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1. We present a re�nement of Seb}o's hierarchy that characterizes the covering propertiesof a rational cone with respect to the unimodular subcones spanned by Hilbert basiselements.2. For two of the entries in this hierarchy we present characterizations that lead to compu-tational procedures. Namely, the existence of a Hilbert Partition (as considered bySeb}o) can be checked by solving an integer programming problem (see also [7]), whilethe existence of a Binary Hilbert Cover (a new concept) is reduced to the solutionof a linear system of equations over GF(2).3. Implementations of these computational test yield three new types of examples. So, weshow that the Ohsugi-Hibi examples without aRegular Hilbert Partition do in facthave Hilbert Partitions. We provide examples of simplicial cones in dimension 5 thatdo not have a Binary Hilbert Cover, thus getting further than ever on the search forcounterexamples in Seb}o's hierarchy. And, we have an especially nice example of a conein dimension 4, which has the hyperplane property (the Hilbert basis is \at height 1")and unimodular facets, and which has a Binary Hilbert Cover, but no HilbertPartition.2 De�nitions and the HierarchyAll the cones that we consider in the following are the following, C � Rn will always be apointed, rational, polyhedral cones, that is, sets of the formC = cone fa1; : : : ; amg := f�1a1 + : : :+ �mam 2 Rn : �i 2 R; �i � 0 for i = 1; : : : ;mgfor some rational vectors a1; : : : am 2 Rn such that f0g is the largest linear subspace of C. A�nite set of integer vectors h1; : : : ; hk is a Hilbert basis of C if each integral vector in C is anonnegative integral combination of fh1; : : : ; hkg, that is, ifC \Zn = f�1h1 + : : :+ �khk 2 Rn : �i 2 Z; �i � 0 for i = 1; : : : ; kg:The existence of a Hilbert basis for every cone was �rst established by Gordan (1873); vander Corput (1931) showed that the minimal Hilbert basis for pointed cones is unique: it is the�nite set of nonzero integral vectors in C that cannot be represented as a sum of two vectorsof the same kind | see Schrijver [13]. In the following, we will exclusively refer to minimalHilbert bases. We will denote the minimal Hilbert basis of C by H = H(C).The focus of this paper is to study the coverings of C by certain families of simplicialsubcones, that is, by cones C1; : : : ; Cr that are subsets of C.De�nition 1 (Interior facets; generic points)Let C = fC1; : : : ; Crg a set of subcones of a cone C. We call a facet F of a subcone Cian interior facet if F 6� @C, where @C denotes the boundary of C. We will enumerate asF := fF 1; : : : ; F sg the set of all interior facets of the cones in C.A point g0 2 int (C) is called a generic point (with respect to C) if is not contained in theboundary of any of the subcones Ci, that is, if g0 2 int (C) nSsj=1 F j .De�nition 2 (The Cover Hierarchy)Given any rational polyhedral pointed cone C and a �nite family of subcones C = fC1; : : : ; Crgeach of the following properties implies the previous one.2



Cover: C is a cover of C if every point of C is contained in one of the subcones Ci, that is,if C = Sri=1 Ci.Binary Cover: C is a binary cover of C if(i) every generic point g0 2 C is contained in an odd number of subcones Ci, and(ii) every interior facet F j is a facet of an even number of subcones Ci.Partition: A cover C is a partition if the intersection of any two subcones Ci \Ck is a faceof both cones, that is, if C forms a polyhedral complex.Regular Partition: C is a regular partition if additionally the complex is given by thedomains of linearity of a piecewise linear convex function on C.(For details on this concept see Sturmfels [14, Chap. 8] and Ziegler [15, Chap. 5].)Binary Covers have a homological interpretation: they correspond to generators for simpli-cial homology with GF(2) coe�cients, that is, to generators of the relative singular homologygroup Hn�1(C \ H; @C \ H; GF(2)), where H is an a�ne hyperplane such that C \ H is abounded, (n� 1)-dimensional polytope.A cone C � Rn is simplicial if it is generated by a linearly independent set of vectors.A simplicial cone C is unimodular if it is generated by a subset of basis of the lattice Zn,that is, if C = cone fa1; : : : ; akg � Rn for some set fa1; : : : ; ang of integral vectors withjdetfa1; : : : ; angj = 1.Proposition 3 (The Hilbert Cover Hierarchy)Let C � Rn be an n-dimensional pointed rational polyhedral cone, and let U = fC1; : : : ; Csgbe the (�nite) set of all n-dimensional unimodular subcones of C that are generated by a subsetof the Hilbert basis H = H(C).Each of the following properties of C implies the following ones.Regular Hilbert Partition: Some subset C � U is a regular partition of C.Hilbert Partition: Some subset C � U is a partition of C.Binary Hilbert Cover: Some subset C � U is a binary cover of C.Hilbert Cover: U is a cover of C.Integral Carath�eodory Property: Every integral vector x 2 C \ Zn can be writtenas a nonnegative integral combination of at most n elements of the minimal Hilbertbasis H(C).Incidentally, it seems that the Algebraic Geometry discussion started at the \high end" ofthis hierarchy, where the existence of a Regular Hilbert Partition is equivalent to theexistence of a smooth projective torus-invariant resolution of the associated a�ne toric variety,see [2, 3].In contrast, the Combinatorial Optimization motivation starts with the Integral Cara-th�eodory Property at the \low end" of the hierarchy. Thus, Seb}o's [12] \Conjecture A"states that every cone C has the Integral Carath�eodory Property: we call this the In-tegral Carath�eodory Conjecture. The stronger \Conjecture B" states that every coneC has a Hilbert Cover: we call it the Hilbert Cover Conjecture. Both conjecturesare still open, but we contribute here as main (negative) results that3



� In dimension n = 4, there are cones that have a Binary Hilbert Cover, but noHilbert Partition: see Example 8.� In dimension n = 5, there are cones that have no Binary Hilbert Cover, but whichseem to have Hilbert Covers: see Example 11.� In dimension n = 10, there is a cone that has a Hilbert Partition, but no regularHilbert Partition: see Example 12(From any of these examples, it is easy to derive similar ones in any higher dimension.)On the positive side, Seb}o [12, p. 447] observed that for n � 3 one always has a HilbertPartition. In fact, we know that there is even a Regular Hilbert Partition for n � 3,which is essentially unique.Our goal was to test the properties of the Hilbert hierarchy for concrete examples. Forthis, the following section develops a Integer Programming model that in practice is quitee�ective for testing the Hilbert Partition property. While the Hilbert Cover propertyseems quite di�cult test algorithmically, we �nd that the Binary Hilbert Cover property,which interpolates between Hilbert Partition and Hilbert Cover, is easy to test: in thefollowing we reduce it to the solution of a linear system of equations over GF(2).3 Characterization TheoremsIn this section we present characterizations of Binary Covers and Partitions that yieldalgorithmic approaches for computing such covers.The following characterization of partitions and the integer programming formulationthat we derive from it in Corollary 5 can also be derived from De Loera, Ho�sten, Santos &Sturmfels [7]. Namely, our Integer Programming formulation yields a face of the polytope QAof all triangulations as considered by [7]. That is, we get our inequality system of Corollary 5from QA by adding the constraints x� = 0 for all cones � =2 C to the description of QA givenin [7] that uses the \chamber equation." With this, Theorem 4 is a combination of resultsfrom [7, Sect. 3].Theorem 4 (Characterization of Partitions)Given a cone C � Rn , a system of subcones C = fC1; : : : ; Crg, the set F = fF 1; : : : ; F sg oftheir interior facets, and a generic point g0, the following statements are equivalent:1. C de�nes a Partition of the cone C2. g0 is contained in exactly one of the subcones Ci, and whenever F j 2 F is a facetof Ck 2 C (which is interior for C), there is a unique second subcone C l 2 C withCk \C l = F j such that F j is a facet of C l.3. g0 is contained in exactly one of the subcones Ci, and all interior facets F j are thefacets of an even number of Cjs, with \the same number of subcones Cj on both sides."Proof. (1))(2) and (2))(3) are clear.(3))(1): The set Sri�1 @Ci is closed and (n � 1)-dimensional, thus the set G of all genericpoints is open and dense in C. By construction all the points in any connected componentof G are contained in the same number of subcones Ci.Claim 1: Every generic point g 2 G is contained in exactly one subcone Ci.4



In any small neighborhood U"(g) that is contained in G we �nd a generic point g0 2 U"(g)such that the interval[g0; g0] := fx 2 C : x = �g0 + (1� �)g0; 0 � � � 1gis in general position, that is, such that it contains only a �nite number of nongeneric points,where it crosses facets of subcones (that is, it does not intersect any faces of subcones ofdimension d < n� 1). The nongeneric points of this interval de�ne a segmentation of [g0; g0]into �nitely many subintervals and we see by moving from one interval to the next that theinterior of each such subinterval is contained in exactly one subcone Ci.In particular, the point g0 is contained in exactly one subcone, and thus the same is true forthe point g, since g0 and g lie in the same connected component of G. 2
g0

g g0

(Our �gure illustrates the situation, by representing an a�ne section of a 3-dimensional cone.Only the triangles that meet the line g0g are drawn. They meet face-to-face.)Since G is dense in C, Claim 1 also implies that the set C is a cover of C. Now we willshow that this cover also is a partition, that is, the intersection of any two subcones is a faceof both. For this we note that by Claim 1 the intersection of any two subcones is of dimensionat most n � 1: otherwise the intersection would contain generic points that are covered atleast twice.Claim 2: Let Ci be one of the subcones, let x be a point in the boundary of Ci, and letF � Ci be the smallest face of Ci that contains x, such that x is in the relative interior of F .Then every small enough convex open neighborhood U = U"(x) has the property that U \Cis covered by the subcones Ck that have F as a face.The proof of this claim is analogous to the argument for Claim 1, with the additional obser-vation that for " small enough all faces of Ci that meet U must have F as a face, and thesame is true for the chain of subcones Cj that arises in the argument of Claim 1. 2To complete the argument, assume that there are two cones Ci and Ck such that theintersection S := Ci\Ck is not a face of Ci. There is a smallest face F of Ci that contains S,given as the intersection of all faces of Ci that contain S. In particular, S contains somerelative interior point of F , which we take as the point x. Now the subcones that contain xand have F as a face cover a small neighborhood of x. Thus, since Ck contains x, it either hasF as a face, or it has a full-dimensional intersection with a subcone that has this property.In either case we get a contradiction. 5



For more details see [5]. Using an integer programming algorithms, this characterizationallows one to test the existence of Hilbert Partitions, and to �nd one if they exist.Corollary 5 (IP formulation)Let C � Rn be a cone as before, H = fh1; : : : ; hkg the minimal Hilbert basis of C, U =fC1; : : : ; Crg the set of all unimodular subcones spanned by elements of the Hilbert basis,F = fF 1; : : : ; F sg the set of their interior facets, and g0 2 C a generic point.Then the Hilbert Partitions of C are in bijection with the feasible solution of theinteger programminXrj=1 xi : Xrj=1 fM0jxj = 1Xrj=1 fMijxj = 0 for 1 � i � sxj 2 f0; 1g for 1 � j � r;via x  ! Cx := fCi 2 U : xi = 1g:For this the matrix fM 2 Z(1+s)�r is given byfM0j := � 1 : g0 2 Cj;0 : otherwise,fMij := ( det(hit ; hi1 ; : : : ;chit ; : : : ; hin) : if F i is a facet of Cj,0 : otherwisefor 1 � i � s and 1 � j � r, where the subcone Cj is given by Cj = conefhi1 ; : : : ; hing 2 C,and F i is one of its facets, represented as F i = conefhi1 ; : : : ;chit ; : : : ; hing 2 F , with 1 � t � n.(Since all subcones are unimodular, the nonzero entries in the matrix M are +1 or �1,depending on position of the subcones in relation to the inner facets.)Proof. The �rst equation guarantees that the generic point g0 is in exactly one subcone. Forevery interior facet the system has a corresponding equation, which models the requirementthat each inner facet must be in an even number of subcones, with \the same number on bothsides". Thus by (1),(3) of Theorem 4 the sets Cx � U given by the characteristic vectors x ofsolutions are the Hilbert Partitions. The objective function selects a Hilbert Partitionwith the minimal number of unimodular subcones.Theorem 6 (Characterization of Binary Covers)Given a cone C � Rn , a system of subcones C, the set F of interior facets and a genericpoint g0 as above, the following statements are equivalent:1. The set C is a Binary Cover of the cone C2. g0 is contained in an odd number of subcones Ci, and all inner facets F j are the facetsof an even number of subcones Cj.Proof. (1))(2): This is the de�nition of a binary cover.(2))(1): The proof is the same as for Claim 1 in Theorem 4 above: we obtain that if g0is covered an odd number of times, then every generic point g 2 G is contained in an oddnumber of subcones Ci. 6



Corollary 7 (GF(2) formulation)Let C � Rn be a cone as above, U = fC1; : : : ; Crg the set of all unimodular subcones spannedby elements of the Hilbert basis, F = fF 1; : : : ; F sg the set of all interior facets, and g0 2 C ageneric point.Then the Binary Hilbert Covers of C are in bijection with the feasible solutions x 2(GF (2))r of following linear system of equations over GF(2):Xrj=1M0jxj = 1Xrj=1Mijxj = 0 for 1 � i � sxj 2 GF (2) for 1 � j � rvia x  ! Cx := fCi 2 U : xi = 1g:Here the matrix M 2 (GF (2))(1+s)�r is given byM0j := � 1 : g0 2 Cj;0 : otherwise,Mij := � 1 : if F i is a facet of Cj,0 : otherwise,for 1 � i � s and 1 � j � r.Proof. By de�nition of the matrix, the �rst equation models that the generic point g0 is inan odd number of subcones, and the other equations represent that every interior facet is aneven number of subcones. By Theorem 6 the sets Cx � U derived from the solutions x of thissystem de�ne the Binary Hilbert Covers.4 ExamplesIn the following examples, \C := coneM" for a matrix M 2 Zm�n denotes the (rational,polyhedral, pointed) cone spanned by the rows of the matrix M . In particular, in our �rstexamples we have m = n, and thus C is a simplicial cone whose determinant is given by thedeterminant of M . To use even more of a shorthand, we useC[a1; a2; : : : ; an] := cone 0BBBB@ 1 0 � � � 0 00 1 � � � 0 0... ... . . . ... ...0 0 � � � 1 0a1 a2 � � � an�1 an
1CCCCAto denote the cone spanned by the �rst n�1 unit vectors together with a = (a1; : : : ; an) 2 Zn.For an > 0 this is a simplicial cone of determinant an. The condition that gcd (ai; an) = 1 for1 � i < n is equivalent to the fact that all the facets of C[a1; : : : ; an] are unimodular.In the following examples, we have tested the existence of Hilbert Partitions viaCorollary 5, using CPLEX1 to solve the integer programs that arise. The existence of Binary1CPLEX Linear Optimizer 4.0.8 with with Mixed Integer & Barrier Solvers; cCPLEX Optimization, Inc.,1989-1995 7



Hilbert Covers was tested via Corollary 7, using our own implementation of a Gaussalgorithm to solve the linear systems of equations over GF(2) that arise from it.The saga of counterexamples in this �eld starts with C[1; 4; 3; 7], the example of Bouvier& Gonzalez-Sprinberg [2, 3] from 1992, of a 4-dimensional cone that does not have a HilbertPartition. A slight simpli�cation yields the following.Example 8 (No Hilbert Partition)The 4-dimensional cone C[1; 2; 3; 5] does not have a Hilbert Partition, but it does have aBinary Hilbert Cover.However, Lagarias & Ziegler [8] now have in�nite classes of cones that have BinaryHilbert Covers but no Hilbert Partition. Thus we here only present an especially niceexample found in our search: a 4-dimensional cone whose facets are unimodular.De�nition 9 (Hyperplane property; parallelotope cones)An n-dimensional cone C � Rn has the hyperplane property if its Hilbert basis H(C) iscontained in a hyperplaneH(C). Neccessarily this hyperplane must be spanned by the integergenerators of the cone. For cones of the form C = C[a1; : : : ; an] this hyperplane is given byH(C) = fx 2 Rn : x1 + : : :+ xn�1 + 1�(a1+:::+an�1)an xn = 1g:The hyperplane property is of algebraic interest, since it corresponds to the fact that thecorresponding monoid ring is normal. (See e. g. Bruns et al. [4].)A simplicial cone C = cone fb1; : : : ; bng � Rn is a parallelotope cone if all the non-zerointeger points in the half-open parallelogram spanned by the generating vectorspar(C) := f�1b1 + : : :+ �nbn 2 Rn : 0 � �i < 1 for i = 1; : : : ; ngbelong to the Hilbert basis, that is, if we have jHj = det(C)+n�1. (So they are parallelotopecones in the terminology of Liu [9].)We have searched for cones of the form C[a1; a2; a3; a4] with the conditions that 0 < a1 <a2 < a3 < a4 � 1 < 100, gcd (a1; a2; a3; a4) = 1, and with the hyperplane property: We found10 such cones without a Hilbert Partition. All of them have a Binary Hilbert Cover.Only one of them has unimodular facets:Example 10 (No Hilbert Partition, hyperplane property, unimodular facets)The 4-dimensional simplicial cone C[14; 31; 34; 39] has a Binary Hilbert Cover, but noHilbert Partition. (Its Hilbert basis has jHj = 12 elements; it spans r = 161 unimodularsubcones.) It has the hyperplane property. All its facets are unimodular.Our extensive search in dimension 4 did not produce any examples of simplicial coneswithout a Binary Hilbert Cover. Thus we also investigated this problem in dimension 5with cones of the form C[a1; a2; a3; a4; a5], where a 2 Z5, 0 < a1 < a2 < a3 < a4 < a5 � 1and gcd (a1; a2; a3; a4; a5) = 1. Our analysis of all such cones with determinant at most 20(a5 � 20) we found 10 without a Binary Hilbert Cover. Up to unimodular equivalencethese cones give two distinct examples. 8



Example 11 (No Binary Hilbert Cover)The 5-dimensional simplicial conesC1 := C[2; 3; 5; 13; 19] and C2 := C[2; 5; 11; 13; 19]have no Binary Hilbert Cover. Both of them have determinant 19, and both have a Hilbertbasis of cardinality 23, so they are parallelotope cones. All their facets are unimodular. C1has r = 7059 unimodular subcones, C2 has r = 7106 of them.Currently, we do not know whether these cones do satisfy any of the weaker properties |but computational tests with millions of random points suggest that they do have a HilbertCover, and thus in particular that they satisfy the Integer Carath�eodory Property.Ohsugi & Hibi [10, 11] produced two non-simplicial cones of dimensions 10 and 20, forwhich they could show that they are normal (which implies the hyperplane property), andthat they have no Regular Hilbert Partition.Example 12 (A Hilbert Partition, but no Regular Hilbert Partition)The following 10-dimensional non-simplicial cone has a Hilbert Partition, but no Regu-lar Hilbert Partition. This cone is generated from a graph on 10 vertices by associatingwith the edge fi; jg the generator h = ei + ej + e10 if 10 =2 fi; jg, and h = ei + ej otherwise.
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1CCCCCCCCCCCCCCCCCCCCCCCAThis cone has the property that the 15 generators (i. e., the rows h1; : : : ; h15 of the matrix)form the complete Hilbert basis. In particular, the cone has the hyperplane property, withH(C) = fx 2 R10 : x10 = 1g). Ohsugi & Hibi [10] have shown that there is no regularunimodular triangulation for this cone. (Their Gr�obner basis proof can be translated into asimple geometric argument.)The Hilbert Partition found by CPLEX for this example provides a triangulationcontaining 56 unimodular subcones (out of r = 1202), and thus the polytope C \ H has(normalized) volume 56. This coincides with the normalized volume computed by Ohsugi &Hibi from the Gr�obner basis of the associated monomial ideal.A detailed analysis of Ohsugi & Hibi's example yields more remarkable properties. Inparticular, De Loera con�rmed the existence of a Hilbert Partition for this example usinghis program PUNTOS [6], and he has analyzed the complete set of triangulations withoutnew vertices of the polytope C \H: 9



� the triangulation with 56 facets is unique (up to symmetry); it is non-regular, but itcan be connected to a regular tringulation by one single \ip,"� not only the maximal number of facets in a triangulation without new vertices (56)cannot be achieved by a regular triangulation; also the triangulation with the minimalnumber of simplices (46) is unique, but not regular: all regular triangulations have atleast 48 simplices.Subsequently, Ohsugi & Hibi [11] found another example of the same type, a 20-dimensional0=1-cone with 24 generators, for which they found that it does not have a Regular HilbertPartition. It is derived in the same way as their �rst example, from the following graph.
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Again, using Corollary 5 we determined that the cone does have a Hilbert Partition: theexample turns out to have r = 4617 unimodular cones spanned by the Hilbert basis, 307 ofwhich appear in the solution. (CPLEX had not di�culties with the integer programmingproblem. The example is too large for PUNTOS.)
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