpecR

��
X // BG // BH

The morphism SpecR→ H/G is induced by the unit element of the R-scheme H.
The morphism H/G → BG = [SpecR/G] is induced by the G-invariant structure
morphism H → SpecR. The morphism X = [Y/G]→ BG = [SpecR/G] is induced
by the G-invariant morphism Y → SpecR, and thus is a representable morphism
of algebraic stacks. In particular, we obtain that the fibre product QY ;G is an
algebraic space. □

This construction allows us to assume without loss of generality that the affine
group R-scheme G is the general linear group.

Proposition 2.10. Let X be a linear quotient W -stack which is locally of finite
presentation. For every G-torsor π : Y → X where Y is an algebraic space and G
is a smooth linear group W -scheme with connected special fibre, the map

Y (W )→ X (W )iso

on W -points is a topological quotient map. That is, there is a homeomorphism

X (W )iso ∼= Y (W )/G(W ).

Proof. We note that Y an algebraic space and thus Y (W )iso = Y (W ). Since G/W
is smooth and has connected special fibre, every k-rational point x̄ of X lifts to Y .
Indeed, the fibre π−1(x̄) is a Gk-torsor, and thus trivial by Lang’s Lemma.

As G is smooth, Hensel’s lemma implies that every W -point x ∈ X (W ) lifts to
a W -point of Y . This shows that the map π : Y (W )→ X (W ) is surjective.

Let τ : Z → X be a morphism, where Z is a W -scheme locally of finite type. We
denote by Q the base change Y ×X Z, which is itself an algebraic space by virtue
of representability of the map π. Furthermore, the base change σ : Q → Z is a
G-torsor.
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We now have the following commutative diagram in the category of topological
spaces:

Q(W )
σ //

ρ

��

Z(W )

τ

��
Y (W )

π // X (W )iso.

Let us assume that U ⊂ X (W )iso has the property that π−1(U) is open. Then, by
continuity of ρ, the pre-image ρ−1(π−1(U)) = σ−1(τ−1(U)) is also open. Since by
Lemma 2.5. σ is a quotient map, τ−1(U) ⊂ Z(W ) is open. This argument applies
to all possible choices of a locally of finite type R-scheme Z and a morphism τ , and
thus shows that U ⊂ X (W )iso is open in the strong topology. This shows that π is
a quotient map. □

Lemma 2.11. Let X be a linear quotient stack of finite type over W . Then,
X (W )iso is a Stone space, i.e., a pro-finite set, or equivalently, a compact totally
disconnected Hausdorff space.

Proof. Let P → X be a G-torsor where P is an algebraic W -space of finite type,
providing us with a linear atlas for X . By Proposition 2.10, the p-adic topological
space X (W )iso is homeomorphic to the quotient space P (W )/G(W ). Since X and
G are of finite type over W , so is P , and we conclude that P (W ) is a compact
Hausdorff space, as guaranteed by [Ces15, Propositions 2.9(d) & 2.17(2)]. These
properties are directly inherited to the quotient P (W )/G(W ) as the group G(W )
is compact.

It remains to check that this quotient of P (W ) is totally disconnected. Let x
and y be two distinct points in X (W )iso. It suffices to construct disjoint open
neighbourhoods U and V of x respectively y such that X (W )iso = U ∪ V .

Let x̃ be a lift of x to P (W ) and likewise for ỹ. Since P (W ) is a pro-finite set

(see Lemma 2.4) we conclude that there exists a compact-open neighbourhood Ũ
of x̃ which does not intersect the closed orbit G(W ) · ỹ.

We infer that G(W ) · Ũ is a G(W )-invariant compact-open neighbourhood of
G(W ) · x̃ which does not intersect G(W ) · ỹ. By definition of the quotient topology,
it thus descends to a compact-open neighbourhood U of x. By compactness, its
complement V is open, and by construction it is a neighbourhood of y. □

There is a concrete realisation of X (W )iso as a pro-finite set, given by the inverse
limit

(1) β : X (W )iso
∼=−→ lim←−

n∈N

X (Wn)
iso.

Note that the spaces X (Wn)
iso are discrete and finite, and that the natural maps

X (W )iso → X (Wn)
iso are continuous. The verification that this map is a homeo-

morphism is the content of the following two assertions. We denote by

πn : lim←−
n′∈N

X (Wn′)iso → X (Wn)
iso

the natural map.
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Lemma 2.12. Let X be a linear quotient stack of finite type over W . There is a
basis for the p-adic topology on X (W )iso given by the collection of all pre-images

(πn ◦ β)−1(M)

where M ⊂ X (Wn)
iso is an arbitrary subset.

Proof. The collection of subsets {π−1
n (M)|n ∈ N and M ⊂ X (Wn)

iso} is a basis
for the inverse limit topology. The assertion above is therefore equivalent to

{(πn ◦ β)−1(M)|n ∈ N and M ⊂ X (Wn)
iso}

being a basis for the p-adic topology on X (W )iso.
We fix a linear atlas f : P → X . By functoriality of the p-adic topology, there is

a commutative diagram

P (W )
τn //

f(W )

��

P (Wn)

f(Wn)

��
X (W )iso

πn◦β // X (Wn)
iso

where the top row τn : P (W )→ lim←−n∈N P (Wn)→ P (Wn) is G(W )-equivariant with

respect to the natural action. On the discrete space P (Wn), the group G(W ) acts
through the finite quotient G(Wn). The vertical arrows are invariant with respect
to the G(W )-action.

A subset of the shape (πn ◦ β)−1(M) is equal to the quotient of the open subset
τ−1
n (f(Wn)

−1(M)) by G(W ). Therefore, it is open in the p-adic topology.
This shows that U =

⋃
i∈I β

−1π−1
ni

(Mi), which concludes the proof that this
collection of sets is a basis. □

Corollary 2.13. Let X be a linear quotient stack of finite type over W . The map
of equation (1) is a homeomorphism. In particular, a subset U ⊂ X (W )iso is open
if and only if it is the pre-image β−1(V ) of an open subset V of the inverse limit.

Proof. The second assertion follows directly from Lemma 2.12. Indeed, the topology
generated by this basis agrees with the collection of pre-images of open subsets in
the inverse limit. We claim that the map β must be injective since X (W )iso is
Hausdorff (see Lemma 2.11). Indeed, if two distinct points of X (W ) were sent
to the same point of the inverse limit, then it would be impossible to separate
them by the open subsets provided by Lemma 2.12. Surjectivity of β follows from
Grothendieck’s Existence Theorem. We conclude that β is a homeomorphism. □

Corollary 2.14. Let T be an arbitrary topological space. A set-theoretic map
T → X (W )iso is continuous if and only if the composition T → lim←−X (Wn)

iso is
continuous.

3. The Higgs-de Rham flow revisited

The purpose of this section is twofold: to recast the Higgs-de Rham flow defined
in [LSZ19] by Lan–Sheng–Zuo using Xu’s inverse Cartier operator [Xu19], and to
simultaneously extend it to a more general setting where the connection∇ is allowed
to have logarithmic poles with nilpotent residues.
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3.1. Frobenius pullbacks for W -families of flat connections. In this subsec-
tion of expository nature we recall the classical construction of Frobenius pullbacks
for relative flat connections (E,∇) defined on a smooth scheme X/W . Henceforth
we assume p ≥ 3, we do not impose any nilpotence conditions on the p-curvature
of the special fibre (E,∇)k, as is usually done in the literature. For simplicity we
assume that E is coherent and locally free. The Frobenius pullback exists on this
level since we work over the non-ramified base ring W . 1

Every x ∈ Xk possesses an affine open neighbourhood U ⊂ X, equipped with a
locally defined formal Frobenius lift

F̂ : Û → Û ,

where Û is an affine flat formal lift of U and F̃ |Uk
: Uk → Uk is equal to the usual

absolute Frobenius morphism sending a section f ∈ OXk
(Uk) to f

p.

Such a chosen local lift allows one to consider the pullback connection F̃ (E,∇)|Û .
By [Ber00, Proposition 2.2.5 a)], there exists a natural descent datum provided by
the Taylor formula for such a collection of locally defined Frobenius pullbacks which
we discuss now.

In order to define the descent datum, we must assume that U is equipped with
étale coordinates, that is, an étale morphism U → Ad

W . This can always be achieved
on a sufficiently small open subset [StPr, tag 054L]. We then denote by (x1, . . . , xd)
the coordinate functions taking values in A1

W . We denote by ∂i the derivation dual

to dxi. For the self-map F̂ : Û → Û we write F̂j to denote the composition xj ◦ F̂ .
We use the notation Ô = lim←−n

OUn
for the sheaf of formal functions on U .

Definition 3.1. Let (Ê, ∇̂) be a fixed formal flat connection on Û and

F̂ , Ĝ : Û → Û

be local Frobenius lifts. We define an Ô-linear map

ψĜF̂ : Ĝ∗E → F̂ ∗E

by the formula (see [Ber00, Proposition 2.2.5 a)])

(2) ψ(s⊗ 1) =
∑
i∈Nd

∂i(s)⊗
∏d

j=1(F̂j − Ĝj)
ij

i!
,

where s ∈ Γ(U, Ĝ−1Ê).

In the above, the notation ∂i is used as shorthand for ∂i11 ◦ · · · ◦ ∂
id
d . Similarly,

i! refers to the product
∏d

j=1(ij !).
Note that the infinite series above converges whenever p > 2, since the difference

(F̂i − Ĝi) belongs to pÔU . This follows from convergence of the p-adic exponential
series on pW ⊂W , see [Cas86, Chapter 12]. Here, it becomes crucial that we work
over W , as the series would diverge in a ramified field extension.

The proof of the following two identities is classical and is left as an exercise to
the reader.

Lemma 3.2. The map ψĜF̂ satisfies the relations

1See [Esn23, Chapter 8]. We thank A. J. de Jong for this crucial remark and M. Kisin for the
reference to [Ber00].
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(a) F̂ ∗(∇̂) ◦ ψĜF̂ = ψĜF̂ ◦ Ĝ
∗(∇̂);

(b) ψĤĜ ◦ ψĜF̂ = ψĤF̂ , where Ĥ is another local Frobenius lift.

Identity (a) and (b) above imply that the maps ψĜF̂ are a collection of isomor-

phisms F̂ ∗(Ê, ∇̂) ≃ G̃∗(Ê, ∇̂) satisfying the cocycle identity. By covering X with
sufficiently small open subsets U endowed with étale coordinates and local Frobe-
nius lift, we can glue the locally defined pullbacks. The resulting flat connection

relative to W will be denoted by F ∗(Ê, ∇̂), despite the fact that there rarely is a
globally defined Frobenius lift. This construction is of functorial nature, and the
resulting functor is denoted by

F ∗ : MIC(X̂/W )→ MIC(X̂/W ).

Here, MIC(X̂/W ) denotes the category of vector bundles on X with an integrable
connection relative to W .

It will be crucial for us that there exists a logarithmic generalisation of this
construction.

Let us consider a strict relative normal crossings divisor D ⊂ X. Let us denote
by MIC(X/W,D/W ) the category of pairs (E,∇) where E is a vector bundle on
X and ∇ : E → E ⊗ Ω1

X/W (logD) is an integrable logarithmic connection relative

to W . Similary, let us denote by MIC(X̂/W, D̂/W ) the category of pairs (Ê, ∇̂)
where Ê is a formal vector bundle on X̂ and ∇̂ : Ê → Ê⊗ Ω̂1

X̂/W
(log D̂) is a formal

integrable logarithmic connection relative to W .

Proposition 3.3. The Frobenius-pullback functor F ∗ on MIC(X̂/W ) can be ex-

tended to an exact functor F ∗ : MIC(X̂/W, D̂/W )→ MIC(X̂/W, D̂/W ).

Proof. Let (Ê, ∇̂) be an object in MIC(X̂/W, D̂/W ). The Frobenius pullback is

already defined in the complement of D. For a sufficiently small open subset Û ⊂ X̂
intersecting the normal crossings divisor D̂, we choose a formal Frobenius lift F̂ ,
which preserves the divisor, that is, with the property

F̂ ∗OX̂(−D̂) ⊂ OX̂(−D̂).

It suffices to show that the formula (2) defining the glueing data ψĜF̂ can still
be applied in the logarithmic setting. By passing to an appropriate étale neigh-
bourhood endowed with a system of local coordinates (xi) we may assume that
U ∩D is defined by the local equation x1 · · ·xs = 0 where xi defines the irreducible
component U ∩Di.

The term ∂i(s) is a section of E(
∑s

j=1 ijDj). However, the right-hand term∏d
j=1(F̂j − Ĝj)

ij

i!
,

is a section of O(−
∑s

j=1 ijDj), since F̂ and Ĝ respect the divisor D, and thus the
tensor product

∂i(s)⊗
∏d

j=1(F̂j − Ĝj)
ij

i!

belongs to E. The convergence condition holds as in the case D = ∅. Therefore
ψĜF̂ is still well-defined.
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Lemma 3.2 still holds, since it suffices to verify these identities in the open dense
subset given by the complement of D. Indeed on a vector bundle a connection with
logarithmic poles, is uniquely determined by its value on the complement of the
pole divisor. □

Lemma 3.4. The functor F ∗ is compatible with base change along étale morphisms.

That is, for every étale morphism h : X̂1 → X̂2 there is the following diagram of
functors

MIC(X̂1, D̂)

h∗

��

F∗
// MIC(X̂1, D̂)

h∗

��
MIC(X̂2, h

∗D̂)
F∗
// MIC(X̂2, h

∗D̂)

commuting up to an invertible natural transformation.

Proof. This follows from the observation that the absolute Frobenius commutes
with étale pullbacks. Therefore, the pullback of a local Frobenius lift is a local
Frobenius lift. □

In order to define strict normal crossing divisors on a Deligne-Mumford stack,
we follow the convention of [Lar22, Définition 1.3.17(2)], i.e., each irreducible com-

ponent is required to be regular. We denote by X̂ , D̂ the formal completions.

Corollary 3.5. Let X /W be a smooth Deligne-Mumford stack overW with a strict
normal crossings divisor D ↪→ X . Then, there is an exact functor (unique up to a
unique natural transformation)

F ∗ : MIC(X̂ , D̂)→ MIC(X̂ , D̂),

such that for every formal scheme Ŝ and every étale morphism h : Ŝ → X we have
a natural transformation h∗F ∗

X ≃ F ∗
Ŝ
h∗.

It will also be important for us to know that the Frobenius pullback preserves
nilpotent residues.

Lemma 3.6. The Frobenius pullback F ∗ sends a flat connection (E,∇) with nilpo-
tent residues resi∇ to a flat connection with nilpotent residues.

Proof. This follows from the local description, as pulling back along a local Frobe-
nius lift preserves nilpotency of the residues. □

3.2. Frobenius pullback and the inverse Cartier transform. The functor F ∗

described in the previous section is not an equivalence of categories. However, it is
not far off from being one as we explain below. First we must recall the notion of
a p-connection.

Definition 3.7. A (flat) p-connection (with logarithmic poles along D) ∇′ on a

formal vector bundle V̂ on X̂ is a formal W -linear map V̂ → V̂ ⊗OX̂
Ω1

OX̂
(V̂ →

V̂ ⊗OX̂
Ω1

OX̂
(log D̂)) satisfying the p-Leibniz rule ∇′(fs) = ps⊗df+f∇′(s), where f

is a regular formal function and s a local section of V̂ , and satisfying the integrality

condition (∇′)2(s) = 0. We denote by p-MIC(X̂ , D̂) the category of p-connections

with logarithmic poles along D̂.
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We shall show the existence of a factorisation

F ∗ = C−1 ◦ [p].

Here C−1 is the so-called inverse Cartier operator which is an equivalence of cate-
gories and

[p] : MIC(X̂ , D̂)→ p-MIC(X̂ , D̂)

sends a flat log-connection (Ê, ∇̂) to the p-connection (Ê, p∇̂).
Without log-poles this is a known result, and follows essentially from Xu’s lift

of the inverse Cartier operator to W, see [Xu19].
Since it would take us too far afield, we will not provide a complete generalisation

of Xu’s work to the log-case. The construction presented in this article is tailor-
made for the proof presented in Section 4.

Definition 3.8. (a) We denote byMIC(X̂ , D̂)0 the full subcategory ofMIC(X̂ , D̂)
consisting of the (Ê, ∇̂) for which the special fibre (Ê, ∇̂) ⊗W k has zero
p-curvature.

(b) We denote by p-MIC(X̂ , D̂)0 the full subcategory of (V̂ ,∇′) where the spe-

cial fibre (V̂ ,∇′)⊗W k is the zero Higgs field.

(c) There is a functor [ 1p ] : p-MIC(X̂ , D̂)0 → MIC(X̂ , D̂) sending (V̂ ,∇′) to

(V̂ , ∇
′

p ).

(d) The functor C−1 : p-MIC(X̂ , D̂)0 → MIC(X̂ , D̂)0 is defined to be the com-
position

C−1 = F ∗ ◦ [ 1
p
].

In the absence of log-poles, the following proposition is (a special case of) the
main result of [Xu19]. We highlight that this result should be expected to hold
without imposing the restriction of vanishing p-curvature. It is however the only
case required for our purposes and leads to a drastic simplification of the argument.

Proposition 3.9. The functor C−1 = F ∗ ◦ [ 1p ] : p-MIC(X̂ , D̂)0 → MIC(X̂ , D̂)0
is fully faithful. Its essential image is given by the full subcategory of flat log-
connections (E,∇) with p-divisible residues.

The proof will be given at the end of Subsection 3.4.

3.3. Relative Frobenius morphisms and twists. As preparation for the proof
of Proposition 3.9, we study the absolute Frobenius morphism FΘk

of the stack
Θk = [A1

k /Gm,k]. We begin by recalling the definition of the absolute Frobenius
morphism of a stack.

Definition 3.10. Let Y be an Fp-stack, or more generally a presheaf on the cate-
gory SchFp . For every S ∈ SchFp we define

FY : Y(S)→ Y(S)

to be the map sending S → Y to the composition S
FS−−→ S → Y. Note that

the construction above defines a natural transformation since for every morphism
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g : S → T in SchFp
there is a commutative diagram

S
FS //

g

��

S

g

��
T

FT // T.

Therefore, it gives rise to an endomorphism of the stack Y denoted by FY .

Definition 3.11. Given a morphism of Fp-stacks Y → S we denote by Y(S) → S
the base change Y ×S,FS S → S, and refer to it as the relative Frobenius twist.

The relative Frobenius morphism FrY /S : Y → Y(S) is a morphism of S-stacks
obtained from the universal property of the fibre product:

Y

FY

  

FrY /S

//

!!

Y(S) //

��

Y

��
S FS // S .

Notation 3.12. The Frobenius twist of Y → Spec k will be denoted by Y ′.

In the following, we denote by Θ the stack [A1 /Gm] over W and by Θk =
[A1

k /Gm,k] its mod p reduction.
The following definition of a root stack stems from Abramovich–Graber–Vistoli

[AGV08, Appendix B.2] and Cadman [Cad07].

Definition 3.13. Let s : X̄ → Θm be the morphism induced by the irreducible
components of the effective divisor D ⊂ X̄. For n ∈ N we define X̄D,n = X̄ ×Θm,[n]

Θm, where [n] : Θ→ Θ denotes the map induced by the n-th power morphism.

Remark 3.14. The stack Θ = [A1 /Gm] classifies effective generalised Cartier
divisors (we thank M. D’Addezio for sharing this terminology with us), i.e., pairs
consisting of a line bundle and a section. That is, a morphism S → Θ corresponds
to a pair (L, s), where L is a line bundle on S and s ∈ Γ(S,L) is a section, see
[Ols03, Example 5.13]. Every effective Cartier divisor D ⊂ S gives rise to the pair
(OS(D), 1), where we denote by 1 the constant regular function in OS ⊂ OS(D).

As in [AGV08, Appendix B.2], we may therefore describe the root stack as
adjoining an n-th root to the pair (L, s). That is, an S-point of X̄D,n corresponds
to a triple (M, t, f, ϕ), where M is a line bundle on S, t ∈ Γ(S,M), f : S → X̄ is a

morphism of schemes and ϕ : Mn ≃−→ f∗L is an isomorphism such that ϕ(tn) = s.

Lemma 3.15. The root stack XD,n is a tame stack in the sense of [AOV08, Defi-
nition 3.1]. Furthermore, if D =

⋃m
i=1Di ⊂ X is a strict normal crossings divisor,

with irreducible components, which we assume to be smooth over W , then the root
stack XD,n is a smooth algebraic W -stack.

Proof. Tameness follows from the fact that µn is a finite flat linearly reductive
group scheme and the presentation ofXD,n as a µm

n -quotient (see [AOV08, Theorem
3.2(c)]).

Algebraicity of root stacks holds by virtue of definition as a fibre product of alge-
braic stacks. We will thus focus on smoothness. Using a system of étale coordinates
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adapted to the divisor D, we may assume without loss of generality that X = Ad
W

and D the vanishing locus of z1 · · · zm = 0. By definition, there is an equivalence
of stacks

XD,n
∼= [A1

W /µn]
m × Ad−m

W .

It therefore suffices to establish smoothness of [A1
W /µn]. If n is invertible in W ,

then the group scheme µn is étale. Smoothness of the affine line concludes the proof
in this case.

To treat the general case, we rewrite the quotient as follows:

[A1
W /µn] = [(A1

W ×GW,m)/GW,m],

where the Gm-action on the right-hand side is given by

λ · (z, w) = (λz, λ−pw).

Smoothness of the multiplicative group and of the atlas (A1
W ×GW,m) yields smooth-

ness of the quotient stack. □

Lemma 3.16. The diagram

(X ′
k)D′,p

//

cD′

��

X k

cD

��
Θm

k

FΘm
k // Θm

k

is cartesian. Here, we employ Notation 3.12 and Definition 3.13.

Proof. Let us denote by φ : k → k the Frobenius automorphism k.
We may then express FΘk

as the composition

Θk
[p]Θ−−→ Θk = ΘZ × Spec k

(idΘZ ×φ)
−−−−−−→ ΘZ × Spec k = Θk,

where [p]Θ : Θk → Θk denotes the p-th power map of Θk sending a pair (L, s) to
(Lp, ss), and ΘZ refers to the stack [A1

Z /Gm,Z].
This shows that base change along FΘm

k
agrees with base change along φ, corre-

sponding to a Frobenius twist, followed by base change along the map [p] : Θm
k →

Θm
k , corresponding to the iterated root stack construction. □

Lemma 3.17. A Frobenius lift ϕ : W → W gives rise to a lift FΘ(ϕ) : ΘW → ΘW

of FΘk
.

Proof. We define FΘ(ϕ) to be the composition

ΘW
[p]Θ−−→ ΘW = ΘZ × SpecW

(idΘZ ×ϕ)
−−−−−−→ ΘZ × SpecW = ΘW ,

where [p]Θ : ΘW → ΘW denotes the p-th power map of Θk. □

3.4. Logarithmic connections via stacks. Our approach to Proposition 3.9
relies on an observation due to Martin Olsson (see [Ols07, Section 9]), accord-
ing to which the sheaf Ω1

X (logD) is isomorphic to the sheaf of relative Kähler

forms ΩX /Θm , where Θm = [A1 /Gm]m is the stack classifying effective generalised
Cartier divisors, and cD : X → Θm is the classifying map corresponding to the
smooth irreducible components D =

⋃m
i=1Di.

We would like to emphasise that we learnt about this point of view from [Lar22,
Chapitre 2], which contains an in-depth treatment of Olsson’s point of view on
logarithmic differential forms.
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For the benefit of the reader, we will unravel the definition of Ω1
X /Θ until we

arrive at a more elementary version of Olsson’s isomorphism which does not refer
to stacks. In the following example we will omit the subscript W referring to the
base, since the choice of base scheme does not play any role in the considerations
to follow.

Example 3.18 (Olsson’s isomorphism for m = 1). Let cD : X → Θ = [A1 /Gm]
be a morphism classifying an effective Cartier divisor D. Let us assume that D is
smooth. The base change

X ×Θ A1 = T
agrees with the Gm-torsor T τ−→ X given by the total space of the line bundle
OX (D) minus the zero section. Note that there is a natural function f given by
the projection of T to A1 which vanishes along T ×X D of first order.

Olsson’s isomorphism amounts to the assertion that there is a Gm-equivariant
isomorphism of sheaves τ∗Ω1

X (logD) ≃ Ω1
T /A1 =: Ω1

f , which implies Ω1
X (logD) ≃

(τ∗Ω
1
f )

Gm . A detailed computation for X = A1 is given in [Lar22, Exemple 2.1.6].
The general case can be reduced to this one via étale descent.

Henceforth, we identify a formal connection (Ê, ∇̂) with logarithmic poles on

(X̂ , D̂)/W with a relative connection on the pair X̂/Θm, using Olsson’s isomorphism
Ω1

X̂/Θm
W

= Ω1
X̂
(logD). As shown in Lemma 3.15, the generalised root stack

X(Θm) is a smooth algebraic stack. Thus, there is a well-defined theory of flat
(p-)connections on this stack, which can be defined in terms of flat (p-)connections
on a smooth atlas satisfying a descent condition. This notion will play a key role
in the remainder of this section. We emphasise that we will not need to extend
the Frobenius pullback functor F ∗ from Corollary 3.5 to arbitrary smooth algebraic
stacks. In the following we denote by Xϕ the twist of X with respect to a fixed
Frobenius lift ϕ : W →W.

Lemma 3.19. Pullback along the map ρ : X̂(Θm) → X̂ϕ yields a fully faithful func-
tor

p-MIC(X̂ϕ, Dϕ) = p-MIC(X̂ϕ/Θm) ↪→ p-MIC(X̂(Θm)/Θm).

Furthermore, an object (M,∇′) ∈ p-MIC(X̂(Θm)/Θm) belongs to p-MIC(X̂ϕ/Θm) if
and only if its special fibre belongs to p-MIC(X ′/Θm

k ).

Proof. Full faithfullness follows from the fact that ρ∗ρ
∗ is isomorphic to the identity

functor via the unit of the adjunction. To see this one uses tameness of the root stack
(see Lemma 3.15), which yields exactness of the functor ρ∗ ([AOV08, Definition 3.1
& Theorem 3.2]). The projection formula and the formula ρ∗ρ

∗(O, d) ≃ (O, d) now
shows that the unit map of the adjunction is an isomorphism.

The second claim follows from the fact that a µp-module over W is endowed
with a trivial action if and only if the action on the special fibre is trivial. □

As a next step we extend a result of Shiho to the log-setting [Shi15]. We denote
by the subscript qn the full sub-category consisting of flat (p-)connections, for which
we assume quasi-nilpotence, as defined in [Shi15, Definition 1.5].

Proposition 3.20. We fix a Frobenius lift ϕ for W . Assume that (X̂, D̂) is a

log-pair consisting of scheme, which is endowed with a relative log-Frobenius lift F̂
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compatible with ϕ, i.e., F̂ ∗|W⊂O = ϕ. Then, there is an equivalence of categories

p-MIC(X̂(Θm)/Θm)qn → MIC(X̂/Θm)qn.

Proof. By assumption, the commutative diagram defined over k

Xk

FXk //

��

Xk

��
Θm

k

FΘm
k // Θm

k

lifts to the ring W of mixed characteristic. Here, we denote by FYk
the absolute

Frobenius morphism of a k-scheme Yk. The lift of this diagram is a diagram of
formal W -schemes

X̂
F̂X //

��

X̂

��
Θm F̂Θm // Θm.

We recall that the lift of the bottom row is given by a Frobenius lift FΘ(θ) of
Lemma 3.17.

Recall that X̂(Θm) is the fibre product X̂ ×(Θm),F̂Θm
Θm. By definition, it is a

formal W -lift of the relative Frobenius twist of Xk/Θ
m
k . The universal property of

the fibre product yields a W -morphism

(3) F̂ rX/Θm : X̂ → X̂(Θm)

lifting the relative Frobenius. We use that Am → Θm = [A1 /Gm]m is an atlas for
the stack Θm. Therefore, there is a square of categories

p-MIC(X̂(Âm)/Âm)qn
∼= //

��

MIC(X̂/Âm)qn

��
p-MIC(X̂(Θm)/Θm)qn

C−1
// MIC(X̂/Θm)qn

which commutes up to an invertible natural transformation. The functor C−1

is defined as in Shiho’s article [Shi15] and requires the choice of a formal lift of
the relative Frobenius morphism. We use the map provided by (3). An object

(V, ∇̃) ∈ p-MIC(X̂(Θm)/Θm)qn is sent to

(E,∇) = F̂ r
∗
X/Θm

(
V,
∇̂
p

)
:=

(
F̂ r

∗
X/ΘmV,

F̂ r
∗
X/Θm∇̂
p

)
.

The top row of this diagram is an equivalence of categories by the main result
of [Shi15]. As an application of faithfully flat descent theory we obtain that the
bottom row is an equivalence of categories too. □

Remark 3.21. The formulation of Proposition 3.20 involves a generalised root
stack, which possibly renders the statement somewhat obscure. We emphasise that
the category of vector bundles with p-connections on a root stack admits an explicit
description in terms of parabolic structures (see for example [TV18]).
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Below, we give an example to explain why one should expect either root stacks
or parabolic structures to arise.

Example 3.22. Let (X0, D0)/k be an arbitrary log-pair, with D =
⋃
Di being

a strict normal crossings divisor with smooth irreducible components Di. We fix
an index j. The trivial flat connection (OX , d) can be restricted to the subsheaf
O(−Dj), and produces a flat log-connection ∇j on O(−Dj) with zero p-curvature.
Due to vanishing of the p-curvature we expect (O(−Dj),∇j) to be a Frobenius
pullback. However, this would produce a p-th root of the line bundle O(−Dj). By

construction, such a root exists on the generalised root stack X(Θm). In the theory
of parabolic flat connections, a p-th root can also be encoded by means of adding
a fractional parabolic weight along Dj .

Lemma 3.23. Proposition 3.9 holds for an affine formal scheme X̂.

Proof. It follows from Lemma 3.17 that X̂(Θm) corresponds to a root stack over the

log-pair (X̂ϕ, D̂ϕ), given by the same underlying log-pair (X,D) with W -structure
twisted by the chosen Frobenius lift ϕ. In particular, there is an embedding (see
Lemma 3.19)

p-MIC(Xϕ, Dϕ) ↪→ p-MIC(X(Θm)/Θm).

Using the identification (X̂, D̂) ≃ (X̂ ′, D̂′), provided by this isomorphism (here,
perfectness of k is used), henceforth called σ, we obtain an equivalence

C−1 ◦ σ−1 : p-MIC(X̂((Θm)/Θm)0 ∼= MIC(X̂/Θm)0.

Since the composition σ−1 ◦ F̂ rX/Θm is a lift of the absolute Frobenius morphism

of Xk (compatible with Dk), we see that C
−1 ◦σ−1 agrees with the functor F ∗ ◦ [ 1p ]

of Proposition 3.9.
We therefore see that F ∗ ◦ [ 1p ] is given by the composition of functors

p-MIC(Xϕ, Dϕ) ↪→ p-MIC(X̂((Θm)/Θm)0 ∼= MIC(X̂/Θm)0.

To conclude the proof of the lemma it suffices to identify the essential image with
the sub-category of flat log-connections with p-divisible residue.

An object in the image of this functor is a Frobenius pullback F ∗(E,∇), and
therefore the residues vanish modulo p. Vice versa, if (E,∇) has p-divisible residues
and zero p-curvature, there exists (M,∇′) ∈ p-MIC(X̂(Θm

)/Θm), such that

C−1(M,∇′) ≃ (E,∇).

The special fibre (M0,∇′
0) ∈ p-MIC(X̂

(Θm
k

k )/Θm
k ) still satisfies the property

C−1(M0,∇′
0) ≃ (E0,∇0),

and furthermore, the p-connection (M0,∇′
0) with this property is unique up to a

unique isomorphism since C−1 is an equivalence of categories. On the other hand,
recall that by assumption in Proposition 3.9, (E0,∇0) has vanishing p-curvature.

Applying Cartier descent to the connection (without log-poles) (E0,∇0), we
obtain

F ∗(E∇0
0 ) ∼= (E0,∇0).
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Thus, there is an isomorphism (M0,∇′
0) ≃ C−1(E∇0

0 , 0). The right-hand side be-

longs to the sub-category p-MIC(X ′
0/k) ⊂ p-MIC(X

(Θm
k )

0 /Θm
k ). By Lemma 3.19 this

allows one to conclude that (M,∇′) ∈ p-MIC(X̂(Θm)/Θm). □

Proof of Proposition 3.9. The assertion that a given functor between sheaves of
categories is an equivalence can be verified étale locally. We may therefore reduce
everything to the situation where a logarithmic Frobenius lift exists and apply
Lemma 3.23. □

Remark 3.24. Xu’s lift of the inverse Cartier operator is currently only available in
an absolute setting. Indeed, the main result of [Xu19] is an equivalence of categories

MIC(X̂/W )qn ∼= p-MIC(X̂/W )qn. The superscript qn stands for “quasi-nilpotent”
and indicates that the p-curvature of ∇k is nilpotent of an appropriate level, see
[EG20, 2.6] for further details. In order to apply the argument of the proof of
Lemma 3.23 to prove Proposition 3.9, a relative version of Xu’s result would be
required. This would then immediately yield a logarithmic version of the same
result, without the restrictive assumption of vanishing p-curvatures.

We conclude this section by remarking that over k, a logarithmic analogue of
the Ogus-Vologodsky correspondence was developed by Schepler [Sch08]. The treat-
ment given in loc. cit. avoids the theory of generalised root stacks and is instead
based on the formalism of indexed algebras.

3.5. The flow functor Φ. The purpose of this section is to present a modified
version of F ∗ for filtered flat connections. The resulting functor is merely a con-
venient tool to recast the Higgs-de Rham flow of [LSZ19] and is closely related to
the theory of Fontaine–Lafaille modules, see [Fal88]. We remind the reader of our
standing assumption p ≥ 3.

Definition 3.25. We denote by FMIC(X̂, D̂) the category of triples (Ê, ∇̂,Fil),
where (Ê, ∇̂) is a formal vector bundle endowed with a formal flat log-connection,
and Fil is a Griffiths-transverse descending filtration by locally free locally split
subsheaves, i.e.,

∇(Fili) ⊂ Fili−1⊗Ω1
X̂/W

(log D̂)

and grFil is locally free.

There is a well-known construction allowing us to pass from a filtered flat connec-
tion to a p-connection (see Definition 3.7), which is closely related to the Artin-Rees
construction.

Definition 3.26 (Artin-Rees construction). (a) The Artin-Rees construction

ARFil•

p (Ê) = Ẽ is the sheaf of OX -sub-modules∑
i∈N

Fili⊗p−i ⊂ Ê ⊗W K

where multiplication by p maps the term Fili⊗p−i to Fili−1⊗p−i+1 via the

inclusion Fili
⊂−→ Fili−1 on the left and p−i ·p−→ p−i+1 on the right. The

p-connection p∇̂ on Ê ⊗W K stabilises ARFil•

p (Ê) ⊂ Ê ⊗W K and defines a

p-connection on it denoted by ∇̃. The resulting functor is denoted by

ARp : FMIC→ p-MIC .
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(b) There is a canonical map
⊕

i Fil
i → ARFil•

p (Ê) sending Fili to Fili⊗p−i via

the map s 7→ s ⊗ p−i. For s ∈ Fili we follow the standard convention to

denote its image in ARp(Ê) by (s)i.

The following definition of the flow functor Φ builds up on the p-connection
defined above.

Definition 3.27. (a) For each affine subscheme endowed with a Frobenius lift

F̂ we define

Φ(Ê, ∇̂,Fil) := V̂ = F̂ ∗ ARFil•

p (Ê)

endowed with the flat connection Φ(∇̂) which assigns to a local section s

of F̃−1V̂ the section
id⊗F̂ ∗

p
∇̃(s).

(b) These locally defined objects (defined with respect to the choice F̂ and Ĝ of
two Frobenius lifts) are glued together with respect to the explicit cocycle

(4) εG̃F̃

(
(s)i ⊗ 1

)
= ∑

|i|≤i

(
∂i(s)

)
i−|i| ⊗

∏d
j=1(F̂j − Ĝj)

ij

p|i|i!
+

∑
|i|>i

p|i|−i
(
∂i(s)

)
0
⊗

∏d
j=1(F̂j − Ĝj)

ij

p|i|i!
,

where s is assumed to be a local section of Fili.

Equation (4) originates from Faltings’s article [Fal88, p. 49], where it is referred

to as the Taylor formula. As Ê is locally free, the cocycle identity can be checked

away of D̂. It is then a consequence of [Xu19, Equation (13.5.6)].

From now on and until the end of the article, we make the following assumption:(
∗
)
: All Frobenius lifts F̂ chosen have the following extra property: for X affine,

let us denote by FW2 the lift to XW2 = X̂W ⊗W W2. Then we request

F ∗
W2
OXW2

(−DW2
) = OXW2

(−pDW2
).

See for example [EV92, Corollary 9.10] for the feasibility of this assumption. This
enables us to apply [EV92, Proof 10.7].

Given (Ê, ∇̂,Fil) as in Definition 3.26, we denote by

(H, θ) = ⊕w
i=0(gr

FilEk, gr
Fil∇k)

the associated Higgs bundle over Xk. Here 0 ≤ w ≤ r where w is the width of

Fil, so Fil0 Ê = Ê,Filw+1 Ê = {0} and r is the rank of Ê. Recall from [OV07,
Theorem 2.8] that if w < p there is a Cartier inverse functor C−1(H, θ) which is a
flat connection on a vector bundle of rank r.

Proposition 3.28. Assuming (∗) and w < p, then Φ(Ê, ∇̂,Fil)k is isomorphic to

C−1(H, θ) up to sign of θ. In particular, if (H, θ) is (semi-)stable, so is Φ(Ê, ∇̂,Fil)k.
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Proof. We refer to [Lan14, Corollary 5.10] for the second part. Strictly speaking,
loc. cit. consider Higgs bundles and connections without poles, but the proof with
log poles and nilpotent residues is the same, mutatis mutandis. We now address
the first part. We first prove the following claims.

Claim 3.29. ARp(Ê, ∇̂,Fil)/p is the Higgs bundle (H, θ).

Proof. It holds

Ẽ/pẼ =
⊕
i∈N

(Fili /Fili+1)k

where in this sum over N the terms i > w die. So

Ẽ/pẼ = ⊕w
i=0gr

Fil
i Ek.

Griffiths’s transversality

∇̂ : Fili⊗p−i → Ω1
X̂
(log D̂)⊗ Fili−1⊗p−i

holds, so

p∇̂ : Fili⊗p−i → Ω1
X̂
(log D̂)⊗ Fili−1⊗p−i+1.

This yields

p∇̂|grFil
i Ek

: grFili Ek → Ω1
Xk

(logDk)⊗ grFili−1Ek

and thus

p∇̂ on grFili Ek = θ.

□

On the other hand, we have the following claim.

Claim 3.30. The mod p reduction of formula (4) reads

εĜF̃

(
(s)i ⊗ 1

)
=

∑
|i|≤i

(
∂i(s)

)
i−|i| ⊗

∏d
j=1(F̂j − Ĝj)

ij

p|i|i!
.(5)

Proof. This is just because the last summand in (4) is divisible by p as |i| > i. □

We now finish the proof of Proposition 3.28. Under (∗) (hαβ , ξα) from [LSZ15,
Lemma 2.1] is explicitly written in [EV92, p.110] and yields

hαβ =
(F̂ − Ĝ)

p

viewed as a linear map from Ω1
X → OX (it is naturally defined as a derivation from

OX → OX ) on the two by two intersections of opens, and

ξα =
F̂

p
, ξβ =

Ĝ

p
.

In the sequel we use the notation C−1 for the Cartier inverse used in [OV07,
Theorem 2.8] and C−1

exp for the Cartier inverse defined in [LSZ15, 2.2]. By [LSZ15,

Section 3], C−1 = C−1
exp so we replace C by Cexp. By [LSZ15, 2.2], C−1

exp(H, θ) has the
same local underlying vector bundle as Φ(Ê, ∇̂,Fil) and the same local connection
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by condition (a). The only difference between the glueing condition (5) with the
glueing condition

p−1∑
i=0

(
F̂

p
− Ĝ

p
)i(F ∗θ)/i!

in [LSZ15, 2.2] is that in the former the summation is over |i| ≤ i while in the latter
it is over |i| ≤ p − 1. As already mentioned, w ≤ r < p. In particular, as θ shifts
grFili Ek to grFili−1Ek, the summation stops at |i| ≤ i on (si) ⊗ 1. This finishes the
proof. □

Lemma 3.31. The flow functor Φ sends a filtered flat connection (Ê, ∇̂,Fil) with
nilpotent residues resi∇ to a flat connection with nilpotent residues.

Proof. This follows from the local description, the Artin-Rees construction pre-
serves nilpotency of the residues, and likewise for pulling back along a local Frobe-
nius lift. □

3.6. The quasi-unipotent setting. This subsection contains a (mild) generali-
sation of the logarithmic analogue of Xu’s inverse Cartier operator. Previously,
we operated in the setting of logarithmic flat connections on a smooth variety X̄
with poles along a normal-crossings divisor D ⊂ D̄, such that the residues resi∇
along the irreducible components Di ⊂ D are nilpotent. We will extend this to
the case where X̄ is replaced by a root stack (see Definition 3.13), which over the
complex numbers corresponds to working with local systems with quasi-unipotent
monodromy at infinity.

The root stack approach is well-known, and is equivalent to working with par-
abolic flat connections with rational weights. However, we will not utilise the
parabolic perspective in this paper.

The following invertibility condition on n, as spelled out in the following lemma
below, will be imposed frequently. In practice this amounts to n being coprime to
the residual characteristic p. Nonetheless, we emphasise the role played by root
stacks violating this assumption in the proof of Lemma 3.23.

Lemma 3.32. If n is invertible on X̄, then X̄D,n is a smooth Deligne-Mumford
stack endowed with a natural morphism to X̄ which is an isomorphism away from
D.

Proof. This is the content of Theorem 2.3.3 in [Cad07]. We remark that we verified
smoothness without invertibility condition on n in Lemma 3.15. □

Recall that we fixed a smooth schemeX/W with a good compactification denoted
X̄/W and boundary divisor D/W (with strict relative normal crossings).

Definition 3.33. Let us fix a positive integer n, which is coprime to p.

(a) We denote by D ⊂ X̄D,n the normal crossings divisor given by the pre-
image of D ⊂ X̄.

(b) The stack of families of logarithmic flat connections of rank r on the root
stack X̄D,n/W with nilpotent residues along D will be denoted byMdR/W .

Remark 3.34. The stackMdR is an ascending union of open substacks which are
linear quotients (see Definition 2.8). To see this, one uses that the forgetful map
MdR → Bunr(X̄D,n) is representable. It is well-known that Bunr(X̄D,n) can be
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exhausted by linear quotient stacks, see for example [Wan11, Proposition 4.1.3].
The assumption of loc. cit. that the base scheme is a field is not needed for the
proof of Proposition 4.1.3 in loc. cit.

3.7. The quasi-unipotent Higgs-de Rham flow. The flow functor Φ introduced
in Section 3.5 allows us to state the definition of the quasi-logarithmic Higgs-de
Rham flow.

According to Lemma 3.31 the following correspondence is well-defined.

Definition 3.35 (HdR flow). The Higgs-de Rham flow (abbreviated as HdR flow)
is defined to be the correspondence Φ given by the graph ΓΦ ⊂ (MdR(W )iso)2{(

(E0,∇0), (E1,∇1)
)∣∣∃Fil• ∈ Fil∇(E0,∇0) : Φ(E0,∇0,Fil) ≃ (E1,∇1)

}
.

Here, we denote by Fil∇(E0,∇0) the set of Griffiths-transverse filtrations on E0.

If there is a filtration Fil such that Φ(E0,∇0,Fil) ≃ (E1,∇1) , we simply write
(E1,∇1) ∈ Φ((E0,∇0)).

We emphasise that our definition is inspired by the work of Lan–Sheng–Zuo
[LSZ19], where a slightly different but equivalent approach was taken to define the
flow.

Definition 3.36. An element (E,∇) of MdR(W )iso is called f -periodic, where
f > 0 is an integer, if there exists a sequence (Ei,∇i)i=0,...,f such that(

(Ei,∇i), (Ei+1,∇i+1)
)
∈ ΓΦ and (E0,∇0) = (Ef ,∇f ).

3.8. The Higgs-de Rham flow models and the Frobenius pullback. The
Higgs-de Rham flow provides an integral model of the Frobenius pullback for flat
connections, as discussed below.

In the following we denote by MdR(K)W the image of the map MdR(W ) in
MdR(K):

MdR(W ) ↠MdR(K)W ⊂MdR(K).

Proposition 3.37 (HdR-Frobenius comparison). There is a commutative diagram

MdR(W )
Φ //

��

MdR(W )

��
MdR(K)W

F∗
//MdR(K)W ,

i.e., for (E0,∇0) and (E1,∇1) in MdR(W ) such that (E1,∇1) ∈ Φ(E0,∇0), it
holds

F ∗(E0,∇0)K ≃ (E1,∇1)K .

Proof. This follows directly by comparing the Taylor formula (2) used to define F ∗

to Faltings’s Taylor formula (4) appearing in the definition of Φ. The two formulae
are equivalent upon inverting p. □

Corollary 3.38. Assume that (E,∇)K ∈ MdR(K)W is an F -isocrystal of period
f > 0, that is (F ∗)f (E,∇)K ≃ (E,∇)K . Furthermore, suppose that for every
0 ≤ i ≤ f − 1 there exists a stable W -model of (F ∗)i(E,∇)K endowed with a
Griffiths-transverse filtration (also defined over W ). Then, (E,∇)K possesses an
f -periodic W -model.



CRISTALLINITY OF RIGID FLAT CONNECTIONS REVISITED 23

Proof. A stable W -model is unique if it exists, this assertion is tantamount to
separatedness of the moduli space of stable flat log-connections. We can therefore
consider the sequence of stable models (Ei,∇i)W and use that by Proposition 3.37
it must be f -periodic. We conclude that (E0,∇0)W yields an f -periodic HdR-
flow. □

4. A topological proof of the F -isocrystal property

As in Subsection 3.7 we fixX/W with good compactification X̄/W and boundary
divisor D/W (with normal crossings). We emphasise that we do not impose any
stability conditions and thus consider the stack of all families of logarithmic flat
connections on vector bundles of rank r and zero rational Chern classes on the root
stack XD,n.

TheW -stackMdR has the curious property that its base change to K is of finite
type, whereas the special fibre over k is only locally of finite type and not quasi-
compact. Indeed, the existence of an integrable connection on a locally free sheaf
in characteristic p > 0 does not imply that its numerical Chern classes vanish.

However, by bounding Harder–Narasimhan types η of the underlying vector
bundle one can exhaust MdR by open substacks Mη

dR, which are of finite type
and are also linear quotient stacks (see Remark 3.34).

Theorem 4.1. The map F ∗ :MdR(W )iso →MdR(W )iso is an open embedding.

The proof of this theorem will occupy the rest of this section.

4.1. Continuity with respect to the p-adic topology. First we analyse conti-
nuity of the Frobenius pullback operation.

Proposition 4.2. The map of sets F ∗ : MdR(W )iso → MdR(W )iso is p-adically
continuous.

Proof. We fix bounds η0 and η1 for the Harder–Narasimhan types such that

F ∗(Mη0

dR(W )iso) ⊂Mη1

dR(W )iso.

This is possible as the rational Chern classes of a vector bundle on X̂ depend only
on Ek, and ci(F

∗Ek) = pici(Ek).
The Frobenius pullback F ∗ can also be defined forWn-families of flat connections

if p ≥ 3. The resulting pullback construction will be denoted by F ∗
n . We therefore

see that there is a continuous diagram

Mη0

dR(W )iso
F∗

//

��

Mη1

dR(W )iso

��
lim←−M

η0

dR(Wn)
iso

lim←−F∗
n //Mη1

dR(Wn)
iso

Continuity of F ∗ with respect to the p-adic topology now follows from Corollary
2.14. □

4.2. Injectivity. The next step is to show that Frobenius pullback gives rise to an
embedding.

Lemma 4.3. The Frobenius pullback F ∗ is injective on isomorphism classes of
W -families of flat connections.
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Proof. According to Definition 3.8(d), there is an isomorphism between F ∗(E,∇)
and C−1(E, p∇). That is, F ∗ ≃ C−1 ◦ [p], where [p] denotes the functor (E,∇) 7→
(E, p∇).

The functor C−1 is fully faithful by Proposition 3.9 and thus acts injectively
on isomorphism classes. Likewise, [p] is faithful, since the connection ∇ can be
recovered from p∇. We therefore infer that the composition F ∗ acts injectively on
isomorphism classes. □

4.3. Openness of the image. A crucial property for our argument is established
in the following result.

Theorem 4.4. The continuous map F ∗ :MdR(W )iso → MdR(W )iso is open with
respect to the p-adic topology. That is, for every p-adically open subset U ⊂
MdR(W )iso the image F ∗(U) is p-adically open.

Proof. We fix bounds η0 and η1 for the Harder–Narasimhan types such that

F ∗(Mη0

dR(W )iso) ⊂Mη1

dR(W )iso.

By openness of Mηi

dR ⊂ MdR it suffices to prove that the map F ∗|Mη0
dR(W )iso

is a homeomorphism onto its image, and that this image is an open subset of
Mη1

dR(W )iso.
The first property follows from the fact that F ∗|Mη0

dR(W )iso is continuous (see

Proposition 4.2) and also an injective map (see 4.3) between compact Hausdorff
spaces. It therefore remains to prove that

F ∗(Mη0

dR(W )iso) ⊂Mη1

dR(W )iso

is p-adically open. This amounts to verifying the following assertion.

Claim 4.5. For every (E0,∇0) ∈Mη0

dR(W )iso there exists an open neighbourhood
V of F ∗(E0,∇0) such that for every (E1,∇1) in V there is (E2,∇2) ∈ Mη0

dR(W )iso

with (E1,∇1) ≃ F ∗(E2,∇2).

By construction, F ∗(E0,∇0)|k has vanishing p-curvature and residues. There
exists an open neighbourhood V such that all (E1,∇1) ∈ V have isomorphic special
fibres, and thus have in particular vanishing p-curvature and residues.

The identity F ∗(E0,∇0) ≃ C−1(E0, p∇0) leads us to consider the ansatz

(E2,∇2) =
1

p
· C(E1,∇1),

that is, to divide the p-connection C(E1,∇1) by p and to apply the inverse equiva-
lence C existing by Proposition 3.9 under the assumptions of vanishing p-curvature
and residues of the special fibre. The fact that (E2,∇2) is well-defined provided
that V is chosen sufficiently small follows from Lemma 4.6 below proving that the
map (E,∇) 7→ (E, p∇) is open. □

Below we denote by Mp−dR the algebraic stack of rank r vector bundles on
X = XD,n endowed with a flat p-connection ∇′ with nilpotent residues.

Lemma 4.6. The map [p] :MdR(W )iso →Mp−dR(W )iso induced by multiplying a
connection ∇ with p is continuous and open.
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Proof. Since the map [p] (sending a connection ∇ to p∇) is a morphism of algebraic
stacks, it induces a p-adically continuous map by the functoriality of the p-adic
topology.

By definition, a p-connection (E,∇′) lies in the image if and only if its mod p
reduction (E,∇′)|k is a Higgs bundle with vanishing Higgs field (i.e., ∇′|k = 0).
Therefore, the image of [p] agrees with the pre-image in the top left corner of the
diagram below:

(πn ◦ β)−1(Bun(k)iso) //

��

Bun(k)iso

��
Mp−dR(W )iso //Mp−dR(k)

iso

Here, we denote by Bun the stack of rank r vector bundles on X. By virtue of the
pro-finite nature of the p-adic topology (see for instance Lemma 2.12), this pre-
image is open. On this open subset one has a continuous inverse [ 1p ], which sends

a p-divisible p-connection p∇ to ∇. □

4.4. Conclusion. According to Theorem 4.4, the self-map F ∗ of MdR(W )iso is
open. Thus, it sends an isolated W -point to an isolated point W -point.

Corollary 4.7. Let [(E,∇)] ∈MdR(W )iso be an isolated point. Then, F ∗[(E,∇)] ∈
MdR(W )iso is also an isolated W -point.

To conclude the proof of the F -isocrystal property it is necessary to investigate
whether a W -point which gives rise to an isolated K-point is also isolated as a W -
point. This is the content of the following two lemmas, the proof of which originates
from joint work of the second author with Wyss and Ziegler in the context of p-adic
integration.

In order to apply this lemma, we must rigidify the stack MdR in the sense of
[AOV08, Appendix A], that is, remove the scalar automorphisms Gm ⊂ Aut(E,∇).

Note that the topological space MdR(W )iso is the same whether or not MdR

is rigidified, since W has trivial Picard group. However, rigidification affects the
representable locus mentioned in the following lemma.

Lemma 4.8. Let X be a stack, which is locally a linear quotient stack of finite type.
Then, the map X (W )iso → X (K)iso has discrete fibres over each point x ∈ X (K)
belonging to the representable locus (i.e., the maximal open substack which is an
algebraic space).

Proof. By assumption, we can express X as an ascending union
⋃

i∈I X i where each
X i is a linear quotient stack of finite type. Let X i = [Ui/Gi] be a presentation as
a quotient stack, where we add the additional assumption of Gi being special, i.e.,
all Gi-torsors are Zariski-locally trivial. This property holds for Gi being GLr.
It is needed since it guarantees that H1(K,Gi) = 0 and thus allows us to define
X i(K)iso = Ui(K)/G(K).

The claim now follows from the commutative diagram:

Ui(W )/Gi(W )
⊂

open
//

= def.

��

Ui(K)/Gi(W )

αi

��
X i(W )iso //

66

X i(K)iso.
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Assume that x ∈ X is a point in the representable locus, i.e., that x has a Zariski-
open neighbourhood representable by an algebraic space. Then, the corresponding
G-orbit in U is free, i.e., isomorphic to Gi,K = Gi ×W K. This shows that the

set α−1
i (x) is (non-canonically) homeomorphic to Gi(K)/Gi(W ). Since Gi(W ) ⊂

Gi(K) is compact-open, the quotient topology is discrete.
Thus the intersection of the image of X i(W )iso with α−1

i (x) is simultaneously

discrete and compact. Thus, α−1
i (x) is finite.

Now, we return to the stack X . We infer from the finiteness of the fibre above
that the image of X (W ) in

⋃
i∈I α

−1
i (x) is a discrete space as asserted. □

Corollary 4.9. Suppose that X satisfies the assumptions of Lemma 4.8. Assume
furthermore that x is an isolated point in X (K)iso belonging to the representable
locus of X . Then, if y ∈ X (W )iso is mapped to the isolated K-point x, y is an
isolated point in X (W )iso. Vice versa, if y is isolated in X (W )iso then x is isolated
in X (K)iso.

Proof. Assume by contradiction that y is not isolated in X (W )iso. Then, there
exists a non-discrete neighbourhood V of y which must be entirely mapped to x by
the natural continuous map X (W )iso → X (K)iso. This contradicts Lemma 4.8.

For the other direction, we use that the map X (W )iso → X (K)iso is open. This
follows from [Ces15, Proposition 2.9(e)]. Note that the required property of étale-
openness of W and K is shown in (2) and (3) in [Ces15, Subsection 2.8]. □

The representability assumption on x could be removed, as was pointed out to
us by Will Sawin. It is included above for the sake of simplifying the argument.

5. Rigidity

5.1. Finiteness. A crucial property of rigid flat connections is that they are of
finite number, once the numerical invariants (r and n) are fixed.

Lemma 5.1. There is at most a finite number of isolated points inMdR(K).

Proof. A point x = [(E,∇)], which is p-adically isolated is also isolated with respect
to the Zariski topology. We choose an embedding W ⊂ C and consider the base
change (MdR)C. The Zariski-isolated point x ∈ MdR(C) is also isolated with
respect to the strong topology. It suffices therefore to show that there is at most
a finite number of isolated points in the complex-analytic space. According to the
Riemann-Hilbert correspondence, x corresponds to an isolated point in the Betti
moduli stack MB , parametrising representations of the fundamental group of XC
with quasi-unipotent monodromies along D, with eigenvalues contained in e

2πi
n Z.

The Betti moduli stack admits an affine atlas, and thus contains at most finitely
many isolated points. □

We remark that it would be possible to avoid the Riemann-Hilbert correspon-
dence in the proof above, and to replace it by a completely algebraic argument.
We briefly sketch the argument. The first step is to show that a flat log-connection
(E,∇) on (XD,n)K with nilpotent residues along the boundary divisor has vanish-
ing orbifold Chern classes. This can be shown as in [EV86, Proposition B.1]. We
remark that loc. cit. verifies this for log-connections on a smooth proper variety.
A similar argument applies to the case of root stacks, mutatis mutandis.

One can then apply Langer’s boundedness result [Lan14] (established purely
algebraically) to infer finiteness of the number of isolated points ofMdR(K).
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5.2. F -isocrystals. We prove the first part of Main Theorem 1.2. As seen in
Corollary 4.9, a W -point of the stable locus of MdR is isolated if and only if
the induced K-point is isolated (since stability implies that all automorphisms are
scalar). Furthermore, we showed that F ∗ preserves isolated W -points in Corollary
4.7. By injectivity of F ∗ (see Lemma 4.3), we obtain a permutation of the finite
set of isolated points within the representable locus. Therefore, each rigid flat
connection gives rise to a finite F ∗-orbit, that is, an F -isocrystal.

If n = 1, then we are given a Frobenius log-crystal on a proper variety X̄k, and
by [Ked07, Theorem 6.4.5], it is overconvergent. In the general case, we are given
a Frobenius log-crystal on the root stack XD,n and we cannot directly apply loc.
cit.. To resolve this problem we may choose appropriate étale coordinates on X̄,
and assume without loss of generality that we are given a Frobenius log-isocrystal
(E,∇) on the open subset X of the order n root stack Y of Ad

k associated to the

divisor {z1 · · · zm = 0}. We consider the ramified covering g : Ad
k → Ad

k given by

zi 7→ zni for 0 ≤ i ≤ m. It lifts to an étale map g̃ to the root stack Ad
k → Y.

According to [Ked07, Theorem 6.4.5], the pullback g̃∗(E,∇) restricts therefore

to an overconvergent F -isocrystal on the open subset Ad
k \{z1 · · · zm = 0}. Using

that the map g|Ad
k \{z1···zm=0} is finite and surjective, we obtain that it has the

effective descent property for overconvergent isocrystals ([Laz22, Theorem 5.1]).
This shows that (E,∇)|X is overconvergent, since we just showed that g∗(E,∇)|X
is overconvergent.

5.3. Higgs-de Rham flows for rigid local systems. We now have the tools
to address the question when a rigid flat connection on X̄D,n/W gives rise to an
f -periodic HdR-flow, that is, we prove the second part of Main Theorem 1.2.

Corollary 5.2. Let r ∈ N be a fixed rank and assume that every rigid flat connec-
tion (E,∇) inMdR(K) has a stable W -model. Assume furthermore that every such
W -model is endowed with a Griffiths-transverse filtration defined over W which is
locally split such that the Higgs bundle (grFilE, grFil∇) is stable. Then, every rigid
flat connection is periodic.

Proof. Frobenius pullback preserves isolated points of the moduli space by Theorem
4.4. The assertion now follows from Corollary 3.38 . □

References

[AGV08] Abramovich, D., Graber, T., Vistoli, A.: Gromov-Witten Theory of Deligne-Mumford
Stacks. American Journal of Mathematics 130 (2008), no. 5, 1337-1398.

[AOV08] Abramovich, D., Olsson, M., Vistoli, A.: Tame stacks in positive characteristic. Annales
de l’institut Fourier 58 (2008), no. 4, 1057-1091.

[Ber00] Berthelot, P.: D-modules arithmétiques. II. Descente par Frobenius. Mém. Soc. Math.
Fr. (N.S.) No. 81 (2000).

[Cad07] Cadman, C.: Using Stacks to Impose Tangency Conditions on Curves. American Jour-

nal of Mathematics 129 (2007), no. 2, 405-427.

[Cas86] Cassels, J. W. S.: Local fields. Vol. 3. Cambridge: Cambridge University Press, 1986.
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125, no. 1 (2001), 1–30

[Ols03] Olsson, M.: Logarithmic geometry and algebraic stacks. Ann. Sci. École Norm. Sup. 36
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