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Problem 1

Let S be a subgroup of the free group F (T ) on the alphabet T , and let RS =

{wα | α ∈ A} be a set of reduced words in T t T−1 such that {[wα] | α ∈ A}
forms a system of representatives for the set of right cosets

S\F (T ) = {Sg | g ∈ F (T )}

of S in F (T ). Call RS a Schreier system if whenever we have a factorization

wα = w1 · w2 then the word w1 also belongs to RS .

Show, making use of the theory of coverings of graphs, that for every sub-

group S of F (T ) there is a Schreier system of representatives for S\F (T ).

Hint: Let G(T ) be the graph with V (G(T )) = {v} and π1(G(T ), v) ∼= F (T ), and

consider the covering graph of G(T ) corresponding to the subgroup S ≤ F (T ).

Problem 2

Let S be a subgroup of F (T ) and RS = {wα | α ∈ A} a Schreier system for

S\F (T ). Consider the set ES =
{
[wα · t] ·

[
wα · t

]−1 | α ∈ A, t ∈ T
}
⊆ F (T ),

where wα · t is the word in RS such that

S
[
wα · t

]
= S [wα] [t] .

Show that ES \
{
1F (T )

}
forms a basis of S.

Hint: You may solve this problem either way you like. However, making use of

the theory of graphs as in problem 1 might simplify things.


