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t Constru
tibility is a 
ondition on pure simpli
ial 
om-plexes that is weaker than shellability. In this paper we show thatnon-
onstru
tible triangulations of the d-dimensional sphere exist forevery d � 3. This answers a question of Danaraj and Klee [10℄; it alsostrengthens a result of Li
korish [16℄ about non-shellable spheres.Furthermore, we provide a hierar
hy of 
ombinatorial de
ompo-sition properties that follow from the existen
e of a non-trivial knotwith \few edges" in a 3-sphere or 3-ball, and a similar hierar
hy for3-balls with a knotted spanning ar
 that 
onsists of \few edges."1 Introdu
tionFrom the hierar
hy of 
onditions on simpli
ial 
omplexes given byvertex de
omposable =) shellable =) 
onstru
tible,that is,not vertex de
omposable (= non-shellable (= non-
onstru
tible,(non-)shellability is probably the most intensively studied one [4℄[5℄. All the boundary 
omplexes of simpli
ial polytopes are shellable[7℄ [23, Chap. 8℄, but not all of them are vertex de
omposable [15,? Supported by a JSPS Resear
h Fellowship for Young S
ientists.?? Supported by a DFG Gerhard Hess Grant (Zi 475/1-2) and by the German-Israeli Foundation grant I-0309-146.06/93.



2 Masahiro Ha
himori, G�unter M. ZieglerSe
t. 6℄. A mysterious fa
t about shellability is that there exist tri-angulations of d-balls and also of d-spheres whi
h are not shellable ifd � 3, though all triangulations of 2-balls and 2-spheres are shellable.Non-shellable triangulations of balls are reviewed in [24℄.An expli
it 
onstru
tion of non-shellable triangulations of sphereswas given by Li
korish [16℄. Li
korish's result was that triangula-tions of 3-spheres whi
h 
ontain a knotted triangle are not shellable,provided that the knot is 
ompli
ated enough. (Their (d� 3)-fold sus-pensions give non-shellable triangulations of d-spheres for d � 3.)In [16℄, the added 
ondition of 
omplexity on the knot 
ould not bedeleted sin
e for simple knots su
h as a single trefoil or the sum oftwo trefoils, Li
korish's te
hnique fails and 
annot determine whetherthe 
orresponding triangulated spheres are shellable or not.Constru
tibility, a 
on
ept from 
ombinatorial topology [22℄ that
an be viewed as a relaxation of shellability, appears in di�erent 
om-binatorial 
ontexts in [5℄, [10℄, [14℄, and [20℄. In [13℄, two 
lasses ofnon-
onstru
tible triangulations of 3-balls were identi�ed, but the ex-isten
e of non-
onstru
tible triangulations of spheres was left open.This problem dates ba
k at least to the 1978 survey of Danaraj andKlee [10, Se
t. 4℄. Here we answer this question:Theorem 1 If a 3-ball or 3-sphere 
ontains any knotted triangle,then it is not 
onstru
tible.In parti
ular, the above-mentioned triangulations of 3-spheres 
on-sidered by Li
korish, where some triangle forms a trefoil or the sumof two trefoil knots, are non-shellable.We will show that also the existen
e of a non-trivial knot 
onsist-ing of 4 or 5 edges has \bad e�e
ts" on the de
omposition propertiesof a triangulated 3-sphere. The results and examples provided in thispaper may be summarized in the following remarkable hierar
hy:Theorem 2 A 3-ball with a knotted spanning ar
 
onsisting of( at most 2 edges is not 
onstru
tible,3 edges 
an be shellable, but not vertex de
omposable,4 edges 
an be vertex de
omposable.A 3-sphere or 3-ball with a knot 
onsisting of( 3 edges is not 
onstru
tible,4 or 5 edges 
an be shellable, but not vertex de
omposable,6 edges 
an be vertex de
omposable.Our results about non-shellable triangulated spheres are dual tothose of Armentrout [2℄ (see also [1℄), who 
onsiders (shellability of)the \
ell partitionings" whi
h also may be viewed as the dual blo
k
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omplexes of triangulations of 3-spheres. There is no obvious rela-tion between Armentrout's results and ours, sin
e there is no dire
t
onne
tion between the shellability of a triangulation and that of itsdual 
ell partition. (Otherwise Armentrout's results would also implynon-shellability of Li
korish's spheres.) We think that our approa
hhas the virtue of being very simple exa
tly be
ause we head for thestronger property of non-
onstru
tibility. On the other hand, Armen-trout's very interesting paper [2℄ suggests an extension of Theorem 2for number of edges vs. 
omplexity of a knot or spanning ar
, wherethe 
omplexity of the knot is measured in terms of its bridge num-ber [2℄ [19℄. Some results in this dire
tion were a
hieved in [11℄.2 De�nitions and NotationA simpli
ial 
omplex is a �nite set C of simpli
es (the fa
es of C)in some Eu
lidean spa
e Rn satisfying that (i) if � 2 C then all thefa
es of � are members of C, and (ii) if �; � 2 C then �\� is a fa
e ofboth � and � . The 0-dimensional simpli
es in C are the verti
es, the1-dimensional simpli
es are the edges of C. The in
lusion-maximalfa
es are 
alled fa
ets. The dimension of C is the largest dimension ofa fa
et. A d-
omplex is short for a d-dimensional simpli
ial 
omplex.If all the fa
ets of C have the same dimension, then C is pure. (Inparti
ular, the simpli
ial 
omplex whi
h has only the empty set asa fa
e, is a pure 
omplex of dimension �1, with a single fa
et.) Fora set of simpli
es C 0 � C, the simpli
ial 
omplex C 0 
onsists of thesimpli
es in C 0 together with all their fa
es. The union jCj of thesimpli
es of C is 
alled the underlying spa
e of C. If jCj is homeo-morphi
 to a manifold M , then C is a triangulation of M . If C isa triangulation of a d-ball or of a d-sphere, respe
tively, then C willbe simply 
alled a d-ball or a d-sphere. For any triangulation C of amanifold, the boundary 
omplex �C is the 
olle
tion of all simpli
esof C whi
h lie in the boundary of the manifold. A d-dimensional puresimpli
ial 
omplex is strongly 
onne
ted if for any two of its fa
ets Fand F 0, there is a sequen
e of fa
ets F = F1; F2; : : : ; Fk = F 0 su
hthat Fi \ Fi+1 is a fa
e of dimension d � 1, for 1 � i � k � 1. Ifa d-dimensional pure simpli
ial 
omplex is strongly 
onne
ted andea
h (d�1)-dimensional fa
e belongs to at most two fa
ets, then it is
alled a pseudomanifold. Every triangulation of a 
onne
ted manifoldis a pseudomanifold.A pure d-dimensional 
omplex is shellable if its fa
ets 
an be or-dered F1; F2; : : : ; Ft so that (Sj�1i=1 Fi) \ Fj is a pure (d� 1)-
omplexfor 2 � j � t. This ordering of the fa
ets is 
alled a shelling.



4 Masahiro Ha
himori, G�unter M. ZieglerConstru
tibility of pure simpli
ial 
omplexes is de�ned re
ursivelyas follows:(i) Every simplex (i. e., a 
omplex with one single fa
et) is 
on-stru
tible.(ii) A d-
omplex C whi
h is not a simplex is 
onstru
tible if andonly if it 
an be written as C = C1 [ C2, where C1 and C2 are
onstru
tible d-
omplexes and C1\C2 is a 
onstru
tible (d�1)-
omplex.If we restri
t this de�nition su
h that C2 must be a simplex, thenwe get a 
hara
terization of shellability; thus 
onstru
tibility is arelaxation of shellability.For a simpli
ial 
omplex C and a fa
e �, starC� is the simpli
ial
omplex that 
ontains all fa
es of fa
ets of C that 
ontain �, andlinkC� is the sub
omplex of those simpli
es of starC� that do notinterse
t �. For a simplex � and a vertex v 62 �, the join v � � is asimplex whose verti
es are those of � plus the extra vertex v. Thejoin v � C of a 
omplex C with a new vertex v is de�ned su
h thatv � C = fv � � : � 2 Cg. The deletion Cnv is the sub
omplex of Cformed by all the fa
es of C that do not 
ontain the vertex v.A pure d-
omplex C is vertex de
omposable if it is a simplex orthere is a vertex x su
h that(i) linkCx is (d� 1)-dimensional and vertex de
omposable, and(ii) Cnx is d-dimensional and vertex de
omposable.The vertex x is 
alled a shedding vertex. Vertex de
omposable simpli-
ial 
omplexes were introdu
ed and shown to be shellable by Provanand Billera [18℄.For a 3-ball, a spanning ar
 is a tame ar
 
ontained in the interiorof the ball ex
ept for its two endpoints lying on the boundary. Whenjoining the two endpoints by a se
ond tame ar
 that is 
ontained inthe boundary of the ball, one always gets a knot of the same type.So one 
an say that a spanning ar
 is knotted if the spanning ar
together with any added ar
 
ontained in the boundary forms a non-trivial knot embedded in the 3-ball. In fa
t, the same is also true ifthe relative interior of the spanning ar
 is not fully 
ontained in theinterior of the ball, provided that the spanning ar
 is 
ontained in theball and the added ar
 does not interse
t with it. So in this paper werequire of a spanning ar
 only that it is 
ontained in the ball and thatboth ends of it are on the boundary, and allow for the 
ase that someparts of the relative interior of the spanning ar
 are on the boundary.
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onsisting of few edges 53 Non-
onstru
tible 3-balls and 3-spheresIn the following, we use the simple fa
t that if all the (d� 1)-dimen-sional fa
es of a 
onstru
tible d-
omplex C are 
ontained in at mosttwo fa
ets, then C must be a d-ball or a d-sphere [22℄ [5, Th. 11.4℄.Sin
e pseudomanifolds satisfy the 
ondition, we get that every 
on-stru
tible pseudomanifold is a d-ball or a d-sphere, and that{ if C is a 
onstru
tible d-sphere, then the 
omplexes C1 and C2in the de�nition of 
onstru
tibility are 
onstru
tible d-balls andC1 \ C2 is a 
onstru
tible (d� 1)-sphere, and{ if C is a 
onstru
tible d-ball, then C1 and C2 are 
onstru
tibled-balls and C1 \ C2 is a 
onstru
tible (d� 1)-ball.Lemma 1 If a triangulation C of a 3-ball has a knotted spanningar
 whi
h 
onsists of at most two edges of C, then C is not
onstru
tible. C
This lemma is the 
ru
ial new observation of this paper. It extendsa lemma from [13℄, namely that if a triangulation C of a 3-ball has aknotted spanning ar
 whi
h 
onsists of just one edge of C, then C isnot 
onstru
tible.The fa
t that a ball C with a knotted spanning ar
 
onsisting ofjust one edge 
annot be shellable is old, and 
an be tra
ed ba
k toFur
h's 1924 paper [12℄ [23,24℄. Furthermore, su
h balls exist:Lemma 2 (Fur
h [12℄) Triangulations C of the 3-dimensionalball B3 with a knotted spanning ar
 that 
onsists of a single edgeof C exist.To obtain Fur
h's \knotted hole ball," one \drills a hole" intoa �nely triangulated ball by removing tetrahedra along a knottedspanning 
urve; if one stops drilling one step before destroying theproperty of having a triangulated ball, then one arrives at a ball witha knotted spanning edge. (See also [12℄, [21℄, [23,24℄.)From any su
h ball with a knotted spanning edge one obtains atriangulated 3-sphere that has a knot that 
onsists of only three edges| a knotted triangle, as needed below | by adding a 
one over theboundary, that is, by forming C [ (v � �C) [16℄.



6 Masahiro Ha
himori, G�unter M. ZieglerProof (of Lemma 1) We show by indu
tion on the number of fa
etsof C that in a 
onstru
tible triangulation C of a 3-ball, a spanningar
 that 
onsists of only two edges ab and b
 
annot be knotted. (Wemay assume that the ar
 in question has exa
tly two edges, sin
e anar
 
onsisting of a single edge 
an be extended by an edge on theboundary. Re
all for this that we allow parts of spanning ar
s to liein the boundary of the ball.)If C is a single simplex (tetrahedron), then the ar
 
annot beknotted. Otherwise C de
omposes into two 
onstru
tible 
omplexesC1 and C2 as in the de�nition of 
onstru
tibility; both C1 and C2 aretriangulated 3-balls. There are two 
ases to 
onsider.Case 1: The two edges ab and b
 are both 
ontained in C1. Theyform a spanning ar
 ab-b
 of C1, whi
h by indu
tion 
annot beknotted.Case 2: One edge ab is 
ontained in C1 and the other one b
 is 
on-tained in C2. C1 is 
onstru
tible, so by indu
tion ab is an un-knotted spanning ar
 of C1, and similarly for the ar
 b
 in C2.CC1 C2
a bNow the fa
t that ab-b
 is not knotted in C follows from a knownfa
t from 
ombinatorial topology: if two unknotted ball pairsmeet in a 
ommon fa
e, then their union an unknotted ball pair(see [22, Lemma 19℄ or [17, Chap. 2℄). utThe existen
e of a knotted spanning ar
 with k edges, for anyk � 3, does not assure non-
onstru
tibility in general. The proofte
hnique of Lemma 1 breaks down for k = 3: Our �gure shows asituation where a 3-ball 
ontains a knotted spanning ar
 with k = 3edges, but neither C1 nor C2 ne
essarily 
ontains a knotted spanningar
 with less than 4 edges.
C1 C2

C
In fa
t, we 
an 
onstru
t a shellable 3-ball with a knotted spanningar
 
onsisting of 3 edges, as follows.
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onsisting of few edges 7Example 1 (A shellable 3-ball with a knotted spanning ar
 
onsistingof 3 edges.) Let C1 be a pile of 6� 6� 1 
ubes in whi
h ea
h 
ube issplit into 6 tetrahedra. Then C := C1 [ (b � (gray fa
es)) = C1 [ (b �F1) [ (b � F2) [ � � � is a shellable 3-ball be
ause C1 is shellable, andthe ar
 ab-b
-
d is a knotted spanning ar
 of the 3-ball as is indi
atedin the upper �gures. �=
b

F1
F2

a
d

C = (pile of 
ubes) [ (b � F1) [ (b � F2) [ � � �
F3 � � �
Now we 
an show the following result, whi
h in
ludes Theorem 1.Theorem 3 In a 
onstru
tible 3-ball or 3-sphere, every knot that
onsists of three edges and three verti
es (a \triangle") is trivial.Proof We use Lemma 1 and indu
tion on the number of fa
ets. The
ase of a simplex C is 
lear. Otherwise the 
omplex C 
an be di-vided into two 
onstru
tible 
omplexes C1 and C2. As noted in thebeginning of this se
tion, both C1 and C2 must be 3-balls. If one ofthem 
ontains all the three edges of a triangle �, then � is trivial byindu
tion. If not, then one of them, say C1, has two edges ab and b
of �, and the other one C2 has the third edge 
a of �. Now ab-b
 is aspanning ar
 of C1 and 
a is a spanning ar
 of C2, and both spanningar
s are not knotted from Lemma 1. This implies that � is trivialbe
ause the 
onne
ted sum of two trivial knots is trivial. (This isbased on the following 
ombinatorial topology fa
t: if two unknottedball pairs are joined by their boundary, then this yields an unknottedsphere pair; see [22, Lemma 18℄.) ut



8 Masahiro Ha
himori, G�unter M. ZieglerCorollary 1 If a triangulation of a 3-sphere 
ontains any knottedtriangle, then it is not shellable.Remark 1 Li
korish's result was that if a triangulation C of a 3-sphere 
ontains a 
ompli
ated knotted triangle, then Cn� is not 
ol-lapsible for any fa
et � of C, and the non-shellability of C was a
orollary to this statement. The property \Cn� is not 
ollapsible forany fa
et �" is stronger than non-shellability, and to get this Li
kor-ish needed the 
ondition that the knot must be 
ompli
ated enough(spe
i�
ally, the fundamental group of the 
omplement of the knotmay have no presentation with less than 4 generators), whi
h is notneeded here.The number \3" of edges of a knot in Theorem 3 is best possible,as is shown in the following example.Example 2 (A shellable 3-ball and 3-sphere with a knot 
onsisting of4 edges.) This example arises in the same line of 
onstru
tion asExample 1. Let C1 be a pile of 8 � 6 � 1 
ubes in whi
h ea
h 
ubeis split into 6 tetrahedra as before. Then the 3-ball C2 = C1 [ (b �(slashed fa
es))[ (d � (gray fa
es)) has a knot ab-b
-
d-da. This knotab-b
-
d-da is not trivial be
ause ab-b
-
d is a non-trivial knottedspanning ar
. (It makes a trefoil knot.) Its shellability is easily seenas in Example 1. To get a 3-sphere with a knot 
onsisting of 4 edges,we have only to take a 
one over the boundary of C2, that is, C :=C2 [ (v � �C2). The shelling of C2 
an be trivially extended to thatof C be
ause �C2 is shellable sin
e it is a 2-sphere.
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b
a

d
4 Removing a fa
et from a 3-sphereThe following result redu
es the 
onstru
tibility question from 3-spheres to 3-balls. It leads to a di�erent proof of Theorem 3 from
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ompositions of balls and spheres with knots 
onsisting of few edges 9Lemma 1, where we remove from a 3-sphere any fa
et that 
ontainsan edge of the \knotted triangle." No similar result for the 
ase ofshellable 3-spheres seems to be available. (For a shellable 3-sphere, isevery fa
et the last fa
et of some shelling?)Theorem 4 Let C be a triangulation of a 3-sphere and � any fa
etof C. Then C is 
onstru
tible if and only if Cn� is 
onstru
tible.Proof The \if" part is trivial, so we show the \only if" part. Let C be
onstru
tible. Then by de�nition there are two 
onstru
tible 3-ballsC1 and C2 su
h that C1 [ C2 = C, and C1 \ C2 is a 
onstru
tible2-sphere. We may assume that � is 
ontained in C2. If C2 = �, thenwe are done. Otherwise C2 is the union of two 
onstru
tible 3-ballsC21 and C22 that satisfy the 
onditions for 
onstru
tibility. We mayassume that C22 
ontains �. We de�ne C 01 := C1[C21 and C 02 := C22.Then(i) C 02 is a 
onstru
tible 3-ball by de�nition.(ii) C 01 \ C 02 = �C 02 = �C22 is 
onstru
tible be
ause it is a 2-sphere.
C1 C21C

C22�(iii) C 01 = C1 [C21, where both C1 and C21 are 
onstru
tible 3-ballsby de�nition. Their interse
tion C1 \C21 = �C21n(C21 \ C22) isa 
onstru
tible 2-ball, sin
e removal of a 2-ball from a 2-spherealways leaves a 2-ball, and all 2-balls are 
onstru
tible. ThusC 01 is a 
onstru
tible 3-ball.So C 01 and C 02 instead of C1 and C2 satisfy the de�nition of 
on-stru
tibility. Continuing this argument, the number of fa
ets of C2is redu
ed until C2 has only the one fa
et �, showing that Cn� is
onstru
tible. ut5 Non-
onstru
tible d-spheresThe following lemma produ
es non-
onstru
tible triangulations of thed-sphere for all d � 3.Lemma 3 (see Bj�orner [3, Appendix℄ [5, p. 1855℄)All links of a 
onstru
tible simpli
ial 
omplex are 
onstru
tible.



10 Masahiro Ha
himori, G�unter M. ZieglerProof Let C be a 
onstru
tible simpli
ial 
omplex and � a fa
e of C.We use an indu
tion on the number of fa
ets of C. The 
ase of asimplex C is trivial, so we write C as a union of two 
onstru
tible
omplexes C1 and C2. If � is 
ontained in only one of C1 and C2,say in C1, then linkC� = linkC1� is 
onstru
tible by indu
tion. If �is 
ontained in C1 \ C2, then(i) (linkC�) \ C1 = linkC1� =: L1,(ii) (linkC�) \ C2 = linkC2� =: L2,(iii) L1 \ L2 = (linkC1�) \ (linkC2�) = linkC1\C2� , and(iv) L1 [ L2 = linkC� .These observations imply by indu
tion that linkC� is 
onstru
tible.utCorollary 2 All d-spheres Sd, d � 3, have non-
onstru
tible trian-gulations.Proof Let C be a non-
onstru
tible triangulation of a (d� 1)-sphere,and let v1 and v2 be two verti
es not 
ontained in C. Then the sus-pension �C := (v1 � C) [ (v2 � C) [ C of C is a triangulation of thed-sphere. It is not 
onstru
tible by Lemma 3, sin
e link�Cv1 = C.utRemark 2 The double suspension �2Hd of any homology d-sphereHd is homeomorphi
 to Sd+2, a

ording to Cannon [8℄. Already Da-naraj and Klee [10℄ pointed out that for Hd 6�= Sd this yields examplesof non-PL, and hen
e non-shellable, spheres. (See Curtis and Zeeman[9℄ for a related mu
h earlier dis
ussion.) For this we note the follow-ing known [22℄ hierar
hy for spheres (equivalently, for pseudomani-folds without boundary):shellable =) 
onstru
tible =) PL,that is, non-shellable (= non-
onstru
tible (= not PL.Thus Cannon's theorem assures the existen
e of non-
onstru
tibletriangulations of d-spheres for d � 5, and Theorem 3 improves thisto d � 3 and also to PL 
ases.Re
ently, Bj�orner and Lutz [6℄ 
onstru
ted triangulations of non-PL d-spheres with 13 + d verti
es, for d � 5. Their 18 vertex trian-gulation of a non-PL 5-sphere 
urrently seems to have the smallestnumber of verti
es known for a non-
onstru
tible sphere.



De
ompositions of balls and spheres with knots 
onsisting of few edges 116 Knots and vertex de
omposabilityIn Example 1 we 
onstru
ted an example of shellable 3-ball whi
h hasa knotted spanning ar
 with 3 edges. The example, however, is notvertex de
omposable. This 
an be observed dire
tly from the �gure,but we prove a more general fa
t: no 3-ball with a knotted spanningar
 that 
onsists of only three edges is vertex de
omposable.Lemma 4 If a 3-ball C has a knotted spanning ar
 
onsisting of atmost 3 edges, then C is not vertex de
omposable.Proof First we observe that if x is a shedding vertex of a vertexde
omposable d-ball, then x lies in the boundary. Furthermore, everyvertex y adja
ent to x is either in the interior of C, or the edge xyis 
ontained in the boundary of C. This is be
ause the deletion Cnxmust be a 3-ball, and the link of x is a 2-ball.Again we use indu
tion on the number of fa
ets. If the spanningar
 is made of 1 or 2 edges, then it is not knotted by Lemma 1. So we
an assume that the spanning ar
 is made of 3 edges, where the �rstand last edge do not lie in the boundary of the ball. Thus if the ar
is ab-b
-
d, the edges ab and 
d lie in the interior of C. In parti
ular,b and 
 are not shedding verti
es.The vertex a also 
annot be a shedding vertex: otherwise b
-
d isa 2-edge knotted spanning ar
 in the 3-ball Cna (to verify this weuse an argument as in the proof of Lemma 1), and thus Cna is not
onstru
tible (not even shellable) by Lemma 1. Similarly d 
annot bea shedding vertex.Thus x must be taken to be di�erent from fa; b; 
; dg. In this 
ase,however, Cnx has a knotted spanning ar
 with 3 edges and has asmaller number of fa
ets than C, 
ontradi
ting the indu
tion hy-pothesis. utThe number \3" of edges in the knotted spanning ar
 is best possi-ble, be
ause there are vertex de
omposable 3-balls that have a knot-ted spanning ar
 with 4 edges.Example 3 A vertex de
omposable 3-ball with a knotted spanningar
 made of 4 edges.℄ In the �gure of Example 1, C 0 = C1 [ (v �(gray fa
es)), where v is a newly introdu
ed vertex, has a knottedspanning ar
 ab-bv-v
-
d with 4 edges. This 3-ball C 0 is vertex de-
omposable. (One 
an take v as the �rst shedding vertex.)As in the 
ase of 
onstru
tibility in Se
tion 3, from Lemma 4 weget a result for knots in vertex de
omposable 3-spheres resp. 3-balls.



12 Masahiro Ha
himori, G�unter M. ZieglerTheorem 5 If a 3-sphere or a 3-ball C has a knot whi
h 
onsists ofat most 5 edges, then C is not vertex de
omposable.Proof We use Lemma 4 and indu
tion on the number of fa
ets.If C is a simplex, the statement obviously holds. Let C be vertexde
omposable, let x be a shedding vertex of C and let � be a knot withat most 5 edges. If x is a vertex of �, then Cnx has a knotted spanningar
 with at most 3 edges, 
ontradi
ting to Lemma 4. Otherwise Cnxhas a knot � with at most 5 edges, 
ontradi
ting to the indu
tionhypothesis. utThe number of edges in this theorem is again best possible, as isshown in the following example.Example 4 (A vertex de
omposable 3-ball and 3-sphere with a knot
onsisting of 6 edges.) In the �gure of Example 2, C 02 = C1 [ (v �(slashed fa
es)) [ (w � (gray fa
es), where v and w are newly intro-du
ed verti
es, has a knot ab-bv-v
-
d-dw-wa with 6 edges, and this3-ball is vertex de
omposable. From this 3-ball, we 
an 
onstru
t avertex de
omposable 3-sphere by taking a 
one over its boundary,namely, C 0 = C 02 [ (u � �C 02).Thus we have established the 
omplete hierar
hy of Theorem 2.A
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