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Exercise 1
Show that Q is not projective as a Z-module.

Hint: Consider the map p: Z[N] = Q, 3=, .y Anln] = X, cn A
Exercise 2
Prove or disprove:
(i) For each family of Z-modules M;;, (¢,7) € IxJ, the natural map
DIl v — [ DM
i€l jeJ jed iel
is an isomorphism.
(ii) For each Z-module M the functor
Homgz (M, -): Z—MOD — Z-MOD
is additive.
(iii) For each Z-module M the functor
Homyz (M, —-): Z—MOD — Z-MOD

strongly additive, i.e., commutes with infinite direct sums.

Exercise 3

Let Cy = (t | t2) be the group with two elements. Let Z[C5] be its group ring,
i.e., the multiplication is given by the bilinear extension of the multiplication in
the group. The map ¢ — 1 extends to a ring homomorphism e : Z[C3] — Z and
in particular Z becomes a Z[Cs]-module.

(i) Construct a projective resolution Py — Z of Z[Cs]-modules such that
P, = Z[Cs] for all ¢ > 0.
Hint: (1 —-¢)(1+¢t) =0.

(ii) Compute TorZ%(z, 7Z) and Tor%2)(Z, F,) for all n > 0. Compare this
with H,(RP*;Z) and H, (RP>;Fy).
Exercise 4
For a finitely generated abelian group A let
t(A) ={z € A|3In € Z,n # 0 with nz = 0}.

Show that
t(A) #0 = Extg(A4,Z) #0.

Try to find a proof which also works when we do not assume that A is finitely
generated.



