The infinitesimal generator of
the stochastic Burgers equation

Massimiliano Gubinelli*
Hausdorff Center for Mathematics
& Institute for Applied Mathematics, Universitat Bonn
gubinelli@iam.uni-bonn.de

Nicolas Perkowski'
Max-Planck-Institute for Mathematics in the Sciences, Leipzig
& Humboldt—Universitat zu Berlin
nicolas.perkowski@mis.mpg.de

October 26, 2018

Abstract

We develop a martingale approach for a class of singular stochastic PDEs of Burgers
type (including fractional and multi-component Burgers equations) by constructing a
domain for their infinitesimal generators. It was known that the domain must have
empty intersection with the usual cylinder test functions, and to overcome this difficulty
we import some ideas from paracontrolled distributions to an infinite dimensional setting
in order to construct a domain of controlled functions. Using the new domain, we are
able to prove existence and uniqueness for the Kolmogorov backward equation and the
martingale problem. We also extend the uniqueness result for “energy solution” of the
stochastic Burgers equation of [GP18a] to a wider class of equations.

1 Introduction
The (conservative) stochastic Burgers equation u: Ry x T — R (or u: Ry x R — R)
Ou = Au+ d,u® + V20, (1)

where ¢ is a space-time white noise, is one of the most prominent singular stochastic PDEs,
a class of equations that are ill posed due to the interplay of very irregular noise and
nonlinearities. The difficulty is that uw only has only distributional regularity (under the
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stationary measure it is a white noise in space for all times), and therefore the meaning of
the nonlinearity d,u? is dubious.

In recent years, new solution theories like regularity structures [Haild, [FH14] or para-
controlled distributions [GIP15] [GP17] were developed for singular SPDEs, see [Gubl8§] for
an up-to-date and fairly exhaustive review. These theories are based on analytic (as opposed
to probabilistic) tools. In the example of the stochastic Burgers equation we roughly speaking
use that w is not a generic distribution, but it is a local perturbation of a Gaussian (obtained
from £). We construct the nonlinearity and some higher order terms of the Gaussian by
explicit computation, and then we freeze the realization of ¢ and of the nonlinear terms
we just constructed and use pathwise and analytic tools to control the nonlinearity for the
(better behaved) remainder. This requires the introduction of new function spaces of modelled
(resp. paracontrolled) distributions, which are exactly those distributions that are given as
local perturbations as described before, and for which the nonlinearity can be constructed.

This point of view was first developed for rough paths, which provide a pathwise
solution theory for SDEs by writing the solutions as local perturbations of the Brownian
motion [Lyo98|, [Gub04]. Rough paths provide a new topology in which the solution depends
continuously on the driving noise, and this is useful in a range of applications. But of
course there are also probabilistic solution theories for SDEs, based for example on It6 or
Stratonovich integration (strong solutions) or on the martingale problem (weak solutions),
and depending on the aim it may be easier to work with the pathwise approach or with the
probabilistic one.

For singular SPDESs the situation is somewhat unsatisfactory because while the pathwise
approach applies to a wide range of equations, it seems completely unclear how to set up a
general probabilistic solution theory. There are some exceptions, for example martingale
techniques tend to work in the “not-so-singular” case when the equation is singular but can be
handled via a simple change of variables and does not require regularity structures (sometimes
this is called the Da Prato-Debussche regime [DPDO03| [DPDO02]); see [Sta07, [RZZ17] and
also [FL18bl [FL18a] for a an example where the change of variable trick does not work but
still the equation is not too singular. For truly singular equations there exist only very few
probabilistic results. R. and X. Zhu constructed a Dirichlet form for the ®3 equation and
used the pathwise results to show that the form is closable [ZZ17], but it is unclear if the
process corresponding to this form is the same as the one that is constructed via regularity
structures or even if it is unique.

Maybe the strongest probabilistic results exist for the stochastic Burgers equation ([1)):
First results, on which we comment more below, are due to Assing [Ass02]. In [GJ14]
Gongalves and Jara construct so called energy solutions to Burgers equation, roughly
speaking by requiring that u solves the martingale problem associated to

Opu = Au+lim 9, (ux p°)* + V20,¢,

where p° is an approximation of the identity. This notion of solution is refined in [GJ13]
where the authors additionally impose a structural condition for the time-reversed process
(ur—t)icjo,r], and they assume that u is stationary. These two assumptions allow them to
derive strong estimates for additive functionals [ F'(u,)ds of u via the It6 trick. They obtain
the existence of solutions in this stronger sense by Galerkin approximation. The uniqueness
of the refined solutions is shown in [GP18al, leading to the first probabilistic well-posedness
result for a truly singular SPDE. Extensions to non-stationary initial conditions that are



absolutely continuous with respect to the invariant measure are given in [GJS15l [(GP18b],
and in [Yanl8] some singular initial conditions are considered; see also |[GPS17] for Burgers
equation with Dirichlet boundary condition.

The reason why the uniqueness proofs work is that we can linearize the equation via
the Cole-Hopf transform: By formally applying It6’s formula, we get u = 0, logw, where
w solves the stochastic heat equation dyw = Aw + v2wé, a well posed equation which can
be handled with classical SPDE approaches as in [Wal86, [DPZ14, [LR15]. The proof of
uniqueness in [GP18a] shows that the formal application of 1td’s formula is allowed for the
refined energy solutions of [GJ13], and it heavily uses the good control of additive functionals
from the Ito trick. Since the Cole-Hopf transform breaks down for essentially all other
singular SPDEs, there is no hope of extending this approach to other equations.

The aim of the present paper is to provide a new and intrinsic (without transformation)
martingale approach to some singular SPDEs. For simplicity we lead the main argumentation
on the example of the Burgers equation, but later we also treat multi-component and fractional
generalizations. The starting point is the observation that u is a Markov process, and therefore
it must have an infinitesimal generator. The problem is that typical test functions on the
state space of u (the space of Schwartz distributions) are not in the domain of the generator;
this includes the test functions that are used in the energy solution approach, where the term

t

lim [ [0, (us * p°)?](f)ds

e—0 0

for a test function f is not of finite variation, which means that for ¢(u) = u(f) the process
(p(uyg))e is not a semimartingale, and therefore ¢ cannot be in the domain of the generator.
This was already noted by Assing [Ass02], who defined the formal generator on cylinder test
functions but with image in the space of Hida distributions. Our aim is to find a (more
complicated) domain of functions that are mapped to functions and not distributions under
a formal extension of Assing’s operator.

For this purpose we take inspiration from recent developments in singular diffusions,
i.e. diffusions with distributional drift. Indeed, Assing’s results show that we can interpret
the Burgers drift as a distribution in an infinite-dimensional space, see also the discussion
in [GP18b]. In finite-dimensions the papers [FRWO03, [FRW04, [DD16|, [CC18| all follow a
similar strategy for solving dX; = b(X,)dt 4+ dW, for distributional b: They identify a domain
for the formal infinitesimal generator £ = %A +b-V and then show existence and uniqueness
of solutions for the corresponding martingale problem. So far this is very classical, but
the key observation is that for distributional b the domain does not contain any smooth
functions and instead one has to identify a class of non-smooth test functions with a special
structure, adapted to b. Roughly speaking they must be local perturbations of a linear
functional constructed from b. This is very reminiscent of the rough path/regularity structure
philosophy, and in fact [DD16l [CCI8] even use tools from rough paths resp. paracontrolled
distributions.

We would like to use the same strategy for the stochastic Burgers equation. But rough
paths and controlled distributions are finite-dimensional theories, and here we are in an
infinite-dimensional setting. To set up a theory of function spaces and distributions we need a
reference measure (in finite dimensions this is typically Lebesgue measure), and we will work
with the stationary measure of u, the law p of the white noise. This is a Gaussian measure,
and by the chaos decomposition we can identify L*(p) with the Fock space @, , L*(T"),



which has enough structure so that we can do analysis on it. In that way we construct
a domain of controlled functions which are mapped to L?(u) by the generator of u, and
this allows us to define a martingale problem for u. By Galerkin approximation we easily
obtain the existence of solutions to the martingale problem. To see uniqueness, we use the
duality with the Kolmogorov backward equation: Existence for the backward equation yields
uniqueness for the martingale problem, and existence for the martingale problem yields
uniqueness for the backward equation. We construct solutions to the backward equation
by a compactness argument, relying on energy estimates in spaces of controlled functions.
In that way we obtain a self-contained probabilistic solution theory for Burgers equation
and fractional and multi-component generalizations. As a simple application we obtain the
exponential L2-ergodicity of u. This program is somewhat related to the recent advances in
regularization by noise for SPDEs [DPFPR13, DPFRV16], where unique strong solutions
for SPDEs with bounded measurable drift are constructed by solving infinite-dimensional
resolvent type equations. Of course our drift is strongly unbounded (and not even a function).

Finally we study the connection of our new approach with the Gongalves-Jara energy
solutions. One of the main motivations for studying the martingale problem for singular
SPDEs is that it is a convenient tool for deriving the equations as scaling limits: The weak
KPZ universality conjecture [Qual2l [Corl2l |[QS15] says that a wide range of interface growth
models converge in the weakly asymmetric or the weak noise regime to the Kardar-Parisi-
Zhang (KPZ) equation h, for which u = 9,h. Energy solutions are a powerful tool for
proving this convergence, see e.g. [GJ14] [GJS15, [FGS16, DGP17, [GP16]. For that purpose
it is crucial to work with nice test functions, and since there seems to be no easy way of
identifying the complicated functions in the domain of the generator of u with test functions
on the state space of a given particle system, our new martingale problem is probably not
so useful for deriving convergence theorems. This motivates us to show that the notion of
energy solution is in fact stronger than our martingale problem: Every energy solution solves
the martingale problem for our generator, and thus it is unique in law.

All this also works for the fractional and multi-component Burgers equations. For the
fractional Burgers equation we treat the entire locally subcritical regime (in the language of
Hairer [Hail4]), which in regularity structures would lead to very complicated expansions,
while for us a first order expansion is sufficient. Although by now there are very sophisticated
and powerful black box type tools available in regularity structures that should handle the
complicated expansion automatically [BHZ16| [CH16, BCCHIT].

The lynchpin of our approach is the Gaussian invariant measure p, and in principle
our methods should extend to other equations with Gaussian invariant measures, like the
singular stochastic Navier Stokes equations studied in [GJ13]. It would even suffice to have
a Gaussian quasi-invariant measure, i.e. a process which stays absolutely continuous (or
rather incompressible in the sense of Definition with respect to a Gaussian reference
measure. But for general singular SPDEs we would have to work with more complicated
measures like the @3 measure for which we cannot reduce the analysis to the Fock space.
Currently it is not clear how to extend our methods to such problems, so while we provide a
probabilistic theory of some singular SPDEs that actually tackles the problem at hand and
does not shift the singularity away via the Cole-Hopf transform, it is still much less general
than regularity structures and it remains an important and challenging open problem to find
more general probabilistic methods for singular SPDEs.



Structure of the paper Below we introduce some commonly used notation. In Section
we derive the explicit representation of the Burgers generator on Fock space and we introduce
a space of controlled functions which are in the domain of the generator. In Section [3| we
study the Kolmogorov backward equation and show the existence of solutions with the help
of energy estimates for the Galerkin approximation and a compactness principle in controlled
spaces, while uniqueness is easy. Section [4| is devoted to the martingale problem: We show
existence via tightness of the Galerkin approximations and uniqueness via duality with the
backward equation. As an application of our results we give a short proof of exponential
L?-ergodicity. Finally we formulate a cylinder function martingale problem in the spirit of
energy solutions, and we show that it is stronger than the martingale problem and therefore
also has unique solutions. In Section [5| we briefly discuss extensions to multi-component and
fractional Burgers equations. We do all the analysis on the torus, but with minor changes
it carries over to the real line, as we explain in Section [5.3] The appendix collects some
auxiliary estimates.
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Notation We work on the torus T = R/Z and the Fourier transform of ¢ € L*(T") is

Folki, ... kn) = @k1,... ky) = / e 2R () da, keZ".
To shorten the formulas we usually write

kl:n = (k17 .. '7kn)7 T1p = ('rlv s 7xn)

and

Moreover, we set Zg := Z \ {0} and we mostly restrict our attention to the subspace
L2(T") := {p € LA(T") : $(k1) = 0 Vk € Z"\ Z2Y.

The space C’]’j (R™) consists of all C* functions whose partial derivatives of order up to k have
polynomial growth.

We write a < b or b 2 a if there exists a constant ¢ > 0, independent of the variables
under consideration, such that a < ¢- b, and we write a ~ b if a < b and b < a.

2 A domain for the Burgers generator

2.1 The generator of the Galerkin approximation

Consider the solution u™: R, x T — R to the Galerkin approximation of the conservative
stochastic Burgers equation

>



where ¢ is a space-time white noise and

Mou(z) = > ™ a(k)

|[k|<m

is the projection onto the first 2m + 1 Fourier modes. Throughout the paper we write
for the law of the average zero white noise on T, i.e. the centered Gaussian measure on
H™1?7(T) := .. H /*7%(T) with covariance

[ uttyutgntan) = (f = F0).9 — 90

for all f,g € J..o HY/?*(T).

Lemma 2.1. Equation @ has a unique strong solution v € C(R, H='/>=(T)) for every
deterministic initial condition in H=Y/?>=(T). The solution is a strong Markov process and it
is invariant under p. Moreover, for all a > 1/2 there exists C' = C(m,t,p,«) > 0 such that

E[ sup [Juf[|7-o] < O+ [|ug’|F-o)-
s€[0,t]

Proof. Local existence and uniqueness and the strong Markov property follow from standard
theory because written in Fourier coordinates we can decouple u™ = v™ + Z™ = I[[,u™ +
(1 — II,,,)u™, where v™ solves a finite-dimensional SDE with locally Lipschitz continuous
coefficients and Z™ solves an infinite-dimensional but linear SDE. Global existence and
invariance of p are shown in Section 4 of [GJ13]. It is well known and easy to check that
Z™ has trajectories in C'(R,, H='/?27(T)), see e.g. [GP15, Chapter 2.3], and v™ has compact
spectral support and therefore even v™ € C(Ry,C*°(T)). Thus u™ has trajectories in
C(R., H"'/?>~(T)). The moment bound can be derived using similar arguments as in [GJ13].
The reason why v™ behaves nicely is that B, leaves the L?(T) norm invariant since

1
<U, Bm(u)>L2('H‘) = —(c%Hmu, (Hmu)2>L2(T) = ——((%(Hmu)3, 1>L2(T) = O

3
by the periodic boundary conditions. To see the invariance of y we also need that B,, is
divergence free when written in Fourier coordinates. See Section 4 of [GJ13] or Lemma 5 of
[GP16] for details. O

We define the semigroup of u™ for all bounded and measurable ¢: H=Y/2~ — R as
T"p(u) := E,[p(u]*)], where under P, the process u™ solves ([2)) with initial condition w.

Lemma 2.2. For all p € [1,00] the family of operators (T]™);=o can be uniquely extended to
a contraction semigroup on LP(u), which is continuous for p € [1,00).

Proof. This uses the invariance of ;1 and follows by approximating LP functions with bounded
measurable functions. To see the continuity for p € [1, 00) we use that in this case continuous
bounded functions are dense in LP(p). O

Our next aim is to derive the generator of the semigroup 7™ on L?(u). For that purpose
let fi,...,fn € C®(T), let & € C2(R",R), the C* functions with polynomially growing



partial derivatives of order up to 2, and let ¢ € C be a cylinder function of the form
o(u) = P(u(fr),...,u(fn)). Let us introduce the notation

Lop(u) == Zaiq)(u(fl>7 cu(fa))u(Af;) + Z afj‘b(u(fl), s u(fn)(Onfi, amfj>L2(’Jl‘)a

ij=1
G"o(u) = 0B(u(fr), - ulf))(Bun(u), fi) 12y = /Bm(U)(I)DxCI)(U)dI,
i=1 T
where D, is the Malliavian derivative, and
AE”1:=:LQ]+-Q"3

Then Ito’s formula gives

dp(uf) = Le(uf)dt + > 00w (f1), -, u (f2))AM(f;),

i=1

where M(f;) is a continuous martingale under P,, with quadratic variation (M(f;)); =
2H8xfz'H%2(T)t and therefore [ 3", 0;®(u"(f1), ..., u/"(fn))dM,(f;) is a martingale under
P,. Consequently, we have

Ty o) — plu) = / T (L7 0) (u)ds

for all uw € H~'/?~.

To extend this to more general functions ¢ and to obtain suitable bounds for £, and g™
we work with the chaos expansion: Every function ¢ € L?*(u) can be written uniquely as
© =3 50 Walen), where @, € Lg(T") is symmetric in its n arguments and W, is an n-th
order Wiener-1t6 integral; here L3(T") = {p € L*(T") : (k) = OVk € Z™ \ Z3}. Moreover,
we have

el = 3l ealam,
n=>0
see [Nua06, Jan97] for details. If o, € LZ(T") is not necessarily symmetric, then we
define W,,(p,) = W,o(@n), where ¢, (xy,...,z,) = %Zaezn ©n(To(1), - - - To@my) for the
symmetric group >, is the symmetrization of ¢,. By the triangle inequality we have
[&nllL2(mny < [lenllz2(mm)-

Convention. In the following a norm || - || without subscript always denotes the L*(p) norm,
and an inner product (-,-) without subscript denotes the L*(u) inner product.

Lemma 2.3. Let ¢ € C with chaos expansion ¢ = ) o Wy(pn). Then

Lop = Z Wi (Ap,) = Z Wn((afl +oot 82n)90n)~

n=0 n>0

Proof. The proof is the same as for [GP18al Lemma 3.7]. O



Lemma 2.4. Let p € C have the chaos expansion p = Wy (pn). Then G™ = G+ G,
and writing p™ for the inverse Fourier transform of 1)<, and f, := f(x —-) we have

G, on) =W ([ D @ et ). 3)

G"Wo(pn) = 2n(n — 1)W,, 4 (/ 0upy (3)ps (y) P ()pn(, y, ->> : (4)

and moreover we have for all ¢, 1 € LA(T"™) and ¢, € LE(T)

Whi1(@ni1), QTWH(SDn» = (G Woi1(@ns1), Walen))-

Proof. Since || pZ”H%Q(T) = HPmH%z(T) does not depend on s and thus vanishes under differenti-
ation, we have

Butu)e) = e ([ (o)t @ o0as) + [0 (oo s

=W, ( / Oupy (8)pg" @ pQ”dS)

and then, since D, W,,(¢,) = nW,,_1(pn(x,-)) [Nua06, Proposition 1.2.7] and by the contrac-
tion rules for Wiener-Ito integrals [Nua0O6, Proposition 1.1.3],

[ Butw@Den) =0 [ (02661 0) Wars(oatir )
Sy ) Ot ))
20— W ([ e )

w10 -2Ws ([ 0 @iz ).

sYy%,S

Let us look more carefully at the last term on the right hand side. Note that 0,p7(s) =
—0spT(z) and ¢, is symmetric under exchange of its arguments. Therefore, by symmetrisa-
tion,

| e @z
x,Y,z,S8

_ / (=02 (@) (9) 2 (2)m (2., 2, )

1

- / @ Een(esg ) =0

since now 0, can be integrated by parts. We deduce that the last term in the decomposition
of [ By (u)(x)D;W,(@y) vanishes.

It remains to show that —G is the adjoint of G : Since ¢, is symmetric in its
(n + 1) arguments, we have (@n41,%)2(rnt1y = (gpnﬂ,@p(wﬂ) for all ¢, where v is the

8



symmetrization of 1/, and therefore we do not need to symmetrize the kernel of G7'W,,(¢,)
in the following computations:

(Whg1(ont1), QTWn<90n)>

—4 D[ prnrien [ OO ) (2ol )
Tlin+1 x,s

= (n+1)! / o (Fimgn)n / P(8)20, 7 (1) (r2) (s P
Tlin+1 x,s

= TL'Q(TL + 1)”/ ()On—&-l(len+1)p;n(s)88p;n(Tl)p?(TQ)SOn(x? r3:n+1)

Tl:n+1,z,s

- n'Z(n + ].)TL/ %H—l(xa Y, 7’2:n)p:: (S>asp;n(x)p;n(y)gon(rln)a

Tlin,z,y,s

where in the last step we renamed the variables as follows: r; <> x, 1o — vy, r; — r;_; for
i > 3. The claim now follows by noting that p](s) = p*(r1) and O,p7'(z) = —0,p}'(s), and
thus

(Wor () G Wi (o)) = —nl2(n + 1)n / / 0 (5) 7 ()T (1) Pt (2, 1, P ) (1)
T1:n CE,y,S

= —(G"Wpi1(€ns1), Walpn))-
O

Remark 2.5. Note that the proof did not use the specific form of p™ and the same arguments
work as long as p™ is an even function.

For m — oo the kernel for G™W,,(¢,,) formally converges to

/ ax(6$(y)5$<rl))90n<x> Y, 7ﬂ2:n—1) = - / 5:1: (y)(sa: (r1)81@n<x7 Y, T2:n—1) = _alﬂpn(rla T, r2:n—1)a
@y zy
where ¢ denotes the Dirac delta. For sufficiently nice ¢,, this kernel is in LZ(T™"!). On the
other hand we get for the formal limit G, W,,(y,,) the kernel

/ar((;x(rl)ém(m))@n(xaT3:n+1) = - /5m<rl>5x(r2)az§0n<$’T3rn+1) = —0y, (7’2)8180n(7"2:n+1)7

xT

which will never be in L3(T™™!), no matter how nice ,, is. The idea is therefore to construct
(non-cylinder) functions for which suitable cancellations happen between £y and G and whose
image under the Burgers generator £ belongs to L?(u).

It will be easier for us to work on the Fock space I'L? = T'L*(T) = @@, L3(T") with

norm
lollEze = Y nlllnlfomn = Y0l Y @alk)P,

n n kezZm

where the functions ¢,, € L3(T") are symmetric, and where we applied Parseval’s identity.
We also identify non-symmetric ¢,, € L*(T") with their symmetrizations. As discussed above,
the space I'L? is isomorphic to L*(u1), and in the following we will often identify o € T'L?
with an element of L?(u) and vice versa, without explicitly mentioning it.

9



Definition 2.6. The number operator (or Ornstein-Uhlenbeck operator) N acts on Fock
space as (N ), = np,. With a small abuse of notation, we denote with the same symbols
L, Ly, GV, G™ the Fock version of the operators introduced above in such a way that on smooth
cylinder functions we have:

LoY Walen) =Y Wal(Lop)n), G Waleen) = D> Wal(GE¢)n)- (5)
n=0 n=0 n=0 n>0
Lemma 2.7. In Fourier variables the operators Lo, G, G™ are given by
]:('COSO)n(kl:n) _(|27Tk31|2 +eeet |27Tkn|2)95n(k1:n)7
‘F(gfgp)n<kln) = _(n - 1)]1|k1|,|k2|,|k1+k2\<m27”1(k1 + k2>¢n71(k1 + k27 k?’:n)a

I(QTSO)n<kln) = _27T[”kln(n + 1) Z ]1|k1‘7|77|:|(1|<m¢n+1(p7 q, kQ:n)a
p+q=k1

(6)

respectively, where the functions on the right hand side may not be symmetric, so strictly
speaking we still have to symmetrize them.

Proof. The Fourier representation for £, is obvious. In the following we often use without
comment that p™ is an even function, i.e. pI*(z) = p'(s). The kernel for (G7'¢),11 has the
Fourier transform

n/ 6—27rLk-r/ Ot (8) P (r1) P2 (12) P (T, 3 t1)
Tln+1 x,$

— m —27mu(k1+k2)s—2mLk3.pn+41:T3:n, 2mL(b1x+02:m T3:m ~
—”]lk1|,k2|<m/ / Ouply (s)e2mkathe) s Tan gt N S gtrilrtln i) g, (¢)
T3:n+1 Y T,8 /

= Lk, | kol 1+l <m 2T (K1 + Kg) Z/e‘2m(k1+k2)x62mlx¢n(61, k3ini1)
o e

= _n]l|k1|:|k2|:\k1+k2|<m2ﬂb(k1 + kQ)San(kl + ko, k3:n+1)'

To derive F(G™¢),—1, note that
/ ¢ Amhin 1 Tt / Oupy (8)ps (Y)py' (r1)en(@, Y, T2in—1)
Tl:in—1 x,Y,Ss
— ]1|k1|<m / 6727Tl,k2:n71'7'2:n71 / e—zmklsaxpgb(S)p;n(y)gpn(x, Y, 7’2:,1,1)
T2:in—1 x,Y,s

_ —2mikoin—112:n— —2m pr+qy
—]1|k1|<m/ e Fmo12 1/ E L) jg<m (—2mep)e ™ ) on (%, Y, Ton—1)
T2:n—1 z,Y

ptq=k1

= - Z Lt 1pl gl <m 2T tpPn (D, @5 Fain—1)
pt+q=ki1

== Z Lk pl,lgl<m TP + @) Pn (P, @, k2:n—1)
pta=Fk1

- Z ]1|k1|a|p‘»|q|<m7rél{1¢n<paQ7k2:n71)7

p+q=k1

from where our representation for G follows. O]

10



2.2 A priori estimates for the Burgers drift

Here we derive some a priori estimates for the Burgers drift. We work with weighted norms
on the Fock space.

Lemma 2.8. Let w: Ny — R,. Then we have uniformly in m

[w(N)(=L0) G760 S lwN = DN (=Lo)** 7| (7)
for all v < 1/4, and
[wN)(=L0) GE el S W + 1)(1+N)(=Lo)** (8)
for all v > 1/4. Moreover, we have the following m-dependent bound:
lw(N)G™ el S m 2| (wWN + 1) + wN = 1) (1 +N)(=Lo) 2] 9)

Proof. 1. We start by estimating G uniformly in m. Observe that, by the Cauchy—Schwartz
inequality together with Lemma (here we need vy < 1/2, which holds because v < 1/4),

2
Z ]l|k1\,|p|,\q|<m¢n+1(p, q, k2:n)

pt+g=k1
1 —_ A
S Z 7 2\3/2-2, Z 0+ )21 (0, 4, ko) |?
~ (P* +¢*) —
p+a=Fk1 pt+q=k1
< |k%|2’y Z ( 2+ 2)3/2—2’V|A ( k )|2
~ T2 b T4q Pn+1(D5 @5 K2:n )|
L ptg=h
and thus
2
2 2\—2v m 2 < k% 4 ~
Z(kl +oHE) TN F(G )0 (k) f S Z (k;f +eF k2>2’yn Z 1\k1l,|pl,|q\<m<ﬂn+1(}?, q, ko)
ki:n ki:n n P+q:k1
S n4 Z Z (p2 + q2)3/2*2’}’|¢n+1 (p7 q, k2:n)|2
kl:n p+q:k1
=n* > (4 k)Y @ (brn )
kl:n+1
et Y+ k) g ()
kl:n+l

where in the last step we used the symmetry of ¢, 1 in the variables ki., ;1 and that
3/2 — 2 > 1 (which is equivalent to v < 1/4). Therefore, we have uniformly in m

lw(N)(=Lo) TG0l = Y nlw(n)® Y (kT + - + k) > F (G @) (ki)

n=0 K1:n

S D ontwn)?®n® Y (K 4+ k)Y P (ki)
n=0 kl:n+1

<D nhw(n = 17n® YK - KDY ()
n>1 Kk1:n

= [lw(N = DN (=Lo)** |-
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2. To derive the uniform-in-m bound for G7*, we apply Lemma in the fourth line below
(using that 2y > 1/2):

D (k4 ) NF (G (k)|

kl:n

S Z ]l\k1|,\k2|,|k1+k2|<mn2<k% + -+ ki)727‘k1 + k2‘2’@n,1<k1 + kQ, kgm)|2

kl:n

<23 ST R KD TG (G k)
£7k3:n k1+k‘2:Z

Sn? D (AR A+ R TR0 (0 Ky
£7k3:n

S S (B A R )Y (b))

k1n—1

from where we deduce that uniformly in m
oM (=L0) "Gl S lw(N + 1)(1+N)(=Lo)** ]

3. If we do not estimate G in a distributional space, we still have

Z | F(GT)n(kin)]? S 0° Z Lty sl o+ <m | K1+ Ko *| @1 (k1 + ko, k3 )2

kl:n kl:n
SuPm Yk Plén (k)P
kl:nfl
Snm Y (ki - ko) |n (Rrn-1) P
kl:nfl

and thus as before ||w(N)G™ | < m2|w(N + 1)(1 + N)(=Lo)?p|. By making similar
use of the cutoff 1, |4<m» We obtain also the bound |[w(N)G™p| < m2||wN + 1)(1 +
N)(=Lo) |- O

Remark 2.9. For later reference let us recall the following bound from the proof: For all
B < 1/2 we have

2

D bani k)| SEDPT DY 0P+ P pun(p g ke’ (10)

p+q=k1 p+q=ki1

Remark 2.10. In the study of fluctuations of additive functionals of Markov processes the
graded sector condition s sometimes useful. This condition assumes that there exists a
grading of orthogonal subspaces of L*(u), such that on each subspace the quadratic form of
the full generator can be controlled in terms of the one of the symmetric part of the generator,
see [KLO12, Chapter 2.7.4]. However, while at first glance this may seem tailor made to
describe our situation, there is an important restriction: For the graded sector condition we
would need

[{pn G-pnin)| S (1+ )7 [[(=L0) P @ullll(=L0) il

12



for some B < 1, see [KLO12, eq. (2.45)] while by Lemma we can only take B = 1
and therefore the graded sector condition just barely fails. On the other hand we can take
I(—=Lo) 4p,|| on the right hand side, and we will leverage this gain in reqularity. And also
for us it will be tmportant that B =1, for § > 1 the computations in Section |3. 1| would not
work.

Corollary 2.11. Let ¢ € TL? = L?(p) be such that ||(1 4+ N)(—Lo)?¢|| + ||[(=Lo) || < .
Then

t t
T — o — / T (L7 ) ds = / LT )ds,
0 0

and therefore t — T]"¢ solves the Kolmogorov backward equation 0,1;"¢ = L™ with
initial condition T p = .

Proof. Let u,, be the solution of the martingale problem for the generator £™, with initial
condition u. If ¢ € C is a cylinder function, then

et = o) =B | [ £tun(oas| = [ o

0

so we get the identity 7)"p — ¢ = fot T (L™p)ds by approximation (with a Bochner integral
in () on the right hand side), where we used our a priori estimates for G7* and the trivial
identity ||Lo¥| = ||(=Lo)¥|. By Lemma[2.2] the map s — T™L™p € L*(u) is continuous,
and thus t~(T"p — ¢) — L™ as t — 0, where the convergence is in L?(;). From this it
follows that ¢ € dom(L™), where now we take £™ as the infinitesimal generator of (77")¢=0
(which is only a small abuse of notation, because both our definitions of L™ agree on cylinder
functions). Our claim now follows by standard results for semigroups in Banach spaces, see
e.g. Proposition 1.1.5 in [EKS86]. O

2.3 Controlled functions

Lemma 2.8 gives bounds for G™¢ that are either in distributional spaces, or they diverge
with m. To construct a domain that is mapped to I'L? by the limiting generator £ we need to
consider functions ¢ for which Gy and Ly have some cancellations, so in particular also Loy
should also be a distribution and ¢ should be non-smooth. For finite-dimensional diffusions
with distributional drift b such functions can be constructed by solving the resolvent equation
(A= 3A)u=b- Vu+ v for nice v.

Remark 2.12. This remark addresses experts in pathwise approaches to singular SPDFEs
and can be skipped: If b is in the Besov space C™* := B " for a >0, then u+ b-Vu is
well defined whenever u € C*o*¢ for some € > 0, and in that case b- Vu € C~%. Since the
Laplacian gains back 2 degrees of reqularity we are mapped back to C*=%, so we can close the
estimates if 2 —a > 1+ «, i.e. if a < 1/2. This is the “Young regime”, but the equation
is subcritical for all o < 1 and for a € [1/2,1) we need to assume that u is not a generic
element of the function space C*~% but instead it has a special structure, adapted to the

equation (it is modelled, or paracontrolled if o < 2/3).

In our case we could start with a nice function ¢ € I'L? and try to solve
A=Lo)p=Gp+v &  o=0A=L)'Gp+(\—L) W

13



so that Lo = Ao — 9, and the right hand side is in I'L? if o, € I'L% Regarding regularity
with respect to Lg, this is actually in the “Young regime”: Gy is well defined whenever

€ (—Lo)"/47*T'L?, and then G loses (—Lg)** “derivatives”, while (A — L)™' gains enough
regularity to map back to (—£o)"*/4~*I'L?. But in this formal discussion we ignored the
behavior with respect to N, and we are unable to solve the resolvent equation with such
simple arguments because G introduces some growth in N which cannot be cured by applying
(A — Lo)~!. So instead we introduce an approximation G~ of G which captures the singular
part of the small scale behaviour of G by letting

F(g>¢)n(k1:n) = ]1|k1:n|oo>an(gso)n(klsn>

for a suitable (N-dependent) cutoff N,, to be determined in order for this operator to be
small enough in certain norms. Using G~ we introduce a controlled Ansatz of the form

0= (—Lo)'G o+ ¢, (11)

where ¢* will be chosen with sufficient regularity in I'L2. Note that this is essentially the
resolvent equation for A = 0 and 1 = (—Lg)y*, except that we replaced G with G~. The
motivation for this is that now we can trade in regularity in (—Lg) for regularity in A, as
will become clear from the the computations below. A useful intuition about the Ansatz (|11))
is that, starting from a given test function ", it "prepares” functions ¢ which have the right
small scale behaviour compatible with the operator L.

We start by showing that for an appropriate cutoff N,, we can solve equation and
express ¢ as a function of ¢F.

Definition 2.13. A weight is a map w: Ny — (0,00) such that there exists C > 0 with
w(n) < Cw(n+1) fori € {—1,1}. In that case we write |w| for the smallest such constant
C.

Lemma 2.14. Let w be a weight, let v € (1/4,1/2], and let L > 1. For N, = L(1 +n)?
have

lw(N)(=L0)"(=L0) 'G" ¢l S Jwl L™ w(N)(=Lo) o] (12)

Thus there exists Lo = Lo(|w|) such that for all L > Lo and all ©* with [[w(N)(—Le) p?|| < oo
there 1s a unique controlled

Kt =g =(-Lo)'G 0+ ¢
in w(N)"H(—=Ly)TL?, and K* satisfies
[w(N)(=Lo) KCeH| + |ﬂ1|_1L1/2||7~U(/\/)(—£<J)7(’C<Pﬁ — I S o) (=Lo) @l (13)
We also write ¢~ 1= Kp? — of = (= L) G K.
Proof. 1. We start by estimating G7 (which is defined like G, only with G, in place of G):
(k:1 + ko)?

S IF(=Lo) ' G )n k) S1°> Lgy s, (k2 4+ + k2)2 [Ptk + Kz, k)
k?ln kln "
Z ]]'|€1n LooVIp|=Na /2 3 3 gg 2 2—9 |¢7n—1(€1:n—1)|27
Liin—1,p ((f p) +p +£2++£n—1) 7
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where we used the change of variables ¢; = ki + ko, p = ko, and {5, = k;lJrZ for i > 0, and we
used that |p| V |¢; —p| = N, 1mphes Ip| V |¢1| = N, /2. Since (61 p)* 4+ p? ~ (2 + p* we can
replace (6, —p)2 +p? + 2+ + 02 )2 by (p2+ B+ + 02 )~ 27) And since
1 —2v > 0 we have

Gt bl (Pt 4 2 )PP+ B+ )Y (14)

We now use the symmetry of ¢,,_1(¢1.,—1) in ¢1.,—1 and then we apply and Lemma
to derive the estimate

62
2 1 ~ 2
Z ]]-|£1:n_1|oov‘p|>Nn/2 (p2 + g% + . + 62 1)2727 |S0TL—1(€1TI,—1)|

Zl:n—lvp

G+ +0
PO+ G
(T 4+ )"

gn Z <]1|p‘>Nn/2+]1‘Z1:7L71|002Nn/2)p2+£%+ “+€3L_1

l1:n—1,p

Sn Z ]l|€1:n—l|oov|p‘>Nn/2(

£1;n71,p

)2727 |¢n—1 (gl:n—l) |2

’@nfl (gl:nfl) |2

]‘ ]]‘lel:nfl|oo>Nn/2 2 2 2'7 ~ 2
Soy | X ot CENREYNLE (G4 6 1) 7 P01 (Crinea )|

l1n—1 ‘p|>Nn/2p

S Y NG+ 4 )P G (b))

gl:n—l

and thus with our choice of N, = L(1 +n)3
[N (—Lo)"(=Lo) "Gl S Tw| L2 [w(N) (=Lo) . (15)

2. Next, let us bound G~: We apply with §=3/4 —~ < 1/2 (here we need v > 1/4) to
estimate

DA (e WU LBl G B
1:n ~ (k2+"‘+k2)2_2’y

k}l n kl:

2

Z @'fl—i—l(pa q, k2:n)

p+qa=Fk1

4k2(k2)3/2 2y—1

1y \ >N
< l:injooziVn
; +k%)2 2v

<p2 + q2)2’y|¢n+1 (p7 q, kQ:n) |2
p+q=Fki1

]l|k1n\oo>Nn (k%)gﬂ 2 2\2v( 2 2
< Z TRy Y. 0+ @) n1 (9 ko)
p+q=k1

<N, 'nt Z 62 n+1) ‘@n+1(£1:n+1)’27

L1in+1

which together with N,, = L(1 + n)? leads to the bound
lw(N)(=Lo) (= L0) ' GZ 0|l S TwlL™ 2 [w(N) (= Lo) . (16)

The claimed inequality now follows by combining and ([16).
3. Consequently, for given ' € w(N)~1(—Ly)'TL? the map

U wN) T (=Lo) TL2 3 ¢ (—Lo) "G + ¢ € w(N) T (—Lo) T L?
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satisfies for some K > 0

[N (=Lo) T ()| < [JwN)(=L0) (= Lo) G| + [lwN) (= Lo) &

<
< K] L2 w(N) (=L0) 9| + [[w(N) (—Lo) ¢F|| < oo,
i.e. U is well defined. If L is large enough so that K|w|L~'/2 < 1/2, then V¥ is a contraction

and it leaves the ball with radius 2||w(N)(—Lo)7¢*|| invariant. Therefore, it has a unique
fixed point K¢ which satisfies

[w(N)(=Lo) K[| < 2[w(N)(—Lo) &,
and then also
[w(N)(—L0)” (Kep* — )| = [w(N)(=Lo) (—L0) "G K| S Jw| L2 |Jw(N)(—Lo) .
O

Remark 2.15. The lemma shows that for all ¢ € w(N) 1 (—Ly) "TL* we can define
of = — (—Ly)"'G" ¢ and then

[N (=Lo) @[l S llwWN)(=Lo) ]l

Howewver, this only works up to vy = 1/2, so no matter how reqular ¢ is, the (spatial) reqularity
of ©* is limited in general. The key point of Lemma is that it identifies a class of ¢ for
which ©* has arbitrarily good reqularity.

Remark 2.16. The cutoff N, for which we can construct K¢* depends on the weight w via
lw|; we say that the cutoff is adapted to the weight w if the construction of Lemma
works. If we consider weights w(n) = (1 + n)* with || < K for a fivred K, then |w| is
uniformly bounded and we can choose one cutoff which is adapted to all those weights. This
15 the situation that we are mostly interested in.

Remark 2.17. The bound (@) also holds for G™~, which is defined analogously to G~ .
Therefore, we can also construct a map K™: w(N) ™ (=Ly) ' TL* — w(N )} (—Ly) T L?
that associates to every ¢* € w(N) 1 (=Ly)'TL? a unique K™p* € w(N)~H(—Ly) "TL?
with

KMt = (—Lo) 'G™ K™ + ¢F.

Let us write G = G — G~. The following proposition controls LK ¢* in terms of ©* and
it is formulated in the limit m — oo. But by Remark it is clear that similar bounds
hold for £L™K™*, uniformly in m.

Proposition 2.18. Let w be a weight, let v > 0, and let the cutoff N, be adapted to w and
(w(n)(1+n)**™),, and let § > 0. Consider

o' € wN)H=Lo) 'L NwWN) 11+ N) Y27 (L) VAT L2
We set o := K@t Then Lo := Lot + G=¢ is a well defined operator and we have
[N (=L0)"G ]l S [N (L + NPT (—Lo) V1005 (17)
Obviously we also have |[w(N) Logf|| = [lw(N)(—Lo)¢*|.
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Proof. We treat G7 and G separately (both with their obvious definition). We also assume
that 0 € (0,1/4], but once we established the bound for such ¢ it holds of course also
for 0 > 1/4.

1. To control GZ¢, we bound

Z(k% +- k721>27|]:<g:90)n(k1:n)’2

k'l:n

S0 Do (BT 4 - + B2 |ky + kal*[ @i (k1 + kea, Ksen)|?
kl:n

S0 Lo e N0 [y + o2V 2NE 0y (et + Ky, Ko
kl:n
nPHHINZ N (G e B2 )Y ()
k1:n—1
and since N,, ~ (n + 1)* we get [w(N)GZo|l < [[w(N) (1 + N)Y2H7(—Lo)V4 o). With
Lemma we can estimate the right hand side by ||w(N)(1 + N2 (= L)V 4H08|,
because we assumed that § € (0,1/4].
2. Next, let us estimate G=¢. As usual we apply , this time with 5 =1/2 — 4§, to bound

D (B 4 A ED)PF(GE)n(krm)

kl:n
2
S(n+ 1)4 Z ]1\k1:n|w<Nnk%(k% T+ k2 Z nt1(p, ¢, kan)
k1n p+q= k1
<0+ DY B B o+ P S (5 4+ 0, )
ki:n p"’_q:kl
S (DTN ST (e )G (b )P

L1int1

from where we deduce as before that ||w(N)GZp|| < ||w(N)(N +1)%2+77 (= L)V 4HE . O

To simplify the notation we write from now for v > 0

a(y) :==9/2+ 7. (18)
Lemma 2.19. For a given weight w and a cutoff as in Proposz'tz'on (for v =0) we set
Dy(L) = {K¢* : p* € wN) 7 (=Lo) 'TL2 NwWN) (1L + N) 2 (=Lo)"°T L%,
Then Dy, (L) is dense in w(N)"'TL?. More precisely, for all
¥ € wN) " (=Lo) 'TL2 NwWN) 7 (L +N) 2 (=Lo) "I L

and for all M > 1 there exists a o™ € D, (L) such that

o) (=Lo)' (™ = )| € M2 w(N)(—Lo)' 2]

lwN) (= 50)1/2 M S oW (=Lo) 2]

o) LM || S MY2(Jw(N) (= Lo)o || + [[w(N )N + 1)9/2(—50)1/21/)”)(-19)
If w =1 we simply write D(L).
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Proof. Let ¢ be as in the statement of the lemma. Since such v are dense in w(N)~'TL?
it suffices to construct ¢ such that the mequahtles ) hold. For this purpose we apply
Lemma [2.14] to find a unique function o™ € w(N)~ 1FL2 that satisfies

@%(km) = ]l|Ic|o<,2MNn~F((_LO)ilggpM)n(kl:n) + lﬁn(klzn%

and for which the first two estimates in hold by Lemma [2.14] To see that o™ € D, (L)
note that

Gnl (krn) = F((—Lo) 7' G0 ) (krn) + G5 (K1),

where R
AMu(kl n) 7vbn(kln) - ]an<|k\oo<MNn‘F((_‘C0)71gSOM)n<k1:n)-

In particular we have L™ = G=pM + EogoM # and by Proposition it suffices to estimate
M in w(N)H(=Lo)TITL2 Nw(N) (1 +N) 9/2(—L£,)~Y2T'L%. The first contribution v
satisfies the required bounds by assumption, so it suffices to show that the second contribution,
denote it as 1, satisfies

lw(N)(=Lo)p™ | € M2 [w(N) (1 + N2 (= Lo) 29,

20
[N YN+ 1)22(=Lo) 2N || < (W) (1 + NP2 (=Lo) /2. 2

But

J—-.((_‘CO)wM)n(kln) == _]an<|k|oo<MNn~F(gS0M)n(klzn)7
so that we can estimate this term similarly as in @ If the cutoff M N,, was independent

of n, we would get ||w(N)(—=Lo)YM|| < (MN,)YV2|w(N)(1+ N)(—Lo)2pM]| from (9], so
after including the factor N,, ~ (1 4+ n)? into the weight we get

W) (=Lo)pM || S MY2[[w(N)(1 + N)2(=Lo)2M ],
and then the first estimate of follows from . Similarly

\F((—Lo) ™) (kyn)|* 22 (kT + -+ + k) ™ Ly, <ifc cnrm [ F (G™ ) (ki) |
S NNF((—Lo) 4G 0™ ) (kerin)
+ N 2BIF((—L0) 3G 0™ (k)

and since N,, ~ (1 +n)?® we get with (7), (8) that
lw(N) (1 + N2 (=Lo) 2| S N[+ N (=L)"Y + (1 + N2 (=Lo) > 2],
which together with yields and then . O

Remark 2.20. As discussed before, the analysis above works also for L™ and we define
Dy (L™) = {K™p" : oF € w(N) " (=Lo) 'TL Nw(N) (1 4+ N)~2(=Ly)" V2T L%}

Remark 2.21. The same construction works for the opemtor LN = Lo+ \G for X € R. For
A\ # 1 the intersection of the resulting domain D(LXN) with D(L) consists only of constants.
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Lemma 2.22. For any ¢ € D(L) we have
(9, Lo} = = (=Lo)'?l* <0,
in particular the operator (L, D(L)) is dissipative.

Proof. Note that ¢ € D(L) implies Low, Gp € (—Ly)Y?T'L? and o € (—Ly) Y2(1+N)"TL?
and therefore we can conclude by approximation in the chain of equalities

(0, Lo) = —(p, (—Lo)p) + (0, Gp) = —(p, (—Lo)p) = —[[(—Lo)¢|?

since all the inner products are well defined. In particular we used the antisymmetry of the
form associated to G:

(. Gp) = lim (p,G"p) = — lim (G"p, ) = —(Gp, ¢).
O

Remark 2.23. We can introduce another dissipative operator L~ given by L~ = Ly — G =
LY on the domain D(L™). Then if ¢ € D(L) and v € D(L™) we have Low, Gp, Lo, Gt €
(—Lo)Y2TL? and ¢, € (N + 1)1 (—=Ly) 2T L? so the identities Lo = Lo + Gp, L7 =
Loy — G hold (as distributions) and

(¥, Lp) = (b, Lop) + (P, Gp) = (¥, Low) — (G, ) = (LY, p).

As a consequence L~ C L* and symmetrically L C (L7)*. The closed operators L*, (L™)*
are dissipative and satisfy
LY (L7) < Ly

in the sense of quadratic forms and on their respective domains.

3 The Kolmogorov backward equation

So far we constructed a dense domain D(L) for the operator £. In this section we will analyze
the Kolmogorov backward equation 0,p = Lp. More precisely we consider the backward
equation for the Galerkin approximation (2) with generator £™, and we derive uniform
estimates in controlled spaces for the solution. By compactness, this gives the existence
of strong solutions to the backward equation after removing the cutoff. Uniqueness easily
follows from the dissipativity of L.

3.1 A priori bounds

Recall that T™ is the semigroup generated by the Galerkin approximation u™, the solution
to (2). Here we consider ¢™(t) = T;"pp" for ¢ € D(L™) and we derive some basic a priori
estimates without using the controlled structure that we introduced above. Roughly speaking
our aim is to gain some control of the growth in the chaos variable n by making use of the
antisymmetry of G. In the next section we then handle the regularity with respect to (—Ly)
by using the controlled structure.
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Recall from Corollary that 0, = L™@™, which yields

03l (I = (&0, Log™ (1) + G (1),

and since we saw in Lemma [2.4] that (¢, G™¢™) = —(G"™, ™), we get (™, G™™) = 0.
However, this argument is only formal because G introduces some growth in the chaos
variable n, and we do not control the decay of ¢ in n. Therefore, it is not clear that the
“Integration by parts” (G"™, ™) = —(p™, GM™) is allowed. To overcome this difficulty
we fix a function w: Ny — R, of compact support and note that

05w (N (D7 = (o™ (1), w(N L™ (1)
= [N (=) 2 D) + (7(0), w NG 6" (1),

where we used that Lo commutes with w(N'). Let us focus on the second term on the right

hand side, for which
wN)?GTe™ = G (w1 + N)?™),  wN)’G¢™ = G"(wN —1)%™),
and therefore Lemma [2.4] gives

D2™)) + (™, G2 (wN — 1)%™))

(™ wN)*GT ™) = (¢, G (wN
= N)*e™) = (Ge™ wN = 1)%¢™)

®»
Gme"™, (wN)? = w(l +N)*)e™) + (GTe™, (wN)? = wN —1)%)™),
that is
2(p™, wN)*G"™) = (G, (wN)? —w(1+N)?) ™) +(GT¢™, (wN)? —w(N =1)*)p™).

Note that these computations are rigorous since the compact support of w ensures that the
inner product involves only a finite number of chaoses. Let us denote h(n) = w(n)?—w(n—1)2
then we have for the G term

(™™, —h(N + 1)g™) = (@™, G (N + 1)g™) = (o, hN)GI ™) = (G o™ AN )™,
- (o™ WG ™) = (GTo™, h(N)o™). (21)

Consider now a function g: Ny — [0, 00) such that g(n) = 0 only if A(n) = h(n + 1) = 0; we
will choose the precise form of g later. From the Cauchy-Schwarz inequality and estimate
we get

G o™ W)™ < H%(—cormgwm (N)(—Lo) 2™
h(N +1) 1/4 m 1/2 m
< | SR o+ -0 | o 2o) 2
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and then Young’s inequality gives

Hh(/\/+ 1)

m(NJF 1)(=Lo) 4™

S Ollg(N)(=Lo) 2™ + 67

(h(N+ (N + 1))2 .
N+ 1)gN) 2 ) ¥

for all o > 0, which with another application of Young’s inequality yields

(h(N+1)(N+ 1))2¢m ’

(G b)) < Bllg(N)(=L0) ™2+ CO || 5 R 7

Recall that a dyadz'c partition of unity consists of two functions p_1, p € C°(R) such that
with p; = p(27") for i > 0 we have supp(p;) N supp(p;) for |i — j| > 1 and such that
> is_1 pi(z) = 1; see [BCD11], Chapter 2.2] for a construction. In the following we write
i~ jif 20 =~ 27 ie. if |i — j| < L for some fixed L > 0. Let us take w(n) = p;(n) for a
dyadic partition of unity, and g = ) j~i Pj- Then we have for n ~ 2!

‘ h(n+1)(n+1)
g(n+1)g(n)'/2

= |h(n+1)(n+ 1) = [(pi(n +1)* = pi(n)*)(n + 1)

< (pi(n) + pi(n +1))|pi(n + 1) — Pi( )(n+1)
S pi(n) max{||p’[loos 1/l 327 (0 + 1) D pi(n)

Jri Jri

and h(n + 1)(n +1)/(g(n + 1)g(n)*/?) = 0 for n ¢¢ 2, and thus for all § > 0 there exists
C' = C(9) > 0, independent of i, such that

o0 O + [ 100200
1
< Slo Mgl + / 53 s ) as + [ O3 0 o)l
Jevi Jevi

From here we get for « € R and a new C' = C(6, ) > 0

1 Yo% {Xe% m
3 3 a0 + [ 3 N Lo) ) s

i>—1 i>—1
1 76 m 76 m
5 > 22 (N ey \!2+5/ > 2 pi(N)(—Lo) 2™ (s) [ ds
i>—1 i>—1
o [ 330 e sds,
1>—1

and taking 6 < 1 we deduce the following bounds:

Lemma 3.1. For all a € R there exists C = C(a) > 0 such that
S 29 < € 3 2 N (22)
i>—1 i>—1

as well as

A S XS E R O e PO RS

i>—1
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Proof. The first bound follows from our previous estimates and Gronwall’s lemma. For the
second bound, observe that

o (310" ) = oL OIF - Ce OGN O

and thus our estimates from above yield

1 ,
e 2 NN O + /‘”Zf%m L0)'%™ (5)|Pds

i>—1 i>—1

1 e -5 1o m
<52 2 mN)e WM/ 30 PN (—Lo) 7 (s) s

iz—1 i>—1

Then we take 6 = 1/2, bring the integral from the right to the left, and send ¢t — oo to
deduce . O

Remark 3.2. The norms appearing in the previous lemma can be brought to a more familiar
“Sobolev” form with the help of the following simple result: For all o« € R and ¢ € T'L? we
have

Y 2CaWN)ell? = Y 2y “alpi(n) lenlfaien = D nl(L+0)** Y pi(n)llenll e

i=>—1 i>—1 n=0 n=0 i=>—1
~ Y a1+ n)*{enll7oemy = 11+ M)*]%,
n=0

where we used that ", p7(n) ~ 1. The reason for not directly working with this Sobolev type
norm is that the dyadic partition of unity allows us to localize in n and therefore to rigorously
Justify the operations on G and G above. Compared to a hard cutoff, the smooth dyadic
partition has the advantage that the transition from the support of p; to its complement is
well behaved, while for a hard cutoff it gives a too large contribution and we cannot close our
estimates.

Corollary 3.3. We have for ¢, a, and C as in Lemma
11+ N 0™ ()] = (1 + N L™ ()P S Nl (1 +N)* L7051 (24)
and
1L+ M) (=Lo) o™ ()2 < te'll(L+ N L2 + [[(L+ M) (=Lo) 2|17 (25)

Proof. Recall that T;"¢f" = ¢™(t). We just showed
eI+ N T || + / e (L + N (=Lo) T e S 1L+ M),
0

and therefore also

/ el +N)“(—Eo)1/23t7}m¢6”||2dt:/ e (L + N (—Lo) T L™ g dt
0 0
SNA+N)2 L7 1%,
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and

(1 4+ N (=Lo) /T 05|
t 2
/(1 N (L) 2T ds|| (1 N (—Lo) 2|

0

t
NN L) PTG s + OV -+ 1)° (o) P
0

t

<tetc/ e (1 + M) (=Lo) VAT g P ds + [[(1+ N (=Lo) 2
0

S+ N L P + [[(1+ M) (=Lo) 2071,

which is the claimed estimate. O

3.2 Controlled solutions

The a priori bounds and allow us to control ||™(t)||, ||Owe™(t)||, and ||L™e™(t)]|
uniformly in m and locally uniformly in ¢. We want to use this to construct solutions of
the limiting backward equation d;p = Ly that are in the domain D(L) from Section .
Therefore, let us set

Spm,ﬁ — Som o (—Eo)_lgm’>_gﬁm, (26)
so that ™ = Kmpm*,

Convention. Throughout this section we consider a cutoff Ny, in Lemma[2.1]] that is adapted
to the weights (1 + NP for all 8 that we encounter below.

Lemma 3.4. The a priori estimates from the previous section give

ILHN) (= Lo) o™ )] S (e +1) Y2 (| (14N (= Lo) it ||+ (LN )72 (= Lo) 20 )-
(27)

Proof. 1t follows from and Lemma that

11+ A (=Lo) o™ O S N1+ N (=L0) ™ @) + |1+ N)*(=Lo)2G™™ ()]
St N1+ N)TL G + [[(1+ M) (=Lo) |2
S (e + D)([(1+N)* (=Lo)ep 17 + (1 + N )2 (=Lo) 2o 1),

where in the last step we applied Proposition [2.18 O

Unfortunately this estimate is not enough to show that ™ € D(L™), which requires a
bound on ||(—=Lo)@™* | + [[(1 + N)¥2(=Ly)?¢™F|. And in fact we will need even more
regularity to deduce compactness in the right spaces. So let us analyze the equation for ¢™*

8t(pm,ti — Em(pm o (_EO)—lgm»—athm

28
— £090m7ﬁ + gm7-<90m - (_50)_1gm7>6t§0m- ( )

The second term on the right hand side can be controlled with , which gives for v > 0
and 6 >0
1L+ A)H(=Lo) ™ ™| S (L4 N (o) O,
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so together with our a priori bound we get

sup [[(1+N)*(=L0)"G™ ™ ()| Srll(1+ N0 (= Loy |
te[0,7] (29)
(1 N2 (Lo 2 00

The remaining term (—Ly)'G™" 9;¢™ is more tricky. We can plug in the explicit form of
the time derivative, 9,0™ = G™ =™ + Ly©™*, but then we have a problem with the term
Lop™*# because it is of the same order as the leading term of the equation for ™. Therefore,
we would like to gain a bit of regularity in (—Ly) from (—Ly)'G™", and indeed this is
possible by slightly adapting the proof of Lemma see Lemma in the appendix for
details. This gives for v € (1/2,3/4)

(L A (=L£0) (=La) g™ 0™ | S 1L+ N/ (= Lo 4G 0™ + Log™) |
S L+ el () 4 m |

(L N (3™

Recall that a(y) = 9/2 4 77, and therefore 3/2 + a(y — 1/4) < a(y) and the first term on
the right hand side is bounded by the same expression as in (29). For the remaining term
we apply Young’s inequality for products: There exists p > 0 such that for all ¢ € (0,1)

1L+ NP2 (= Lo) 3™ e S P (L+ NP (—Lo) 2™ | + | (L +N) (= Lo)HT/E0™ ).

(30)
The first term on the right hand side is under control by our a priori estimates, and the
second term on the right hand side can be estimated using the regularizing effect of the
semigroup (S;) generated by Ly:

Lemma 3.5. Let v € (3/8,5/8). There exists p = p(a,y) such that for all T > 0

sup ([ (14N (—Lo) ™5 (1) [+ (14N (L) Bug™ (D) S (1N (—Lo) + 7.

te€[0,T]

(31)

Proof. The variation of constants formula gives @™*(t) = Stgogn’ﬂ + f; Si_s(0s — Lo)™F(s)ds,

and by writing the explicit representation of S; and Ly in Fourier variables we easily see that

11+ N)* (=Lo)*Sewbll S 7L+ N)* |

for all B > 0. Since v+ 1/8 € (1/2,3/4) we can combine this with our previous estimates,

and in that way we obtain for some K, K7 > 0 and for ¢ € [0, T
11+ N (=Lo) 7™ ()] S (1 + N (=Lo) 05|
t
T / (t — )7 B (1 4+ N (—Lo) 305 — Lo)p™H(s)|ds
0

# KTV sy 1+ N (L) ")
se|0,

The right hand side does not depend on ¢, and therefore we can take the supremum over
t € [0,T), and then we choose £ > 0 small enough so that KT/® < 1/2 and we bring the
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last term on the right hand side to the left and thus we obtain the claimed bound for the
spatial regularity. For the temporal regularity, i.e. for 9,0™*, we simply use that

O™ = Lo@™* + (0, — Lo)p™*
and apply the previous bounds to the two terms on the right hand side. O]

For s,t € [0,T] we now interpolate the two estimates
11+ A (=Lo) (™H(8) — @™ ()| S [t = s x [[(1+N)P(=Lo) 705
and
11+ AN (=Lo) (™5 (E) = @™ ()| S (1 + N)P(=Lo) 05|
to obtain some k € (0, 1) such that

(1 4+ N)*(=L0) 2 (™4 () — ™ () S [¢ = sl X (1 + NP (=Lo) 05|l
In conclusion, if for a > 0 we introduce the set

U= | KO+N)PD(=Ly)'TL> CTL (32)
Y¥€(3/8,5/8)

where p(«, v) is as above, then we can state the existence of strong solutions to the Kolmogorov
backward equation for initial conditions in U := Uy a4 1= Ua>9 /2 U,

Theorem 3.6. Let o > 0 and py € U,. Then there exists a solution
€ |JOMy, (14N (—Lo) T L)

>0

of the backward equation
e =Ly (33)

with initial condition p(0) = ¢y. For a > 9/2 we have ¢ € C(R,,D(L)) N CYR,TL?) and
by dissipativity of L this solution is unique.

Proof. Take @y € U, and denote ¢f, = K¢y € (1 +N)P(=Ly) '""TL? for some v €
(3/8,5/8) and p = p(a, ’y?. Consider for m € N the solution ™ to 9yp™ = L™™ with initial
condition ¢ (0) = K™gj. It follows from a diagonal sequence argument that bounded sets
in (1 +N)~*(=Ly)"'77/2T'L? are relatively compact in (1 +N)=*+(—L)'TL? for § > 0,
and thus (¢™#),, is relatively compact in C(Ry, (1 +N)~*(—Ly)"'T'L?) (equipped with
the topology of uniform convergence on compacts) by the infinite-dimensional version of the
Arzela-Ascoli theorem. If ¢f is a limit point we let ¢ = Kf. To see that 0,0 = Ly, note
that (along the convergent subsequence, which we omit from the notation for simplicity)

p(t) = ¢(0) = lim (" (t) = ™(0)) = lim [ L™@"(s)ds

m—0o0 m—oo Jq
t

= lim [ (Lop™(s) +G™ Kmp™(s))ds

m—00 0
t

= lim [ (Lop?(s) +G™ K™ (s))ds

m—r 00 0

- /0t<£090ﬂ(3) + G (s))ds,
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where the second-to-last step follows from our uniform bounds on Ly, G"™~, K™ and the
convergence of ¢™* to ¢, and the last step follows from our bounds for G=, K together
with the dominated convergence theorem. If o > 9/2, then ¢ € D(L) by definition, see
Lemma @ Moreover, in that case Ly € C(Ry,T'L?) and since ¢(t) — ¢(s) = [ Lo(r)dr
we get p € C'(R,,T'L?). In this last case we can compute as follows

Oclle()II* = 2(e(t), Loo(t)) <0,

using the dissipativity of £ (Lemma [2.22)). Therefore we conclude that for any solution we
have ||¢(t)]| < ||¢o]| which together with the linearity of the equation gives uniqueness. [

Remark 3.7. We focused on the backward equation, but by similar (and actually slightly
easier) arguments we can also solve the resolvent equation (A — L)y = for A > C/2 and
v €U, where C' > 0 is the constant from Corollary . Since U and D(L) are dense and L
is dissipative by Lemma it follows from Theorem 1.2.12 of [EK86] that L generates
a strongly continuous contraction semigroup on L*(u). Then we can apply Kolmogorov’s
extension theorem to construct, for all initial distributions with L? density with respect to
i, a Markov process corresponding to this semigroup. However, it seems a bit subtle how
to get the continuity of trajectories or the link with the martingale problem in this way. To
be in the setting of [EKS86] we would need a semigroup on Cy(E) for a locally compact and
separable state space E, but since we are in infinite dimensions our state space cannot be
locally compact. A canonical state space would be H='/>=(T), but it also seems difficult to
show that T, maps Cy(H~Y27) to itself, let alone that it defines a semigroup on that space. So
instead we will construct the process directly by a tightness argument based on the martingale
problem.

4 The martingale problem

Definition 4.1. We say that a process (ug)i=o with trajectories in C(Ry,S’), where 8" are
the Schwartz distributions on T, solves the martingale problem for £ with initial distribution
v ifug ~ v, if law(u;) < n for all t > 0, and if for all p € D(L) and t > 0 we have
fot |Lo(us)|ds < oo almost surely and the process

() — (uag) — / Co(u)ds, 30,

is a martingale in the filtration generated by (u;). Note that since v and Ly are not cylinder
functions we need the condition law(u;) < 1 in order for o(u;) and Lp(ut) to be well defined.

Due to our lack of control for L outside of I'L?, the following class of processes will play
a major role in our study of the martingale problem.

Definition 4.2. We say that a process (uy)=0 with values in S8’ is incompressible if for all
T > 0 there exists C(T) > 0 such that for all ¢ € TL?

sup Ef|p(uw)[] < C(T)]#]-

t<T
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We will establish the existence of incompressible solutions to the martingale problem by
a compactness argument. The duality of martingale problem and backward equation gives
uniqueness of incompressible solutions to the martingale problem. Since the domain of £ is
rather complicated, we then study a “cylinder function martingale problem”, a generalization
of the energy solutions of [GJ14, [GJ13, (GP18a], and we show that every solution to the
cylinder function martingale problem solves the martingale problem for £ and in particular
its law is unique.

4.1 Existence of solutions

In the following we show that under “near-stationary” initial conditions the Galerkin
approximations (u™),, solving are tight in C(R,,S8’), and that any weak limit is an
incompressible solution to the martingale problem for the generator £ in the sense of
Definitions [4.1] and [4.2] The following elementary inequality will be used throughout this
section:

Lemma 4.3. Let u™ be a solution to (9) with law(u') < p with density n € L*(n). Then
we have for any V: C(R;,8) - R

B[ (u™)] < [|nl|E,[¥ (™)),

where P, denotes the distribution of u™ under the stationary initial condition ug' ~ p. In
particular u™ is incompressible.

Proof. The Cauchy-Schwarz inequality and Jensen’s inequality yield

1/2
B0 ()] = [ B < ol [ELoEa) < b2
[]

Recall that D, denotes the Malliavin derivative.

Lemma 4.4. Let u™ be a solution to (9) with law(ul') < p with density n € L*(n). Let
© € D(L™) and consider M"Y = @(u*) — ¢(ug") — fot Lmo(ul)ds. Then M™% is a
continuous martingale with quadratic variation

t
(M™%, :/ Ep(uny(s))ds, where &,0:2/|8xDx90|2dx. (34)
0 T
Moreover, for w: Ny — R, we have
lw(N)(Ep) 2l = V2l [wW = 1)(=Lo) " ?e]l. (35)

Proof. For cylinder functions ¢ the claim follows from It6’s formula, and in that case the
Burkholder-Davis-Gundy inequality gives for all T' > 0

Efsup [M;"#[) S E[(M™)3/%] < InEu[(M™)z]" = || T2 (E¢) ]

t<T
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The “energy” on the right hand side can be computed as

(W) (E) 22 =2 / |w(A)3, Do da

- 2/ (Z(n - 1)'11)(71 - 1)2n2‘|8m90n(x7 T2:n)"%%(’]1‘n1)) dzx
T n=1
_ QZn'w (n = 1% 127k 2@ (k) [
kln
=2 Zn!’w(n =12 (127ka|* + - - + [27kn|*) [ @ (K1)
n=1 k1in

= 2wV = 1)(=Lo) ¢,

so since D(L™) C (—Lo) V(1 +N)"'T'L? and cylinder functions are dense in (—Lg)~*/2(1 +
N)~IT'L? by Proposition , we deduce that if (™), C C converges in (—Ly)~V/2(1 +
N)TITL? to ¢ € D(L™), then M™#" converges to a continuous martingale M™¥ with
quadratic variation (M%), = fot Ep(um(s))ds. On the other hand it follows from the bounds
in Lemma that M (u) — M (u) — fot LM (u™)ds converges to p(u™) — p(ult) —
fot L™ p(u™)ds, and therefore

M = o(u)*) — o(ug") / L™

]

To prove tightness we need to control higher moments, and for this purpose the following
classical result is useful.

Remark 4.5. Let p > 2 and define ¢, :== /p — 1. It follows from the hypercontractivity of
the Ornstein-Uhlenbeck semigroup, see [Nua06, Theorem 1.4.1], that |||p[P/?||> < ||CZ/;/§0||p for
all p € TLA.

In Lemma we defined a domain D, (L) of functions that are mapped to w(N)'T'L?
by L. If w(n) = ¢, for the constant ¢, > 0 of Remark , we write Dy(L) := D, (L) from
NOW OL.

Theorem 4.6. Let n € L?(u) and let u™ be the solution to (3) with law(uZ) ~ ndu. Then
(U"™)men 18 tight in C'(R4, S") and any weak limit u is incompressible and solves the martingale
problem for L with initial distribution ndu.

Proof. 1. We first consider p > 2 and ¢ € Dgp(ﬁm) and derive an estimate for E[|¢(uf") —
e(u)|P]. For that purpose we split ¢(u}") f L™p(u™)dr + M™% — M™%, and
observe that by Lemma [4.3] and Remark [4.5 -

t t
]E{/ L"o(u™)dr /,Cmgo(u:,”)dr
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The martingale term can be bounded with the help of the Burkholder-Davis-Gundy inequality

and (53): )
([ eswms)"| <o [([ o) ]

E[|M;™7 = M#]P] S E
St = sPPI(ER)2N < [t — P2 (lep(E0) 2P
S 1t = sl chy(—Lo) ' PP
2. Let now ¢ € ¢V (—Lg ) ITL? M eyY (14 N)~2(—Ly)"Y2T'L2. We apply Step 1 and
to find for all M > 1 a ™ € D,,(L™) with
Ello(uf") = ¢(u)"] S Ellp(uy”) — o™ ()] + Ello(u) — ¢ (u")[7]
+E[J (u") — o (ug")I7]
S e = @M PI 1t = sl ch(—Lo) 2RMP + |t — slP[lep £ |17
S lleap(e = @7 + [t = sl [leqp(=Lo) /2M P + |t = s |, £ ™ |17
S M7PP||cgell” + |t = sP/||chy(—Lo) P
+ [t = s MP([|cy(—Lo)ollP + lleay (1 + N2 (=Lo) o).

For |t — s| < 1 we choose M = |t — 5|~ and see that the right hand side is of order |t — s[P/2.
The law of the initial condition @(ug") does not depend on m, and thus it follows from
Kolmogorov’s continuity criterion that the sequence of real valued processes (¢ (u ))m is tight
in C(R,,R) whenever p > 2 and ¢ € w(N) "} (—=L) TL2Nw(N) "L (1+N)~2(=Ly) V2T L2
This space contains in particular all functions of the form p(u) = u(f) with f € C*(T), where
u(f) denotes the application of the distribution u € &’ to the test function f. Therefore, we
can apply Mitoma’s criterion [Mit83] to deduce that the sequence (u™) is tight in C(R;,S’).
3. It remains to show that any weak limit u of (u™) solves the martingale problem for £
with initial distribution ndu. As uf* ~ ndp, also any weak limit has initial distribution ndgu.
To show that u solves the martingale problem, first observe that for any ¢ € I'L? we have

Eip(u) ] < lim inf E[[ip(u")]] < lim inf [} ]

and therefore we have for any bounded cylinder function o

lim sup [Efip(ur)] — Elo(u")]] < Ef|(o - ™) () |+
+limsup {[E[¢" (ur)] — E[p" (u")]| + E[l (2 — ") (u")[] }

m—00
Slle—¢
which shows that the left hand side equals zero because bounded cylinder functions are dense in
['L?. The same argument also shows that lim sup,, ., ‘E [f: gp(u,ﬂ)dr} —-E [f; go(urm)dr} ’ =0
and then that for ¢ € D(L) and G bounded and continuous on C([0, s],S")

B [ (ipu) - ptu) = [ Lotun)dr) Gl(urhen)
= tim B | (o) - o) - [ cotu ) ) Gl e

m—0o0

ol
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This is not quite sufficient, because u™ solves the martingale problem for £™ and not
for £. But since ¢ € D(L) there exists ¢* with ¢ = K¢, so let us define o™ = K™k
It follows from the dominated convergence theorem and the proof of Lemma that
lo™ — || = 0 as m — co. Moreover, L™ = Lyp* + G™=K™p*, and therefore another
application of the dominated convergence theorem in the proof of Proposition [2.18 shows
that ||[L"¢™ — Lp|| — 0. Hence

m—00

i [ () — () = [ Loturar) Gl o)
= i B[ (e ) - o) - [ £memuar) 6] =0

m—0o0
which concludes the proof. O

Remark 4.7. For simplicity we restricted our attention to n € L*(u). But it is clear that
the same arguments show the existence of solutions to the martingale problem for initial
conditions ndp with n € L% (u) for ¢ > 1. The key requirement is that we can control
expectations of u™ in terms of higher moments under the stationary measure P,, which also
works for m € Li(u). The only difference is that for ¢ < 2 we would have to adapt the
definition of incompressibility and restrict our domain in the martingale problem from D(L)
to Dy (L), where ¢' is the conjugate exponent of q. On the other hand the uniqueness proof
below really needs n € L? because we can only control the solution to the backward equation
n spaces with polynomial weights, but not with exponential weights.

4.2 Uniqueness of solutions

Let n € T'L? be a probability density (with respect to u). Let the process (u;)i=0 € C(R,S’)
be incompressible and solve the martingale problem for £ with initial distribution ug ~ ndgu.
Here we use the duality of martingale problem and backward equation to show that the law
of u is unique and that it is a Markov process with invariant measure .

In Lemma in the appendix we show that for p € C(R,,D(L)) N CY (R, T'L?) the
process ©(t,u) — (0, ug) — fg(@s + L)p(s,us)ds, for t > 0, is a martingale. This will be an
important tool in the following theorem:

Theorem 4.8. Let n € TL* withn >0 and [ ndp = 1. Let u be an incompressible solution
to the martingale problem for L with initial distribution ug ~ ndu. Then w is a Markov
process and its law is unique. Moreover, | is a stationary measure for u.

Proof. Let ¢y € U and let ¢ € C(R,,D(L)) N CY(Ry,T'L?) be the solution to dyp = L
with initial condition p(0) = ¢ that is given by Theorem [3.6] Then we get for ¢ > 0 from
Lemma [A.3] that

Elpo(ue)] = E[o(t — t,u)] = E {w(t = 0,u0) + /O (=0ip(t = 5,u5) + Lo(t = 5, u,))ds
= Elp(t, u(0)] = (p(t),m

is uniquely determined. Here we used that || — 0yp(t — s) + Lo(t — s)|| = 0 implies by
assumption also E[| — Oyp(t — s,us) + Lo(t — s,us)|] = 0. It is easy to see that U is dense

30



in D(L), and since D(L) is dense in TL? and E[|¢)(u;) — 1 (u;)|] < [|¢ — ¥||, the law of uy is
uniquely determined.

Next let 1, be bounded and measurable and let ¥y € U. Let 0 < t; < ty and let
Oypa = Ly with initial condition ¢5(0) = 1b. Then

E[1)1 (s, )92 (u,)] = Elthy (ur, )pa(ta — t2, us, )]
— 8 [n(ua) {atta — ) + [ -0+ Lt sy |
= K[ (ur, )pa(ta — t1,ur, ).

Since we already saw that the law of u(¢;) is uniquely determined, also the law of (uy,, uy,)
is unique (by a monotone class argument). Iterating this, we get the uniqueness of
law(wg,, ..., uy, ) for all 0 < ¢y < ... < t,, and therefore the uniqueness of law(u, : t > 0).

To see the Markov property let 0 <t < s, let X be an F; = o(u, : r < t) measurable
bounded random variable, and let g € U. Then for the solution ¢ to the backward equation
with initial condition ¢(0) = pq:

E[Xgo(us)] = E[Xe(s — 5,u,)] = E [X <g0(s )+ /t (04 L)pls . ur)dr)}
=E[Xp(s — t,u)],

which shows that E[pg(us)|F] = ©(s — t,u) = E[po(us)|u]. Now the Markov property
follows by another density argument.

To see that u is stationary with respect to pu it suffices to consider the specific approx-
imation that we used in the existence proof, i.e. the Galerkin approximation with initial
distribution law(ug') = p. This is a stationary process and it converges to the solution of
the martingale problem, which therefore is also stationary and has initial distribution p. [

Remark 4.9. The strong Markov property seems difficult to obtain with our tools: If T is
a stopping time, then there is no reason why the law of u, should be absolutely continuous
with respect to w, regardless of the initial distribution of uw. Since such absolute continuity is
crucial for our method, it is not clear how to deal with (Ur4¢)i=0 (although formally of course
the same arguments as above apply).

Definition 4.10. We let (T}); be the semigroup on T'L? given by, for ¢ € T'L?,

(Tip,n) = Epaulo(w)],  nelL?n> Oa/ndu =1,

where u solves the martingale problem for L with initial condition law(ug) = ndu; for more
general n € TL* we define (Typ,n) by linearity, so by the Riesz representation theorem we
have indeed Ty € T'L2.

Proposition 4.11. The semigroup (1), is a strongly continuous contraction semigroup on
I'L? and

¢
thp:g0+/ T, Lods, t>0
0
for all p € D(L). The Hille-Yosida generator L of (Ty); is an extension of L.
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Proof. Since p is stationary for u we have ||Tip|| < ||¢]| for all t > 0, i.e. (7}) is a contraction
semigroup. From the martingale problem it follows also that for ¢ € D(L)

t
Ttg0:g0+/ T Lods, t=>0
0

and therefore we get the strong continuity in ¢, which by approximation extends to ¢ — Ty
for all ¢y € T'L?2 We conclude that 9;Tip|—o = Lo and thus £ is an extension of L. O

4.3 Exponential ergodicity

The Burgers generator formally satisfies a spectral gap estimate and should thus be exponen-
tially L? ergodic. Indeed, its symmetric part is £ for which the spectral gap is known, and
its antisymmetric part G should not contribute to the spectral gap estimate, see e.g. [GZ03]
Definition 2.1]. Having identified a domain for £, we can make this formal argument rigorous.
We remark that the ergodicity of Burgers equation was already shown in [HMI8], even in a
stronger sense. The only new result here is the exponential speed of convergence (and our
proof is very simple).

Consider ¢ € U and let (¢(t)) be the unique solution to the backward equation that we
constructed in Theorem starting from ¢(0) = ¢. From Proposition we know that
Tip = ¢(t) and from Lemma we obtain

8t%\|<p(t)||2 = —[(=L0) ()]

Assume that [ odu = @ = 0 for the zero-th chaos component, which by construction holds
whenever (K~'¢)y = 0. Using the stationarity of (u;) with respect to u we see that then
also (¢(t))o = 0. Recall that F(¢(t))n(k1.n) = 0 whenever k; = 0 for some 4, which leads to

I(=Lo)' 2o®)1* = 1212021,
and thus ;]| (t)[|? < —872||¢(t)]|?, and then from Gronwall’s inequality
ITell < e ™. (36)

This holds for all ¢ € U with [¢dp = 0, but since the left and right hand side can be
controlled in terms of ||¢]| it extends to all ¢ € I'L? with [ ¢du = 0. There are two main
consequences:

1. The measure p is ergodic: Recall that the set of invariant measures of a Markov
process is convex, and the extremal points are the mutually singular ergodic measures.

—a.s.

Moreover, j is ergodic if and only if for all A € &' with T,14 "= 14 for t > 0 we have
p(A) € {0,1}, see [EbelT, Theorem 2.12]. But from (36) we know that T;14 — u(A)

as t — 00, and the only possibility to have 14 “=" pu(A) is if u(A) € {0,1}. Therefore,
1 is ergodic and in particular there is no invariant measure that is absolutely continuous

with respect to u, other than u itself.

2. We can solve the Poisson equation ﬁcp = ¢ for all ¢ € T'L? with [¢du = 0 by setting
Y= fooo Ty1pdt, which is well defined by . Here £ is the Hille-Yosida generator and
we do not necessarily have ¢ € D(L).
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4.4 Martingale problem with cylinder functions

The martingale approach to Burgers equation is particularly useful for proving that the
equation arises in the scaling limit of particle systems. The disadvantage of the martingale
problem based on controlled functions is that, given a microscopic system for which we want to
prove that it scales to Burgers equation, it may be difficult to find similar controlled functions
before passing to the limit. Instead it is often more natural to derive a characterization
of the scaling limit based on cylinder test functions. Here we show that in some cases
this characterization already implies that the limit solves our martingale problem for the
controlled domain of the generator, and therefore it is unique in law. The biggest restriction
is that we have to assume that the process allows for the It6 trick:

Definition 4.12. A process (u;)i=0 with trajectories in C(R,,S") solves the cylinder function
martingale problem for £ with initial distribution v if ug ~ v, and if the following conditions
are satisfied:

i. Ellp(u)]] < ||l locally uniformly in t, namely u is incompressible;

ii. there exists an approzimation of the identity (p°) such that for all f € C°(T) the process

M = w,(f) — uo(f) — lim tﬁeus(f)ds

=0 J,

is a continuous martingale in the filtration generated by (u;), where
Lou(f) = Lou(f) + (0u(ux p°)?, f)r2m);

moreover M7 has quadratic variation (M), = 2t||0, f|2..

1i. the Ito trick works: for all cylinder functions ¢ and all p = 1 we have

/Ot p(us)ds

Remark 4.13. In |GJ14,[G.J15] so called stationary energy solutions to the Burgers equation
are defined. The definition in [GJ15] makes the following alternative assumptions:

P
B [sup ] < TP (— L) P

t<T

i’ For all times t > 0 the law of u; is p;

i’ the conditions in 1. above hold, and additionally the process lim._, f(f Leug(f)ds has
vanishing quadratic variation;

i’ for T > 0 let 4y = up_;; then Mtf = u(f) — uo(f) + lim. o fotﬁgﬁs(f)ds s a
continuous martingale in the filtration generated by (4;), with quadratic variation
(31F), = 200, f12..

Clearly i’. and ii’. are stronger than i. and ii., and it is shown [GP18d, Proposition 3.2]
that any process satisfying i’., i’., 11’. also satisfies the first inequality in

p
} STRIERP P S TPl (€0) 2 IP = T2 (—Lo) 20,
(37)

t
E[sup / Lop(us)ds
0

t<T
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where the second inequality uses Remark and the third inequality is from . If
f edp =0, we can solve —Ly) = ¢ and then applied to ) gives

/Otw(us)ds

i.e. a stronger version of . Therefore, we also have uniqueness in law for any process
which satisfies i’., 1. and 4’., or alternatively i., ., and .

Note that the constant cé\g i 141, 1s not a typo. This is what we get if we consider a
non-stationary process whose initial condition has an L*-density with respect to p and we
apply Lemma [f.5 to pass to a stationary process that has the properties above.

P
E [sup ] < TP (— o) P,

t<T

In the following we assume that u solves the cylinder function martingale problem for £
with initial distribution v, and we fix the filtration F; = o(us : s € [0,¢]), t > 0.

Lemma 4.14. Let p(u) = ®(u(f1),...,u(fr)) € C be a cylinder function. Then the process

t

M7 = @(ug) — o(ug) — lim [ L™p(us)ds

m— 00 0

is a continuous martingale with respect to (F;), where

L™p(u) = Lop(u +Zaq> )y ooy u(fi)) (B (W), fi) 2 (m)

for Bp,(u) := 0,11, (T1,,,u)?.
Proof. Let us write
a () =l + [ s+ AP 4
0
= U(](f) + /0' us(Af)ds + /0 (Bm(us), f>L2(’]I‘)d5 + Mtf

for f € C°°(T). Then by Itd’s formula the process

t t k
o) = o) = [ Laptuyas = [ S008I, .l (f)aA>

is a martingale. In [GP18al Corollary 3.17] it is shown that for all & < 3/4 and all "> 0
and p € [1,00) we have E[||A™/i — A%|?,, (o)) — 0 for the limit Ali of A™Ji; here
C*([0,T],R) is the space of a-Holder continuous functions. Strictly speaking in [GPlSa]
only the approximation d,(Il,,u)? is considered, but it is easy to generalize the analysis to
0,11, (IT,,u)?. In particular

p

} 0

m—00

i [ou) = o)~ [ Laptuas = (o) = pluo) = [ Lupluyas)
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Moreover, we can interpret fot Ele 0 @(u™(f1), ..., u™(fr))dA™i as a Young integral and
e.g. by Theorem 1.16 in [LCLOT] together with the Cauchy-Schwarz inequality we have

t k t k
/0Z&@(u;ﬂ(fl),...,ug”‘(fk))dAg"’fi—/0 D 0 0(us(f1), - us(fi))dATS
i=1 i=1

k
S D B0 @™ (1), - u™(fr) = Bi®(u(fr), - ulFi)Es o,rymy) *EUA™ [0 0.y 20) 2
1=1

whenever 5 > 1 — « and a < 3/4. Since 0;® is locally Lipschitz continuous with polynomial
growth of the derivative and we can take [ < «, the convergence of the first expectation to
zero follows from the convergence of u™ to u in LP(C*([0,T],R)). The second expectation
]E[HAm’fiH%a([O’T]’R)] is uniformly bounded in m by the considerations above, and therefore
the difference converges to zero. Very similar arguments yield

lim E

m—r0o0

Y

t k
/OZ@"”WI%- s (fi))dAT = /Zaq)us £, ua(fi)dAS

and since all the convergences are in L' we get that

MP = () = oluo) = [ Logluds = [ Zacb w2 e f))dAS

m—00

= p(ur) — p(uo) / Lop(us)ds — lim Z 0 ®(us(fr), ..., us(fr))dATFi
i=1

is a continuous martingale. O

While it is not obvious from the proof, here we already used that the It6 trick works for
(ut). Indeed, Corollary 3.17 of [GP18a] crucially relies on this.

Theorem 4.15. Let u solve the cylinder function martingale problem for L with initial
distribution v. Then u solves the martingale problem for L in the sense of Section /.1, and
in particular its law is unique by Theorem [{.8

Proof. Let o € D(L) and define o as the projection of ¢ onto the chaos components of
order < M, and in each chaos we project onto the Fourier modes |k|., < M. In particular,
oM € C and by Lemma the process

t

MfM = @M(ut) — QOM(UQ) — lim EmgoM(us)ds

m—o0 0

is a martingale. By construction E[|p™ (u;) — o™ (ug) — p(us) — o(u)|] — 0 as M — oo, so
if we can show that
|=0

then the proof is complete. Since we saw in the proof of Lemma [£.14] that the integral
[y £7™oM (ug)ds converges in L', we can take out the limit in m from the expectation (or we

lim E

M —o0 |: m—00

t t
lim / £m<pM(uS)ds—/ Lo(us)ds
0 0
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could just apply Fatou’s lemma), so that it suffices to show that the right hand side of the

following inequality is zero:
¢
[ e~ o]
0

Se lim lim [[(=Lo) 2L — Lo)|

M —00 m—00

< dim lim [[[(=Lo)2 (0™ = @) + [I(=Lo) " 2(G" ™ — Go)].

M —00 m—00

lim lim E {
M — 00 m—o0

For the first term on the right hand side this follows from the fact that ||(—Lo)Y2¢| <
1(—Lo)"?¢*|| by Lemma and from the dominated convergence theorem. For the second
term on the right hand side we have by the triangle inequality and Lemma

(=L0)2G™ (M = @)l +I(=Lo)"2(G™ = G)o)

I(=L0)"2(G™ ™ = G| < (=L
SI=Lo) 21+ N)(™ = ) + I(=Lo)"2(G™ = ).

|
I
The first term vanishes as M — oo, by the same argument as before. The second term

vanishes by the uniform estimates of Lemma together with the dominated convergence
theorem which shows that (G™ — G) goes to zero as m — o0. O

5 Extensions

The uniqueness in law of solutions to the cylinder function martingale problem is not new,
the stationary case was previously treated in [GP18a] and a non-stationary case (even slightly
more general than the one we study here) in [GP18b]. This was extended to Burgers equation
with Dirichlet boundary conditions in [GPS17]. However, these works are crucially based on
the Cole-Hopf transform that linearizes the equation, and they do not say anything about
the generator £. In the following we show that our arguments adapt to some variants of
Burgers equation, none of which can be linearized via the Cole-Hopf transform. In that sense
our new approach is much more robust than the previous one.

5.1 Multi-component Burgers equation

Let us consider the multi-component Burgers equation studied in [FHI7, [KM17]. This
equation reads for u € (R, (S')9) as

d
O = Au' + )y Tidp () + V20,8, i=1,....d,

Jy'=1

where (€1,...,£%) are independent space-time white noises and we assume the so called

trilinear condition of [FHI1T]: '
Dy =15 = F;"w

i.e. that I' is symmetric in its three arguments (7, j, j'). Under this condition the product

measure p®? is invariant for u, also at the level of the Galerkin approximation, see Proposi-

tion 5.5 of [FHI7]. We can interpret 4®? as a white noise on L3({1,...,d} x T) ~ L3(T,R%),
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equipped with the inner product
d d
i=1 i=1

and where we assume that f(i,0) := ﬁ(O) = 0 for all 7, and similarly for g; see also
Example 1.1.2 of [Nua06]. To simplify notation we write Ty = T x {1,...,d} in what follows,
not to be confused with T¢. Cylinder functions now take the form ¢(u) = ®(u(f,),...,u(fs))
for @ € CZ(R7) and f; € C(Tq) ~ C=(T,R?), where the duality pairing u(f) is defined as

=D _u'(f) =D w(fGi, ),

i=1

and in the following we switch between the notations f*(z) = f(i,x) depending on what
is more convenient. The chaos expansion takes symmetric kernels ¢, € L3(T%) as input,
and the Malliavin derivative acts on the cylinder function p(u) = ®(u(f1),...,u(f;)) with
fi € C=(Ty) ~ C>(T,R?) and ® € C}(R’) as

J
Dep = Diayp = > 0;®(u(f1), ..., ulf) f}(x Z@@ s u( ) f5(0),

J=1

where from now on we write ¢ for the elements of T,. We also have D:-W,(p,) =
nWh_1(¢n(C,-)) as for d = 1. Let us define formally

B(u)(() = Z F ,8 u uj (Z FZ ,8 (5(]-:5) ®5(j’m))> ,

J,3'=1 J,3'=1

where 6(;2)(7y) = 1,—;6(x — y). Then the Burgers part of the generator is formally given by

Go(u) = (B(u), Do(u)) 12(r,) = /CB(U)(C)Dcso(U)dC-

This becomes rigorous if we consider the Galerkin approximation with cutoff II,,, but for
simplicity we continue to formally argue in the limit m = oo. We have the following
generalization of Lemma [2.4}

Lemma 5.1. We have G =G, + G_, where
d .
G Walpn) =W (/( Z F;j’aﬂc((s(jx) ® 5(j’z))(')90n((ix)> )) )

)j,j'—l

G-Walpn) = 2n(n — 1)Wp </( Z L2082, (0 (1222) 8 1) () on (121, (i), ')) :

i121),(i222) jg'=1
and moreover we have for all ¢, 1 € L*(T"™) and o, € L*(T")
Wis1(@ns1), G Wil@n)) = —(G-Wai1(0nt1), Walon)).
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Proof. This follows similarly as in Lemma making constant use of the trilinear condition
for T'. O]

The Fourier variables now are indexed by Zg x {1,...,d} =: Z4, and we write (ik), (i, k)
or k for the elements of Z,4, and

f(w) = £, k) = / eI e, k= (ik) € Za,

We have for o =" W, (p,):

leoll* = Zn' > l@als

KELY

Lemma 5.2. In Fourier variables the operators Ly, G, G_ are given by

Jr(*COSO)nO{l:n) = _(|27Tk71|2 +oet |27Tkn|2)¢n(’{1:n)a
d

F(Gr@)n(ki1m) = —(n—1) Z T i, 2me(ky + ko) @n (i, by + k2), Kaing1),

F(G-@)n(k1n) = —2mikin(n + 1 Z L Z n((J1P); (J29), K2:nt1),

Ji,j2=1 p+q=Fk1
respectively.
Proof. The proof is more or less the same as for d = 1. m

In other words G, and G_ are finite linear combinations of some mild variations of the
operators that we considered in d = 1. In particular they satisfy all the same estimates
and we obtain the existence and uniqueness of solutions for the martingale problem for
L=Ly+ G, + G_ as before, and also for the cylinder function martingale problem.

5.2 Fractional Burgers equation

In the paper [GJ13] the authors not only study our stochastic Burgers equation, but also
the fractional generalization

ou = —A%u + 9,u? + A%,

for # > 1/2 and A = —A. They define and construct stationary energy solutions for all
0 > 1/2, and they prove uniqueness in distribution for # > 5/4. Here we briefly sketch how
to adapt our arguments to deduce the uniqueness for 6 > 3/4, also for the non-stationary
equation as long as the initial condition is absolutely continuous with density in L*(p).
Unfortunately we cannot treat the limiting case §# = 3/4 which would be scale-invariant and
which plays an important role in the work [GJ18].

In Section 4 of [GJ13] it is shown that w is still invariant under the distribution u of the
white noise. By adapting the arguments of Lemma 3.7 in [GP18al] we see that the (formal)
generator of u is given by

L=Ly+G,

38



where

-7:<£990)n(k1:n) = _<|27Tk1’29 +oeet |27Tkn|29)¢n(k1:n)-

Up to multiples of V' we can estimate (—Ly) by (—Lg)? and vice versa, so we would expect
that (—Ly)~! gains regularity of order (—L)~?. We saw in Lemma [2.8 that G loses (—Lg)*/*
regularity, and therefore it is canonical to assume 6 > 3/4, so that we can gain back more
regularity from the linear part of the dynamics than the nonlinear part loses. To construct
controlled functions we only need to slightly adapt Lemma and replace (—Ly)~! by
(—Ly)~t. For simplicity we restrict our attention to < 1 because this allows us to estimate

(1Baf*” o+ RaP) T < (R 4+ R0 e [(=Lo) ol S N(=Lo) 0l (38)

Lemma 5.3. Let 0 € (3/4,1], let w be a weight, let v € (1/4,1/2], and let L > 1. For
N, = L(1 + n)3/149=3) we have

lwN)(=Lo) (= L0) 1G]l S [w| L7 w(N) (= Lo) oI, (39)

where the implicit constant on the right hand side is independent of w. From here the
construction of controlled functions p = K¢* = (—Lo)7'GTp + o for given ©* works as in
Lemma [2.14)

Proof. We treat G and G~ separately. Using (38) and that 1 —2v > 0, the G7 term can be
estimated as in the proof of Lemma [2.14;

Z‘F [,9) 1g+90) (klzn)‘Q
kln
(B4t 2> ) )
<n Tpi=nns2 + Lern1loe>Nay2) n Gns (brs)|
zlnz:lp e | 2 2D G2+ [ [2) %
]Ieln loo/Nn R
sn Z <N3 Yt | +‘52> )29_3/2> (G4 2 D) Pn1(lrn1)]?
l1m—1

Sn Z Ng_w(@ + A ) P (i) P

Zl:nfl

where the third step follows from Lemma (and here we need 6 < 3/4).

For the G_ term we have by the same arguments as in Lemma and using and
that 0 > 3/4

1 SN, /{2 3/2 X
S TIF(—L0) (—L6) 7' G7 0 (Frn) |2<Z ; "' = +§<:21>)29 ST 0+ AP Pii (. 4 ko)

k1:n p+q=Fk1

N3 49714 Z 62 . +€i+1)27|¢n+1<€1:n+1)|27

Liint1
and from here on the proof is the same as for Lemma [2.14] O

Proposition remains essentially unchanged in our setting, because for ¢ = K¢# we
have Lo = GZp + Ly, The only difference is that, since we still want to measure regularity
in terms of (—Lo), we have || Lo || < [INT9(—Lo)p?|| by Hélder’s inequality. Also the proof
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of Lemma [2.19] carries over to our setting. And also the analysis of the backward equation
is more or less the same as before. The main difference is that now we only have a priori
estimates in (—Ly)"%?T'L? and no longer in (—Lg)~Y/?T'L? (with weights in /). But for
the controlled analysis it is only important to have an a priori estimate in (—Lo)~"/4~°T'L?,
because that is what we need to control the contribution from G=. So since /2 > 3/8 > 1/4
the same arguments work, and then we obtain the existence and uniqueness of solutions to
backward equation and martingale problem by the same arguments as for § = 1, and also
the cylinder function martingale problem has unique solutions in this case.

5.3 Burgers equation on the real line

Burgers equation on R, x R is very similar to the case of periodic boundary conditions. The
only difference is that now instead of sums over Fourier modes we have to consider integrals,
which might lead to divergences at k ~ 0. But since most of our estimates boil down to
an application of Lemma [A.1] and this lemma remains true if the sum in k is replaced
by an integral, most of our estimates still work on the full space. In fact all estimates in
Section [2| remain true, but some of them are not so useful any more because we no longer
have |||l < ||(=Lo)7¢|| for v > 0 and [ du = 0. But we can strengthen the results as
follows (with the difference to the previous results marked in blue):

e In Lemma we can use the cutoff 1y, | >n, to estimate

lw(N) (1 = Lo)7(=L0) "Gl S w(N)(=Lo) (= L0) "Gl S w] L2 [w(N) (= Lo) ¢

< Jwl L2 w(N) (1 = Lo) 7|
and thus
o) (1 = Lo) I + L2 [[w(N) (1 = L) (KpF — ¢F) | S w(N)(1 = Lo) ¢
Similarly we get in Lemma the better bound

lwN) (1 = Lo)7(=L0) "Gl S wlllw(N) (1 +N)P2(=Lo) ™).

e In the proof Proposition we simply bound (kf + -+ + k2)* L. jo<n, < RN,
and of course this works also with (1 + k? + -+ + k%), so that we get the slightly
stronger result

lw(N) (1 = Lo)'G ]l S lw(N)(1 +N)2H (= Lo) /14

e The definition of the domain in Lemma [2.19| is problematic now, because it does not
even guarantee that D(L£) C I'L% So instead we set

Dy(L) = {K¢* : o' € wN) L (=Lo) 'TL2 N w(N) 11 + N)™2(1 — £,)" VT L2},
and then we get from the stronger version of Lemma the better estimate

lw(N) (1 = Lo) 2 (@™ = )| £ M7V lw(N)(1 = Lo)*9]],
lwN) (1 = Lo)2M || < w(W) (1 = Lo)' 29|
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e The analysis in Section [3.1] does not change, and Lemma [3.1] together with Corollary [3.3]
give as an a priori bound on [|(1 4+ N)¥(1 — Lo)Y2¢o™|| and ||(1 +N)*0,¢™|| in terms
of ¢p".

e In the controlled analysis of Section [3.2] we can strengthen the bound from Lemma
to control ||(1 +AN)*(1 — L£o)/2¢™*#|| in terms of ", and this is sufficient to control
(1 —Ly)"G™=p™. Also for the other terms we now bound (1 — £()7(-) instead of
(—Ly)7(-). Here we need the strengthened version of Lemma mentioned above,
and we also use that ||(1+N)*(1 — Ly)?Sp]| < (t7° v 1)][(1 +N)*||. In the end we
get strong solutions to the backward equation for initial conditions in

U= | KO+N)PD (1= Ly) ' TL? CTL
Y€(3/8,5/8)
e Existence and uniqueness for the martingale problem are exactly the same as on

the torus, the only difference is that we have to use the strengthened version of
Proposition to approximate cylinder functions by functions in D(L).

e The cylinder function martingale problem is more complicated: In the proof of Theo-
rem we used that ||(—Lo) 2G| < [|(—Lo)?¢||, which is no longer true on the
full space. But we can decompose G = G_ 4+ G, and estimate the contribution from G_
by directly using Lemma for v = 0, without applying the It6 trick (it follows from
Young’s inequality for products that D(£) C (1 + N)~1(—=L)"*/*T'L?). And for G,
we can use the Ito trick together with the bound ||(—Lo)~Y2G, o < [(=Lo) V4| <
(1 — L£o)/2¢||, where the right hand side is under control.

In that way all results from Section 4] apart from Section carry over to Burgers
equation on the full space. Of course the exponential ergodicity of Section does not hold
on the full space, because Ly no longer has a spectral gap.

A Auxiliary results

The following simple estimate is used many times, so we formulate it as a lemma.

Lemma A.1. Let C >0, a > 1/2, and k € Z be such that k* + C > 0. Then

> (reve) =X (rratire) =(ete)

pta=k

Proof. Since p? + (k — p)? ~ p* + k%, we have

1 ¢ > 1 ¢
> ) <[ Gewc)
~\p*+ (k—p)?+C 0o \Y+E+C

[N




and since 2a > 1 the integral on the right hand side is finite and our claim follows. O

Lemma A.2. In the context of Lemmal[2.14) let now v € (1/4,3/4). Then we have
[N (=L0)"(=Lo) "G ¢l S lwllwN) (1 + NP2 (=Lo) .
Proof. In the proof of Lemma we derived the estimate
lw(N)(=Lo)"(=Lo) ' GFe]”

<N nlw(n)? G+ 40, . )
< an(n) n Z Loy ilsoVip=Na A p—r 1)2_2,y|§0n—1(€1:n—1)| )

n=2 él:n—l,p
For v < 3/4 (which is equivalent to 2 — 2y > 1/2) it follows from Lemma that
02 4+ 02
nlw 1 1 n—1 5 (0 )
nzﬂ 31;1? |Z1n lloo\/‘p|>Nn< 2 —I'_ E% + A _|_ 6121_1)2_27 |g0 1( 1: 1)|

< | 2 g? +o ezhl N 2
< an(n) n Z GRS |Pn-1(€1n-1)|

n=2 l1in—1
= Y nlln+ Dwln+ 12+ 1) Y6+ + 07 gu(tn)?
n=1 l1:n

< JwlPlw N + 1)L+ N)(=Lo) gl

For (—Ly) *G7 ¢ we argue similarly as in Lemma [2.14f We apply with B =1—7<1/2
(here we need v > 1/2) to estimate

1 . 002Nnn4k,2 . 2
Z |f ’Y 1g>- ) (klzn)|2 ,S Z (k’2+ | -+ ]{?2)2i2’7 Z Spn—i-l(paq?k&n)
/Cl n k1; p+q:k1
< Z ' ‘ " k2>2 — > 0P+ )7V nsa(p, ¢ k)
n pHq=k1
4 Z 62 + 8721+1>2771/2|¢n+1(€1:n+1)|27
l1nt1

which leads to ||w(N)(—Lo)"(=Le) 2G| < |w||w(N)(1 + N)32(=Ly)" 4| O

Lemma A.3. Let ¢ € C(R,,D(L)) N CY(R,,T'L?) and let u be an incompressible to the
martingale problem for L. Then

WV
=

o(t,ur) — p(0,u9) — /0 (0s + L)p(s,us)ds, t

s a martingale.

Proof. We discretize time: Set t;, = kt/n and
n—1

p(t,ue) — ¢(0,u0) = Z[@(tkﬂa Uty y) = Ptk Utyyy) + (s ) — o(Lk, s, )]

3 x>
Il
= O

e e (te) (te)
= |:/ 8590(57 utk+1)d8 + / ‘C(p(tk? us>d8 + ]\4ti+iC Mti *
7%

k=0 b
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Now for [s]™ = min{¢t; : tx > s} (which depends on n because the t; depend on n)

|

n—1 tht1 t
E Z/ 83g0(3,utk+1)d3—/0 Os0(s, us)ds

k=0 'tk

t
g/ E[|0s(s, ugspn) — Osp(s, us)|]ds,
0

and

E[|0s0(s, ugen) — Osip(s, us)|] < E[|0se(s, ugsn)|] + E[|0se(s, us)[] < [1050(5) |

is bounded in [0,¢]. Moreover, by approximating dsp(s) in I'L? with continuous functions, we
get lim,, o0 E[|0s0(s, upsn ) —0s0(s, us)|] = 0 for all s, and therefore by dominated convergence

th+1 t
Z/ Dstp(s, Uy, )ds —/ 0stp(s,ug)ds| | = 0.
0

Since ¢ € C(Ry,D(L)) we know that Lo € C(Ry,['L?) and thus, using once more the
incompressibility,
]:0

The convergence of the Lebesgue integrals is in L', and therefore the martingale property is
inherited in the limit:

lim E

n—oo

lim E

n—oo

n—1 that t
E / L’gp(tk,us)ds—/ Lp(s,us)ds
0

k=0 tk

n—1 tey1 tet1
0= lim E |p(t,u;) — ©(0,up) [/ 0sp(5, Ugy,, )ds —|—/ Ecp(tk,us)ds}
n—o00 o tr
t
— 8 [s(t.) ~ 9(0u0) — [ [Bupls, ) + Lilo,ulas],
0
and similarly for the conditional expectations. ]
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